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Algorithmes distribués et structures locales dans les graphes

Résumé : Dans cette thése, nous nous intéressons aux algorithmes distribués du modele LOCAL qui fonctionnent en temps
constant, c’est-a-dire dont le nombre de rondes est indépendant du nombre de sommets, appliquées a ’approximation de
problémes de domination au sein de différentes classes de graphes. Nous donnons des algorithmes d’approximation de MDS
sur des familles de graphes paramétrées, dont le facteur d’approximation ne dépend pas du parametre. Dans un premier
temps, nous prouvons qu’étant donné un algorithme LOCAL produisant une bonne approximation sur les graphes planaires,
peut étre transformé en un algorithme LOCAL produisant une bonne approximation sur les graphes plongeables dans une
surface de genre eulérien. En nous appuyant sur 'algorithme de Heydst et al., nous en déduisons une approximation de
facteur 34 + ¢ pour les graphes de genre borné. Ce résultat améliore considérablement I'état de 'art précédent de 24¢ + O(1)
établi par Amiri et al., ainsi que le facteur de 91 + ¢ obtenu par Czygrinow et al. dans le cas particulier des surfaces orientables.
Nous généralisons ensuite ce résultat dans deux directions : d’une part, en considérant d’autres problemes de graphes
étudiés en algorithmique distribuée, et d’autre part en étendant nos résultats a des classes de graphes au-dela du genre borné.
Nous prouvons ces résultats via une série de méta-théoremes portant sur certains problemes de minimisation. Dans un
second temps, nous montrons que certains graphes structurés (qui excluent un mineur H de pathwidth au plus 2) admettent
un algorithme distribué déterministe en f(H) rondes calculant une 50-approximation pour le probleme MDS. Bien que
des algorithmes distribués rapides et approchés pour ces problémes fussent déja connus pour les graphes sans mineur H,
tous présentaient un facteur d’approximation dépendant de H. Un nouvel ingrédient clé dans ’analyse de ces différents
algorithmes distribués est 'utilisation de la dimension asymptotique, une notion géométrique introduite par Gromov en 1993.
Mots-clés : Théorie des graphes, Algorithmes distribués, Structures interdites

Distributed algorithms and local structures in graphs

Abstract: In this thesis, we study constant-time distributed algorithms in the LOCAL model, that is, algorithms whose
number of rounds is independent of the number of vertices, applied to the approximation of domination problems within
various graph classes. We provide approximation algorithms for MDS on parameterized graph families whose approximation
factor does not depend on the parameter. First, we prove that a LOCAL algorithm that produces a good approximation on
planar graphs can be transformed into a LOCAL algorithm that produces a good approximation on graphs embeddable in a
surface of Euler genus. Building on the algorithm of Heydt et al., we derive a (34 + ¢)-approximation for bounded-genus
graphs. This result significantly improves the previous state of the art, namely the 24g + O(1) bound established by Amiri et
al., as well as the 91 + ¢ factor obtained by Czygrinow et al. in the particular case of orientable surfaces. We then generalize
this result in two directions: first, by considering other graph problems studied in distributed algorithms, and second, by
extending our results to graph classes beyond bounded genus. We prove these results through a series of meta-theorems
concerning certain minimization problems. Second, we show that certain structured graphs (namely those excluding a
minor H of pathwidth at most 2), admit a deterministic distributed algorithm running in f(H) rounds that computes a
50-approximation for the MDS problem. Although fast distributed approximation algorithms for these problems were already
known for H-minor-free graphs, all of them had an approximation factor depending on H. A new key ingredient in the
analysis of these various distributed algorithms is the use of asymptotic dimension, a geometric notion introduced by Gromov
in 1993.
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Résumé étendu en francais

Un graphe est constitué de sommets et d’arétes, chaque aréte reliant
deux sommets. Cet objet mathématique est tres utile pour représenter
des réseaux de communication, mais aussi des réseaux routiers, sociaux
ou biologiques. Par exemple, dans un réseau de communication d’or-
dinateurs, on peut représenter chaque ordinateur par un sommet et
ses connexions aux autres ordinateurs par des arétes. Dans un réseau
typique, deux ordinateurs ne sont pas toujours reliés directement, et
peuvent méme étre a tres grande distance 1'un de l'autre. Pour cette
raison, tout réseau se heurte a une grande difficulté : centraliser toutes
les données en un seul point peut étre tres lent, voire impossible. Chaque
entité doit alors décider a partir d'informations locales : c’est ce qu’on ap-
pelle un algorithme distribué. Cette thése cherche a déterminer quelles
propriétés structurelles du réseau rendent possibles des algorithmes
distribués a la fois rapides et de bonne qualité.

La difficulté d"un probléme distribué ne dépend pas seulement de
la taille du réseau, mais aussi de sa structure. Nous en étudions diffé-
rentes manifestations. Par exemple, le graphe peut étre dessinable sur
un plan, peut se découper en régions simples, ou alors exclure certaines
configurations. Toutes ces propriétés permettent de réduire le nombre
de rondes de communication et augmenter la qualité des solutions.

Voir peu, décider vite

Nous travaillons principalement dans le modele LOCAL : les sommets
sont des ordinateurs dotés d’identifiants uniques et les arétes des liens
de communication. Le calcul se déroule en rondes synchrones, avec des
messages de taille arbitraire et un calcul local non borné. L'information
ne se déplace toutefois que d’une aréte par ronde. Donc, aprés r rondes,
la décision d'un sommet ne peut dépendre que de son voisinage de rayon
r, c’est-a-dire 'ensemble des sommets situés a distance au plus r. Dans
un algorithme en un nombre constant de rondes, ce rayon ne grandit
pas avec la taille du réseau.

Une grande partie de la these porte sur le probléme de l'ensemble
dominant minimum, abrégé MDS pour Minimum Dominating Set. Il s’agit
de choisir un ensemble D de sommets aussi petit que possible tel que
tout sommet appartienne a D ou possede un voisin dans D. Cette for-
mulation modélise, par exemple, le placement de relais dans un réseau.
Calculer localement un optimum exact est généralement hors de por-



tée, ou alors trés cotiteux. Nous cherchons donc des approximations a
facteur constant. Une a-approximation renvoie toujours une solution
valide, mais sa taille est a un facteur au plus « pres de la taille de la
solution minimale.

Sur les graphes généraux, aucun algorithme en temps constant ne
peut garantir un facteur constant pour MDS. Il faut donc étudier des
réseaux dont la structure est plus restreinte. Pour avoir plus de structure,
nous interdisons certains mineurs. Supprimer des sommets ou des arétes
produit un sous-graphe. Si I'on autorise en plus la contraction d"une
aréte, c’est-a-dire la fusion de ses deux extrémités, on obtient ce qu'on
appelle un mineur. Un graphe est sans mineur H lorsqu’aucune suite
de ces opérations ne produit le graphe H. Cette restriction décrit de
nombreuses familles de graphes structurellement intéressantes.

Des algorithmes planaires aux classes plus générales

Un graphe est planaire s’il peut étre dessiné dans le plan sans croisement
d’arétes. Certains graphes non planaires peuvent néanmoins étre des-
sinés sans croisement sur une surface plus complexe, par exemple un
tore. Le genre d’Euler g mesure la complexité minimale d"une surface qui
autorise un tel dessin. Cette mesure permet de généraliser les graphes
planaires, qui correspondent exactement au cas ¢ = 0. Pour le probléme
de domination, notre premier résultat transforme tout algorithme LO-
CAL en temps constant et de facteur a sur les graphes planaires en un
algorithme de facteur 3« + 1 sur les graphes de genre d’Euler au plus
g. Le nombre de rondes peut dépendre de g, mais pas du nombre n de
sommets. En utilisant la meilleure approximation planaire connue, de
facteur 11 + € pour toute constante ¢ > 0 [HKO*25], nous obtenons
ainsi un facteur 34 + ¢ pour tout genre fixé. Celui-ci est indépendant de
g et améliore les résultats précédents.

Pour prouver ce transfert, nous utilisons la notion de dimension asymp-
totique, introduite par Gromov [Gro93], et qui formalise la possibilité de
découper certains graphes de maniére controlée. Fixons une distance
r. Une classe de graphes a dimension asymptotique au plus d si les
sommets de chacun de ses graphes peuvent étre répartis en d + 1 cou-
leurs de sorte qu'une région formée par une méme couleur soit de petit
diameétre (faible), mais que deux régions différentes de méme couleur
soient assez lointaines.

Intuitivement, chaque région peut ainsi étre entierement explorée en
un nombre de rondes qui ne dépend pas de la taille du réseau. Les cou-
leurs permettent ensuite de réunir les solutions locales tout en limitant
le nombre de fois ol une méme partie de 'optimum intervient dans leur
cotit. Comme les classes excluant un mineur fixé (incluant les classes de
genre borné) ont une dimension asymptotique au plus deux, nous en
déduisons les résultats de transfert. Ces résultats ne s’appliquent pas
seulement a MDS dans les graphes de genre borné. Nous les généra-
lisons a de plus grandes classes de graphes, et a une classe infinie de
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problémes, composée des problemes “découpables”.

Une seconde contribution concerne les graphes qui excluent Kj;
comme mineur, pour un entier ¢ > 2. Ce graphe comporte deux groupes
de respectivement 2 et t sommets, avec toutes les arétes possibles entre
les deux groupes et aucune a l'intérieur d"un groupe. Nous donnons un
algorithme en f(t) rondes qui calcule une 50-approximation de MDS.

L'algorithme exploite les endroits ot le graphe peut étre localement
séparé : toutes les séparations locales de taille un, et certaines de taille
deux, sont sélectionnées dans I’ensemble dominant. Nous montrons
ensuite que chaque composante encore non dominée possede un dia-
meétre faible borné. Chaque sommet peut alors en connaitre toute la
structure et y calculer une solution optimale. Encore une fois, la dimen-
sion asymptotique nous permet de borner le nombre total de sommets
sélectionnés par rapport a I'optimum global.

La largeur de chemin comme paramétre caché

Ces résultats suggerent que la taille du mineur interdit n’est pas le bon
parameétre pour mesurer 1’approximabilité locale de MDS. Le parametre
pertinent est plutdt sa largeur de chemin. Pour la comprendre, on peut
imaginer parcourir le graphe linéairement en ne gardant en mémoire
qu'un petit ensemble de sommets a chaque étape. Ces ensembles, appe-
1és sacs, forment une décomposition en chemin : ils couvrent tous les
sommets, les deux extrémités de chaque aréte apparaissent ensemble
dans au moins un sac, et tous les sacs contenant un sommet donné se
suivent sans interruption. La largeur de la décomposition est la taille
du plus grand sac, moins un. La largeur de chemin, notée pw(H) pour
un graphe H, est la plus petite largeur obtenue parmi toutes ses décom-
positions. Plus elle est petite, plus le graphe ressemble a un chemin.

Nous prouvons que, pour tout graphe H, aucun algorithme détermi-
niste en f(H) rondes ne peut garantir, sur les graphes sans mineur H,
un facteur strictement inférieur a 2 pw(H) — 1 pour MDS. Cette borne
motive notre conjecture principale : il devrait exister, sur les graphes sans
mineur H, une approximation dont le facteur est au plus une constante
universelle fois pw(H) et dont le nombre de rondes ne dépend que de
H. La dépendance en la largeur de chemin serait alors optimale a un
facteur constant prés.

Nous démontrons le premier cas non trivial de la conjecture : pour tout
graphe H de largeur de chemin au plus deux, les graphes sans mineur H
admettent une 50-approximation déterministe en un nombre de rondes
constant. Pour se faire, nous utilisons le méme algorithme que pour le
cas des graphes sans mineur Kj;, mais avec une analyse plus poussée.
Si un certain ensemble d"un graphe a un diametre faible trop grand, des
arguments de connectivité permettraient de construire n'importe quel
H de largeur de chemin deux comme mineur. Une fois les séparations
locales sélectionnées, le diameétre faible de chaque composante restante
est donc borné, ce qui rend possible leur résolution locale exacte.
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Le passage d"une largeur de chemin deux a une largeur arbitraire fait
apparaitre deux difficultés principales. Il faut d’abord distinguer, au sein
de coupures locales plus grandes, les sommets qu'il est réellement utile
de sélectionner, puis borner leur nombre par rapport a I'optimum. Il

faut ensuite montrer que les composantes restantes sont simples a gérer.

Cela demande de controler a la fois leur connectivité et leur complexité
topologique afin d’y forcer I'apparition du mineur interdit.
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Chapter |
Background

I.1 A quick introduction to graphs

In this section, we give some basic graph-theoretic definitions. If you are
already familiar with basic definitions around graphs, planar graphs,
and graph minors, feel free to skip this section.

In this thesis, unless explicitly stated, we consider finite, simple
graphs. Let G = (V, E) be a graph where V(G) := V represents the
set of vertices, and E(G) := E C V2 represents the set of edges. Two
distinct vertices u and v are said to be adjacent (or neighbors) if the edge
e = uv is in E(G). In this case, we also say that the edge e is incident to
its endpoints u and v.

Some basic graphs.
path Py is a sequence of k distinct vertices where every two consecutive
vertices are adjacent (see Figure I.1). The first and last vertex are called
the endpoints, or endvertices of the path, while all its other vertices are
its internal vertices. The length of P corresponds to its number of edges.
A path connecting two vertices x and y (in possibly a larger graph)
is called an xy-path. We extend this notation for sets of vertices. If
A,B C V(G), then a path connecting two verticesa € Aand b € B is
called an AB-path.

If we instead take a path on k > 3 vertices and add an edge closing the
gap between its endpoints, we obtain a cycle Cy (see Figure 1.2). Cycles

Let us give us some simple examples of graphs. A

are the simplest structures that introduce multiple internally disjoint
(disjoint except for their endpoints) paths vertices.

Paths represent the bare minimum of connectivity: they are the most
sparse connected structures possible. If we broaden this notion of mini-
mal connectivity to allow branching while strictly prohibiting any cycles,
we obtain a tree. Formally, a tree is a connected, acyclic graph (see Fig-
ure 1.3). Because they contain no cycles, trees possess exactly one unique
path between any pair of vertices, making them structurally minimal:
removing any single edge from a tree immediately disconnects it.

When the graph is a tree, the vertices are often called nodes.

At the opposite end of the density spectrum are cliques. A clique is a

»-0—0—0-0)

Figure I.1: A path graph P5 with

endpoints u and v.

O
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Figure I.2: A cycle graph Cs.
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Flgure 1.3: A tree.




I.1 A quick introduction to graphs

subset of vertices in G such that every two distinct vertices are connected
by an edge. The induced subgraph of a clique on n vertices is the complete
graph K,, (see Figure 1.4).

These subgraphs often show up, and are linked to the global proper-
ties of the supergraph. For instance, Ramsey’s Theorem famously says
that any sufficiently large graph must contain either a large clique or
a large independent set (a pairwise non-adjacent set of vertices, i.e. the
complement of a clique).

Separators and k-connectivity. A graph G is connected if every pair of
vertices is joined by a path. More generally, a connected component of G
is a maximally connected subgraph of G, so that every graph can be
written as a disjoint union of its connected components.

As seen before, trees are “structurally fragile”, in the sense that re-
moving a single internal vertex may destroy connectivity. This is not
the case for well-connected graphs such as cliques. To quantify this, we
study separators. A subset of vertices S C V(G) is called a k-separator or
k-cut! if the graph G — S has more connected components than G. In
particular, when G is connected, this means that G — S is disconnected?.
Intuitively, separators represent structural bottlenecks in the graph. For
every three subsets X, A, B C V(G), we say that X separates A from B in
G if no component of G — X contains both a vertex from A and B.

This leads directly to the concept of k-connectivity. A graph G is
said to be k-connected if it remains connected after the removal of any
set of strictly fewer than k vertices. Equivalently, a k-connected graph
has no separator of size less than k. Under this framework, trees are
only 1-connected, cycles are 2-connected, and the complete graph K, is
(n — 1)-connected.

Some more structured graphs. A graph G is bipartite if its vertex set can
be partitioned into two disjoint sets, A and B (its bi-partition), such that
every edge is incident a vertex in A and a vertex in B. In other words, no
two vertices within the same partition are adjacent. This makes bipartite
graphs exactly equivalent to 2-colorable graphs: one can assign one color
to all vertices in A and a second color to all vertices in B, guaranteeing
that no adjacent vertices share the same color. A classic foundational
result states that a graph is bipartite if and only if it contains absolutely
no cycles of odd length. When every vertex in A is adjacent to every
vertex in B, we obtain a complete bipartite graph, denoted K, ,, where
n=|A|land m = |B|.

A distinct but equally interesting graph class is the class of planar
graphs. A graph is planar if it can be drawn on the plane such that no
edges intersect, except at their shared vertex endpoints. Such a crossing-
free drawing is called a planar embedding. Of course, planar graphs
naturally appear in the study of road networks, map coloring and the
study of printed circuit boards. Interestingly, bipartiteness and planarity
intersect in the study of forbidden structures. The two simplest graphs
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Figure 1.4: A complete graph or
clique Ks.

In this thesis, we do not study
edge separators.

2Here we use the notation that
G — S is the graph on vertices
V(G) \ S obtained from G by re-
moving edges incident to vertices
notin S.
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that cannot possibly be drawn on a plane without edge crossings are the
dense clique K5 and the complete bipartite graph K33 (often famously
introduced as the unsolvable “three utilities puzzle”, see Section I.1).

Water Gas Electricity

©/ ®

>

Subgraphs and unions. A graph H is a subgraph of G if V(H) C V(G)
and E(H) € E(G). Note that for u,v € V(H), the edge uv is not
necessarily in E(H). Given a subset S C V(G), the induced subgraph
G|[S] is the graph with vertex set S and edge set containing precisely all
edges from E(G) that have both endpoints in S.

Given two disjoint sets X and Y, we denote their union by X LY to
emphasize their disjointness. When combining two disjoint graphs G;
and G, we denote their disjoint union by Gi U Gy. The resulting graph
has vertex set V(G1) U V(G,) and edge set E(G;1) U E(Gy). For instance,
the graph K3 L K3 consists of two separate, non-adjacent triangles.

Distances, diameter, and girth. The distance dg (u, v) between two vertices
u,v € V(G) is defined as the number of edges in the shortest path
connecting them in G. If no such path exists (meaning u and v are in
different connected components), we set dg (1, v) = co. We extend this
notion to measure the distance between a single vertex v and a subset
of vertices D C V(G) as the length of the shortest path from v to any
vertex in D:

dg(v,D) = min{dg(v,u) | u € D}.

Consider a graph G, a vertex v of G, ¥ € IN, and a subset S C V(G). We
denote by N[v] the radius-r ball centered at v in G, that is, the set of
all vertices at distance at most r from v in G. For short, we denote the
open neighborhood of v by N[v] = N'[v], and the open neighborhood of v
by N(v) = N[v] \ {v}. By extension, N'[S] = Uyes N'[v]. The size of
N(v) is called the degree of the vertex, and is denoted by deg(v).
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Figure 1.5: The Three Utilities Puz-
zle (K33). It is impossible to con-
nect all three houses (bottom parti-
tion) to all three utilities (top par-
tition) on a 2D plane without at
least one edge crossing, making
K33 non-planar.
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The diameter of a graph G, denoted diam(G), is the maximum distance
between any pair of vertices in G. Often, we are interested in how spread
out a set S of vertices is within G, rather than within G[S]. To capture
this, we define the weak diameter of aset S C V(G) as the largest distance
in G between two vertices 1, v € S. Notice that the weak diameter of S
is at most diam(G|[S]). It can also be strictly shorter, if the shortest path
in G is uses vertices outside of S. Another parameter is the girth of a
graph, which is the length of its shortest cycle. For example, a tree has
no cycles and thus has infinite girth, whereas the famous Petersen graph
(see Figure 1.6) is well-known for having a girth of 5 and a diameter of
2.

Graph Minors and Where to Find Them. Graph minors are a cornerstone
of structural graph theory. They provide a way to describe when one
graph contains the rough macroscopic structure of another. There are
two equivalent definitions.

The first one is through edge contractions. A graph H is a minor of
G if H can be obtained from G by a sequence of three basic operations:
deleting a vertex, deleting an edge, and contracting an edge. An edge
contraction, denoted G/e with e = uv € E(G), removes the edge e and
merges the vertices u and v into a single new vertex w that is adjacent
to all former neighbors of both 1 and v (see Section I.1).

NA ¢~ N~
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The second definition is structural and often easier to work with when
defining minors. A graph H is a minor of G if there exists a collection
of non-empty, pairwise disjoint subsets {Vy | x € V(H)} of V(G) such
that:

e For every x € V(H), the induced subgraph G[Vy] is connected.

e For every edge xy € E(H), there is at least one edge in G with one
endpoint in Vy and the other in V.

The sets V, are referred to as the branch sets of the minor. Together, they
form a model of H in G. As an elementary example, any cycle of length
k > 3 contains a triangle K3 as a minor. This is easily seen by contracting
k — 3 edges until only three vertices remain. See Section I.1 for another
example.

A class of graphs C is said to be minor-closed if, for every G € C, all
minors of G also belong to C. One of the deepest results in graph theory
is the seminal Robertson-Seymour Theorem [RS04] (also known as the
Graph Minor Theorem). Proved over a series of 20 papers spanning
decades, the theorem establishes that finite graphs form a well-quasi-
ordering under the minor relation.
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Figure 1.6: The Petersen graph.

Figure 1.7: An illustration of an
edge contraction. Thered edgee =
uv is contracted, merging the ver-
tices u and v into a single new ver-
tex w that is adjacent to all neigh-
bors of both u (in blue) and v (in
green).
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A corollary of this theorem is that every minor-closed class of graphs
can be completely characterized by a finite list of forbidden minors. If a
graph does not contain any of the forbidden minors from this finite list,
it is guaranteed to belong to the class. Minor-free graph classes often
studied in discrete mathematics and possess many highly desirable
algorithmic and structural properties. Examples of minor-free classes
include the following.

e Forests, the class of acyclic graphs is closed under minors and is
entirely characterized by excluding the triangle K3 as a minor.

e Series parallel graphs are the graphs obtained by starting from a pair
of terminal vertices and applying recursively two operations, series
and parallel composition (see Figure 1.9). Those graphs are exactly
the ones that exclude K4 as a minor.

e Planar Graphs are, by Wagner’s Theorem [Wag37], exactly the graphs
that do not contain the complete graph Ks or the complete bipartite
graph K33 as a minor.

Graph minors are interesting from an algorithmic point of view. For
example, many NP-hard problems admit polynomial-time algorithms or
approximation schemes when the input graphs are restricted to a class
excluding a fixed minor. Beyond algorithmic considerations, the minor
relation is profoundly interesting because it captures the fundamen-
tal, macroscopic topology of a network. While induced subgraphs are
highly sensitive to local changes, such as subdividing a single edge, mi-
nors abstract this away and reveal the underlying skeleton of the graph,
creating a bridge to topological geometry. For instance, the forbidden
minors for planar graphs (Ks and K3 3) are the exact topological obstruc-
tions to embedding a graph on a two-dimensional sphere without edge
crossings. The broader Graph Minor Structure Theorem generalize this
idea, proving that any minor-closed class can essentially be decomposed
into pieces that are “almost” embeddable on surfaces of bounded genus.
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Figure 1.8: An illustration where
H is a minor of G, with its model

Figure 1.9: The operations of series
parallel graphs are defined just like
when connecting two electric cir-
cuits in series or parallel.



1.2 Distributed algorithms

This section gives a brief overview of the field of distributed algorithms,
and particularly surrounding the LOCAL model. If you are already
familiar with those notions, feel free to skip this section.

Background. The field of distributed algorithms studies algorithms de-
signed to run simultaneously on multiple processors without shared
memory. These algorithms often govern the behavior of computer net-
works, such as the Internet. To study such networks, we represent
them as graphs, where vertices correspond to computers and edges to
communication links between these computers.

Many different models have been introduced to describe the behav-
ior of these networks. Some are highly abstract, making them easy to
analyze but often too unrealistic for practical applications. Conversely,
other models are much lower-level: they aim to capture real-world char-
acteristics such as unreliable communications, non-unique identifiers,
and other implementation details. While these models are more realistic,
they are also much harder to work with and often too complex to give
clear and meaningful results.

The LOCAL model. The LOCAL model offers a middle ground between
these two extremes. It is simple enough to allow the study of general
problems while still capturing essential aspects of real networks. This
model, popularized by Linial in his seminal papers [Lin87, Lin92], has
been primarily used to study the locality of problems in computer net-
works. That is, to understand which problems can be solved when each
vertex only has access to information from a restricted neighborhood
around itself.

In the LOCAL model, a network is represented by a simple connected
graph. Each vertex v € V(G) represents a computer with potentially
unlimited computational power and can only communicate with its
neighbors N(v) := {u | uv € E(G)}. Initially, a vertex v only knows
its own unique identifier. See Section 1.2 for an illustration. The same
algorithm is executed independently on each vertex, so there is no shared
memory between them.

To gather information, vertices communicate in synchronous rounds.
At the beginning of each round, each vertex can send a message of arbi-
trary size to each of its neighbors. At the end of the round, it receives
the messages sent by its neighbors and performs local computations.
These computations determine the messages that will be sent in sub-
sequent rounds. Because there are no time or memory restrictions on
local computation, a vertex can perform any computable operation. A
vertex can also decide to terminate its execution, output a value, and
halt. The algorithm terminates once all vertices have halted.

The global output of the algorithm is derived from the set of outputs
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produced by all vertices once the algorithm terminates. In many graph
problems, this means each vertex indicates whether or not it belongs to
the desired solution.

There is another equivalent definition of r-round local algorithms.

Instead of communicating in rounds, a vertex v can simply gather all
the edges and vertices it sees in its r-round view and then compute its
final state locally in a single step. The r-round view of v is composed
of the vertices at distance at most r from v (along with the identifiers
of those vertices) and all the edges with one endpoint at distance r — 1
of v. Said differently, it contains all vertices and edges that are in any

path of length at most r starting from v. For illustrations, see Section I1.2.

Formally, executing a distributed algorithm in r rounds is equivalent
to evaluating a function f that maps these local neighborhood with
identifiers directly to the output space.
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Figure 1.10: The relationship be-
tween a network and its graph.

Figure 1.11: A vertex of identifier
11 along with its local view at dis-
tance 2.
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Figure 1.12: A graph G along with
all the local views (in green) of the

vertices after 2 rounds. This fig-
@ ure is taken from Cyril Gavoille’s

lecture notes [Gav25] (with autho-
rization).

An example: dominating sets. For example, consider the Minimum Dom-
INATING SET (MDS) problem. A set D C V(G) is a dominating set if
every vertex v € V(G) either belongs to D or has a neighbor in D. If,
furthermore, D has minimum cardinality, it is a minimum dominating
set. Its size is denoted MDS(G).
Figure 1.13: At the top, the set of

o @)
red vertices forms a dominating
set. This is not the case for the bot-
tom graph, as the orange vertex is
O not dominated.

®)
@) @)
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In the MDS problem, each vertex outputs either “yes” or “no”, and
the set Y of vertices outputting “yes” constitutes the solution. For the
algorithm to correctly solve the problem, Y must be a dominating set of
minimum cardinality.

Algorithm complexity. The complexity of a problem in the LOCAL model
is measured by the number of communication rounds required before
every vertex has produced its output. On a connected graph, any prob-
lem whose solution is computable can be solved in at most n = |V (G)|
rounds. Indeed, in each round, every vertex can send its neighbors all
the information it currently possesses. Because the graph is connected,
after n rounds, every vertex will have gathered enough information to
reconstruct the entire graph. Since local computation is unrestricted,
each vertex can then compute a solution. This is why the primary focus
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lies on local algorithms whose running time is sublinear in the number
of vertices, and even the diameter.

From a broader perspective, LOCAL algorithms act as local proofs of
global graph properties, offering an information-theoretic view of dis-
tributed computing. They allow us to precisely quantify how much local
information is necessary to solve a given problem by establishing both
positive algorithmic results and negative lower bounds. A classic exam-
ple is planar graph coloring. The famous Four Color Theorem [AHS89,
RSST96, IKM*26] guarantees that every planar graph admits a proper
4-coloring. However, it is impossible to compute such a 4-coloring in
0(]V(G)|) rounds in the LOCAL model [ ABBE18]. This lower bound
reveals that to successfully 4-color a single vertex of a planar graph, one
must examine a linear-sized portion of the entire network.

Separating the LOCAL model from the centralized model. The problem of
finding a minimum dominating set is a classical NP-complete problem
and has been intensively studied for its many practical and theoretic
uses. It is also hard to approximate within a factor log A(G) [CC08] in
polynomial time, where A(G) is the maximum degree of G (under the
assumption that P # NP).

It is important to differentiate the difficulty of solving a problem
in the centralized model and in the LOCAL model. To highlight this,
we will look at two different examples: one problem that is intractable
centrally but trivial locally, and another that is trivial centrally but strictly
impossible to solve locally.

Consider the problem of solving MiniMmuMm DOMINATING SET on a
specific family of graphs C. We construct this family as follows: for any
arbitrary graph G, create a new graph G’ by adding some new vertex c,
and a new vertex v’ for each v € V(G). Add the edges cv’ and vv’ for
each v € V(G) to form the new graph G’ as in Figure [.2. The resulting
family C consists of all such graphs G'.

-
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By construction, the diameter of any graph G’ € C is at most 4. There-
fore, in the LOCAL model, every vertex can gather the entire topology
of G’ in just 4 communication rounds. Because local computation is
unbounded, each vertex can then deterministically compute the same
exact® MDS of G’ and output its own participation in the set. Thus,
MDS on C can be solved exactly in 4 rounds. Therefore, on this class of
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Figure I.14: In black, G, and in red,
the new added edges and vertices
to form G’

3 For instance, by computing all
possible ones and choosing the lex-
icographically smallest one.



graphs, Minimum Dominating Set is easy to solve locally.

However, solving MDS on G’ in the standard centralized setting is
NP-hard. As long as G contains at least one edge, there always exists an
optimal dominating set of G’ that includes ¢ and the exact MDS of G.
Consequently, finding the size of the MDS of G’ is equivalent to finding
the MDS of the (arbitrary) graph G. For that reason, it is possible that a
problem is hard in the centralized model but easy in the LOCAL model.

The converse is also true: a problem can be very easy to solve in
the centralized model where we know the whole graph, and hard in
the LOCAL model (requiring Q}(n) rounds). Consider the problem of
2-coloring a path P,. In the centralized model, this is trivial: one simply
alternates colors 1 and 2 along the vertices of the path.

However, in the LOCAL model, it is not possible to 2-color paths in
o(n) rounds, meaning the problem is very hard to solve. To see why,
assume for the sake of contradiction that such a local algorithm exists.
We could then execute this exact algorithm on an even path P, and
on an odd path P»,41. Because the algorithm runs in less than n/2
rounds, one can assign identifiers to P>, and P, so that the view of
any endpoint vertex is the same in both paths. The algorithm would
therefore 2-color both paths with the same color assignment on the ends.
This yields a contradiction, so paths not 2-colorable in the LOCAL model
in less than n/2 rounds.

For similar locality-based reasons, computing an exact minimum dom-
inating set in the LOCAL model cannot be done in O(1) rounds for general
graphs. Consequently, distributed research heavily focuses on finding
efficient approximations. A k-approximation algorithm for a minimization
problem returns an output set D that satisfies all problem constraints
(e.g., being a valid dominating set) while having its size bounded by
k|D*|, where D* is the optimal solution.

However, even obtaining a constant-factor approximation for MDS
maybe be hard for some graphs. It has been proven that any r-round
local algorithm on n-vertex graphs with maximum degree A can only

approximate the minimum dominating set within a factor of Q(n e /)
and Q(AY 0+ /r) [KMW16] of the optimal solution. Consequently,
achieving any general constant-factor approximation requires at least
Q(+/logn/loglogn) and Q(log A/ loglog A) rounds.

Because of this reason, we must restrict our attention to more specific
classes of graphs.

1.3 Main results of this thesis

This thesis explores the landscape of distributed graph algorithms, fo-
cusing on the relationship between network topology, time complexity,
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Figure 1.15: A 2-colored path Py.
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and approximation quality in the LOCAL model. The main part of this
work is identifying the structural properties of graphs required to make
distributed problems either tractable or hard. We begin by studying
exact solutions in highly structured environments like trees, before tran-
sitioning to approximate solutions in increasingly complex graph classes.
Along the way, we examine how topological and graph-theoretic param-
eters, such as asymptotic dimension and pathwidth, dictate the limits
of distributed computation.
This thesis is divided into 4 main parts.

A first taste of distributed algorithms. Part A, which you are currently
reading, is composed of 2 chapters; Chapter I serves as an introduction,
and Chapter II delves deeper in the field of distributed algorithms. In
more detail, this particular chapter studies binary labeling problems,
where the goal is to select a subset of edges in a 2-colored tree such
that some degree constraints on the incident edges of white and black
nodes are satisfied. Prior work [BBE*20] classified the complexity of
these problems on bounded degree graphs into three categories: ©(1),
O(logn) or ®(n). We refine this by analyzing the complexity as a func-
tion of three parameters: 1, the degree of white nodes 4, and the degree
of black nodes 6. We only focus on structurally simple problems, which
captures for example the ones describable by a context-free grammar.
The intuition here is that high-degree nodes fundamentally alter the
flow of information in a distributed setting. To take advantage of this,
we develop a more aggressive variant of the rake-and-compress tech-
nique. While traditional rake-and-compress iteratively removes leaves
and shrinks paths, our adaptation specifically uses high-degree nodes
to accelerate the compression of the tree. This allows us to classify ev-
ery structurally simple problem into one of the five categories: ©(1),
O(log,n), O(log,; n), ©(logn) or @(n). This work has been published
in SIROCCO’24 [LPS24].

Approximating in the LOCAL model. Part B focuses on constant-factor
approximations problems such as Minimum DominaTtinG SET (MDS),
on broader graph classes. In Chapter III, we prove that given an a-
approximation LOCAL algorithm for MDS on planar graphs, we can
construct a (3« + 1)-approximation LOCAL algorithm running in f(g)
rounds for MDS on graphs embeddable in a surface of Euler genus
g. Building upon the (11 + ¢)-approximation algorithm by Heydt et
al. [HKO*25], we deduce a (34 + ¢)-approximation ratio for graphs of
genus g. This result significantly improves upon the previous state-of-
the-art factor of 24¢ + O(1) established by Amiri et al. [ASS19], as well
as the 91 + ¢ factor obtained by Czygrinow et al. [CHWW19] in the
specific case of orientable surfaces.

We then generalize this result in two directions. First, we consider
other graph problems studied in distributed algorithms, such as Mini-
MUM k-TupLE DoMINATING SET, for which constant-time approximation
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algorithms were known for planar graphs, but not for bounded-genus
graphs. Second, we extend our results to graph classes beyond bounded
genus. We establish these results through a series of meta-theorems
concerning certain kinds of minimization problems (called cuttable prob-
lems) that admit constant-round LOCAL approximation algorithms. In-
tuitively, for cuttable problem:s, it is possible to systematically extract
small subgraphs whose local solutions are proportional to the global
solution restricted to the subgraph’s neighborhood. This work has been
accepted at PODC’26.

Next, Chapter IV shows that certain structured graphs (those exclud-
ing a minor K;) admit a deterministic distributed algorithm in f(t)
rounds that computes a 50-approximation for the MiniMmumMm DoMINAT-
ING SET problem. Although fast, approximate distributed algorithms
for these problems were already known for H-minor-free graphs, all
previously exhibited an approximation ratio that depended on H. This
work appears in PODC’"25 [BGPW25].

A key new ingredient in the analysis of the various distributed al-
gorithms of Chapters III and IV is the use of asymptotic dimension, a
geometric concept introduced by Gromov in 1993 [Gro93]. Broadly,
this allows us to prove global-to-local arguments, up to a multiplicative
overhead on the bounds of the statements.

Going further, we conjecture in Chapter V that the bottleneck for
distributed approximation is not the size of the excluded minor, but its
pathwidth. We provide a matching lower bound to show that pathwidth
would be the optimal parameter.

Exploring pathwidth. To prove our conjecture, we must fundamentally
understand pathwidth, which is the focus of Part C. After a quick in-
troduction to pathwidth in Chapter VI, the next Chapter VII addresses
a purely structural graph theory problem: bounding the pathwidth of
graphs whose edge sets can be covered by k shortest paths. We prove
a polynomial bound of O(k*), improving on the best known bound of
O(3F) [DFPT24]. The intuition here is that shortest paths impose a strict
metric structure that naturally limits how complex the graph can be. For
the case of k < 3, we show the best possible bound for the pathwidth is
exactly k. This work has been published in STACS26 [BMG™*26].

Armed with these new structural insights, we return in Chapter VIII
to tackle our pathwidth conjecture about approximating MDS in the
distributed setting. By building on the techniques developed for Kj ;-
minor-free graphs, we design a 50-approximation algorithm for graphs
excluding any minor H of pathwidth at most 2. This is done by analyzing
in more detail graphs that are locally well-connected everywhere and
that have high diameter. Notably, this confirms our conjecture for the
particular case k = 2. This work has not been published yet.

Expanding the horizon. Part D, the final part of the thesis, maps out fu-
ture research directions and ideas, and possible open questions. In Chap-
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ter IX, we discuss the expectations and necessary theoretical bridges
to extend our algorithms to graphs forbidding minors of pathwidth k
for arbitrary k. In Chapter X, we explore how our ideas can be used
design constant-factor approximations for other classic problems such
as MiNnmMum VERTEX COVER or MINIMUM DistaNcE-k DOMINATING SET.
Both those chapters have not been published yet. Finally, Chapter XI
provides a short conclusion of the thesis along with a summary of some
questions left open by our works.

1.4  Works not included in this thesis

In addition to the works presented here in this thesis, I have also worked
on a number of different topics. Here is a list of the published ones, by
chronological order, from oldest to newest. During research internships,
I participated in three different projects that lead to publications:

e With Ngoc-Trung Nguyen and Binh-Minh Bui-Xuan, I studied match-
ing problems in temporal graphs [PNB21]. In this problem called
y-Matching, the goal is to choose the maximum amount of pair work-
ing sessions of duration at least . We design exponential exact
algorithms and polynomial time approximation schemes when the
data has a bounded “density”. This work appears in CIAC"21.

e With Mathieu Mari and Michat Pilipczuk, I studied parameterized
approximations algorithms for a generalization of the Knapsack
problem to two dimensions [MPP23], where we are given a set of
axis-parallel rectangles and a rectangular bounding box, and the
goal is to pack as many of these rectangles inside the box without
overlap. We give parameterized approximation schemes when the
input rectangles are wide (its width is greater that its height). This
work has been published in IPEC"23.

e With Sameep Dahal, Francesco d’Amore, Henrik Lievonen, and Jukka
Suomela, I worked on the derandomization of generic algorithms in
the LOCAL model [DdL*23]. In this work, we revisit a derandomiza-
tion result of Chang, Kopelowitz, and Pettie [CKP19] that states that
any randomized LOCAL algorithm locally solving a checkable label-
ing problem (LCL) can be derandomized with at most exponential
overhead, if the number of random bits is bounded by the input size.
We give a new proof that removes this unnecessary assumption. This
work appears in DISC’23.

During my PhD, I also worked with wonderful people.

e As part of a research visit with Edouard Bonnet, we worked with
Pierre Aboulker and Nicolas Trotignon on the problem of finding
induced minors in graphs [ ABPT25], which are a variant of graph
minors where one is not allowed to remove edges. We prove that
the problem of INpDuceD 2-DisjoiNT PatHs is NP-complete on string
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graphs (intersection graphs of curves in the plane). This has appli-
cations for several induced minor containment problems, answering
questions of Korhonen and Lokshtanov [KL24 ], Chudnovsky, Sey-
mour, and Trotignon [CST13] and Le [Lel9]. This work has been
published in ICALP’25.

e While co-advising the internship of Théotime Leclere with Marthe
Bonamy, we worked on variant of the Turdn number [BLP25]. We
solve a recent question of Caro, Patkds and Tuza [CPT25] by deter-
mining the exact maximum number of edges in a bipartite connected
graph as a function of the longest path it contains as a subgraph and
of the number of vertices in each side of the bipartition. This work
has been submitted to a journal.

e With Samuel Humeau, Mamadou Moustapha Kanté, Daniel Mock,
and Alexandre Vigny, we studied the problem of subgraph freeness
in property testing [HKM™*26]. We prove that for any class ¢ with
bounded expansion* and any graph H, deciding whether G is far or
not from excluding a subgraph H can be done with a constant number
(depending on H and ¢ but not G) of queries, for any G € ¢ This
work appears in STACS'26.

e While participating in the private 2024 RW-DIST workshop in ’Aquila,
we worked with Alkida Balliu, Sebastian Brandt, Dennis Olivetti,
Fabian Kuhn, and Gustav Schmid on how the knowledge of the net-
work size impacts the complexities of LOCAL algorithms in trees.
Among other results, we prove that for some type of problems, there
is an infinite amount of discrete complexity regions that exist. While
other landscape theorems® have complexities of the form @(n!/), in
our setting, the exponents become very bizarre. This work has been
accepted in PODC"26.
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Chapter II
Distributed binary labeling problems in high-degree
trees

ABSTRACT

Balliu et al. (DISC 2020) classified the hardness of solving binary labeling
problems with distributed graph algorithms; in these problems the task
is to select a subset of edges in a 2-colored tree in which white nodes of
degree d and black nodes of degree ¢ have constraints on the number
of selected incident edges. They showed that the deterministic round
complexity of any such problem is O, (1), ©45(logn), or ©,5(n), or
the problem is unsolvable. However, their classification only addresses
complexity as a function of n; here O, 5 hides constants that may depend
on parameters d and é.

In this chapter, we study the complexity of binary labeling problems
as a function of all three parameters: 7, d, and J. To this end, we intro-
duce the family of structurally simple problems, which includes, among
others, all binary labeling problems in which cardinality constraints
can be represented with a context-free grammar. We classify possi-
ble complexities of structurally simple problems. As our main result,
we show that if the complexity of a problem falls in the broad class
of ©;5(logn), then the complexity for each d and ¢ is always either
O(log,n), O(logsn), or O(logn).

To prove our upper bounds, we introduce a new, more aggressive
version of the rake-and-compress technique that benefits from high-degree
nodes.
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Chapter II: Distributed binary labeling problems in high-degree trees

II.1 Introduction

In this work we take the first steps towards characterizing possible
distributed computational complexities of graph problems as a function
of two parameters: the number of nodes and the maximum degree
of the graph. We study so-called binary labeling problems [BBE*20a],
previously only studied for constant-degree graphs, and we extend their
classification so that it is parameterized also by the degrees of the nodes.
To do that, we also introduce a new version of the rake-and-compress
technique [MR85] that benefits from high-degree nodes.

I1.1.1 Broader context

The key goal in the field of distributed graph algorithms is understand-
ing how fast a given graph problem can be solved in a distributed setting.
In this work we focus on the LOCAL model of distributed computing:
in each round all nodes can exchange messages with each of their neigh-
bors, and the running time of the algorithm is the number of communi-
cation rounds until all nodes stop and announce their own part of the
solution (say, their own color).

Landscape of distributed complexity. While a lot of early work in the field
focused on individual problems, modern theory of distributed graph
algorithms makes a heavy use of structural results that apply to a broad
family of graph problems. The best-known example is locally checkable la-
beling problems (LCLs), first introduced by Naor and Stockmeyer [NS95].
These are problems in which the task is to label nodes or edges with
labels from some finite set, subject to some local constraints—examples
of such problems include vertex coloring, edge coloring, maximal inde-
pendent set, and maximal matching.

By now, we have a very good understanding of the landscape of
possible round complexities that any LCL problem may have, in settings
like cycles, grids, trees, and general graphs [BHK*18, BBOS21, CP19,
GHK18, BBOS20, FG17, RG20, BFH* 16, CKP19, GS17]. For example,
there is no LCL problem with a time complexity between w(log™ )
and o(logn) in the deterministic LOCAL model. Gap result like this
are powerful tools in proving lower bounds and upper bounds. For
example, as soon as we have an algorithm that solves some LCL problem
in o(log 1) rounds, we can immediately speed it up to O(log" n) rounds
for free.

However, there is one key limitation: the landscape of complexities
is currently understood well only as a function of the number of nodes
n, for a constant maximum degree A = O(1). For example, there are
problems with complexities of the form ®(log, 1), and problems with
complexities of the form ®(logn), but we do not have a more fine-

grained understanding of all possible complexity classes as a function
of both n and A.
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Beyond constant degrees: fundamental challenges. LCLs as they were origi-
nally introduced by Naor and Stockmeyer [NS95] only pertain to graphs
of some constant maximum degree. To generalize beyond constant A,
we need a meaningful definition of the problem family.

Unfortunately, many natural generalizations lead to uninteresting
results. If the local constraints may depend on the degrees in arbitrarily
complicated ways, we can construct artificial problems with complexi-
ties of the form @ (log ) ) for virtually any function f(A) = O(A). For
example, we could start with a problem that has complexity @(log, 1),
and modify the problem definition so that nodes of degree d will ignore
up tod — f(d) adjacent leaf nodes; in essence, we turn nodes of degree d
into nodes of degree f(d), and adjust the complexity accordingly. How-
ever, this way we will learn nothing about the complexities that natural
graph problems might have. Very recently, an interesting generalization
of LCLs was studied in a paper of Schmid [Sch26]. It focuses on the
polynomial regime, i.e. complexities of the form @(nl/ k ). We take a
different approach and focus on logarithmic complexities (and lower).

Beyond constant degrees: our take. In this work we study the family
of binary labeling problems, as defined by Balliu et al. [BBE*20a] (see
Section I1.1.2). These are a special case of LCLs; what is particularly
attractive is that the complexity of any given binary labeling problem
(in the deterministic LOCAL model) can be automatically deduced, and
in the constant-degree case there are only four complexity classes in
trees.

Our plan is to see exactly how the characterization of binary labeling
problems can be generalized in a meaningful manner beyond constant
degrees; the hope here is that this will also guide us when we seek to
find the right definitions for generalizing results on all LCLs.

I1.1.2  Binary labeling problems

Let us recall the key definitions from [BBE*20a]. In a binary labeling
problem I1, the task is to choose a subset of edges X C E in a tree
G = (V,E), subject to local constraints. The problem is defined as a
tuple IT = (d,5,W, B), where d € {2,3,...} is the white degree, § €
{2,3, ...} is the black degree, W C {0,1,...,d} is the white constraint and
B C{0,1,...,0} is the black constraint. We assume that the input graph
is properly 2-colored with colors white and black. We define that X C E
is a solution to problem I1 if the following holds:

e If v is a white node of degree d, and v is incident to k edges in X, then
ke W.

e If vis ablack node of degree J, and v is incident to k edges in X, then
k € B.

That is, we only care about the labeling incident to white nodes of degree
d and black nodes of degree J; these nodes are called relevant nodes. It is
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Chapter II: Distributed binary labeling problems in high-degree trees

often useful to imagine that white nodes represent “nodes” and black

nodes represent “edges” (if 6 = 2) or “hyperedges” (if § > 2). We will

usually assume that § < d (otherwise we can exchange the roles of black

and white nodes).

Examples. Here are a couple of examples of binary labeling problems

(adapted from [BBE*20a]):

1. Bipartite splitting: W = {1,2,...,d —1} and B = {1,2,...,6 — 1}.
Here the task is to split the set of edges in two classes: “red edges” X

and “blue edges” E \ X, and all relevant nodes must be incident to at

least one red and at least one blue edge.

Bipartite matching: W = B = {1}. If we interpret that each edge

{u,v} € X indicates that u is matched with v, in this problem each
relevant node must be matched with exactly one other node (that

may or may not be relevant).

While the problems are well-defined in any 2-colored tree, it is often
easiest to consider the case that the tree consists of only leaf nodes and

relevant nodes. For example, bipartite matching is the task of finding a

matching in which all internal nodes are matched.

Bipartite splitting
GOOD

L | o o

b o

[ [ ] (o)
both colors appear both colors appear
Bipartite matching
GOOD
[ ) @

. °\‘/°
PN

o [ lo)

exactly one matched edge  exactly one matched edge

Prior work. Given a tuple IT = (d,6,W, B), we can directly look up

Bipartite splitting
BAD

O\ /. (o) o]
N )

no blue edge no red edge

Bipartite matching
BAD

[ ) [ ] O\ /0
N

o [ lo)

two matched edges zero matched edges

Figure II.1: Local good and bad
configurations for bipartite split-
ting and bipartite matching.

the round complexity of IT in a table given by Balliu et al. [BBE"20a]
(reproduced in Section II.1.2). For example, we immediately obtain:



1. Bipartite splitting: For d = 6 = 2 this problem requires ®(n) rounds,
but for any fixed constants d > 2, § > 2 the complexity is ©, 5(logn).

2. Bipartite matching: For d > 6 = 2 this problem requires ©;(n) rounds,
but for any fixed constants d > 2, § > 2 the complexity is @, ;(logn).

However, what their classification does not capture is the complexity as
a function of d or J; we have made this explicit above by writing @, 5,
to emphasize that the hidden constants may depend on d and é. For
example, while there are numerous problems (such as the above two
examples) with a complexity @, s(logn), it is not at all clear what is
the base of logarithm in each case. In particular, which binary labeling
problems get easier when d and/or § grows?

Deterministic White Black
complexity constraint  constraint
unsolvable 100 Ok T

0071 xxT0

OsxT 100"

*xx1() 00+1

000" sk T

sk T 000t
Ou4s(1) non-empty 1117

111+ non-empty

Tkt I

sk 1 w11
@dlfs(n) 10™1 010

010 10%1

0t 1% 10T

10T 0t 1x
O, 5(logn) all other cases

11.1.3  Overview of contributions and new ideas

Main question. In this work we study parameterized families of binary
labeling problems

I1(d,8) = (d,6,W(d), B()),

and our main question is this: what can we say about the complexity of
any such problem family I'l(d, §), as a function of n, d, and §?

Key technical challenge. We need to be careful not to make the family too
broad—otherwise we will end up with an uninteresting result stating
that there are artificial problems with virtually any complexity as a
function of d and 6, without learning anything about natural graph
problems.
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Key results and new ideas. The main new insight is that we define the
family of structurally simple problems. This definition captures how
W(d) and B(J) can depend on d and J. The aim is to exclude artificial
pathological problems.

We then show that this definition is useful in the sense that we can
prove strong statements about the complexity of structurally simple
problems. For example, if the complexity as a function of 1 is © s (log 1),
then for each d and J the complexity falls in one of these fine-grained
classes: @(log,; 1), ®(logsn), or O(logn).

Finally, we show that the definition captures a broad family of problems:
if the constraints W(d) and B(J) can be represented as binary strings
in a context-free language, then I1(d, §) is structurally simple. We will
discuss this in more detail in Section I1.1.4.

To prove our main result, we also needed to develop a new, more
aggressive version of the rake-and-compress technique. We discuss this
in more detail in Section I1.1.5.

I11.1.4 Contributions in more detail

Key definitions. In a family of binary labeling problems, both W and B
are set families of the form X (k) C {0,1,...,k}. If we look at these set
families in the examples given by Balliu et al. [BBE*20a, Table 3], we
observe that they all fall in one of two classes, which we call center-good
and edge-good. They are defined as follows.

Aset X C {0,1,...,k} is e-center-good if there exists an x € X such
that k* < x <k'"¢ Aset X C {0,1,...,k} is C-edge-good if for all x € X
wehavex < Corx > k—C.

Now we are ready to give the main definition. A set family X (k) C
{0,1,...,k} is structurally simple if there are some constants 0 < € < 1
and C such that X (k) is either e-center-good or C-edge-good for each
k. A family of binary labeling problems I1(d, ) = (d,5, W(d), B(9)) is
structurally simple if both W(d) and B(J) are structurally simple.

For example, both the bipartite splitting problem and the bipartite
matching problem are structurally simple, and so are all problems in
[BBE*20a, Table 3]; in the bipartite splitting problem, W(d) and B(d)
are center-good, while in the bipartite matching problem, W(d) and
B(6) are edge-good. To give a pathological example of a set family that
is not structurally simple, consider, for example, X (k) = {|logk] }.

Main result. Our main result is a complete classification of structurally
simple problems in the logarithmic region:

Theorem II.1.1. Let I1(d, ) be a structurally simple family of binary
labeling problems and assume that the complexity of I1(d, d) in trees is
©, 5(logn). Then the complexity of I1(d, §) in trees for each d and 6 falls
in one of these classes, as long as 6 < d = O(n'~%) for some a > 0:

1. ©(logn),
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Remark 11.1.2. A few clarifying remarks are in order that help one to
interpret the result:

1. Our result is constructive in the sense that we also show how to classify
I1(d, d) for any given d and 6 (see Section 11.4).

2. The complexity class may depend on d and . For example, we might
have a problem in which for even values of d the complexity is ©(log, n)
and for odd values of d it is ©(logn).

3. Throughout this work, ©-notation only hides constants that only depend
on problem family I1, and not on d and 6; we write © 5 explicitly if we
are hiding constants that may depend on d and 6.

Language-theoretic justification. A set X C {0,1,...,k} can be also rep-
resented as a binary string X of length k + 1: we index the bits with
i=0,1,...,kand for each i € X, the bit at index i in X is 1, and other-
wise 0. Given a set family X(k), we can then define a language of binary
strings

X ={X(2),X(3),X(4),...}.

Note that X is by construction thin: it contains at most one word of any
given length [PS95].

Example IL1.3. If X(k) = {1,2,...,k — 1}, then X (k) = 01710 and
X = {010,0110,01110,...} = 0170. If X(k) = {1}, then X(k) =
0101 and X = {010,0100,01000,...} = 010*. Here we use 1 to
denote a sequence of ¢ 1s, and 1™ to denote the sequence of one or more 1s.

Equipped with this notation, we can study families of binary labeling
problems from a language-theoretic perspective: any given problem
family T1(d,é) can be specified by giving a pair of languages (W, B).
As long as these are languages over the binary alphabet, and there is
exactly one string of each length 2,3, ..., such a pair of languages can
be interpreted as a parameterized problem family I'1(d, J).

Many example problems in prior work [BBE*20a] correspond to
regular languages. For example, bipartite splitting is (0110,0170), and
bipartite matching is (010",010™"), while the sinkless orientation problem
[BFH'16]is (1170,011"). We take one step beyond regular languages
and consider the case of context-free languages. The key observation is
summarized in the following lemma:

Lemma IL.1.4. Let X(k) C {0,1,...,k} be a family of sets. If X is a
context-free language, then X (k) is structurally simple.
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Corollary I1.1.5. Let I1(d,5) = (d,6,W(d), B(6)) be a family of binary
labeling problems. If W and B are context-free languages, then T1(d, 8) is
structurally simple.

Note that the converse is not true.

This is the main justification for focusing on structurally simple prob-
lems: we have only excluded some pathological cases that are so com-
plicated that they cannot be expressed with context-free grammars (this
is also the reason why we call them structurally simple).

11.1.5 Key building block: a new rake-and-compress
variant

A key tool for designing O(log n)-time algorithms for binary labeling
problems in trees has been the rake-and-compress technique [ MR85]. A
typical application of this technique proceeds as follows; we alternate
between two steps:

1. Eliminate leaf nodes and isolated nodes.
2. Eliminate sufficiently long paths.

If we apply these steps for O(logn) times, in a tree of any shape, we
will eliminate all nodes. Then we can construct a solution by working
backwards: repeatedly put back one layer of nodes and construct a
solution that makes these nodes happy; see [ BBE*20a] for more detailed
examples.

From our perspective, the main drawback of the rake-and-compress
technique is that it does not benefit from high-degree nodes. For exam-
ple, if we apply it in a tree in which all internal nodes have degree s, the
worst-case complexity is still @(logn), not ©(log, ).

We introduce a new version of the technique that strictly benefits from
high-degree nodes. Let us first rephrase the usual rake-and-compress
procedure as follows (note that nodes in the middle of long paths are
also nodes that are not close to higher-degree nodes):

1. Eliminate leaf nodes and isolated nodes.
2. Eliminate nodes that are not close to any node of degree 3 or more.

We generalize this as follows, so that we are much more aggressive with
the compression step:

1. Eliminate leaf nodes and isolated nodes.
2. Eliminate nodes that are not close to any node of degree s or more.

We show that this leads to a procedure that completes in O(log, 1)
rounds, and we show that we can use this more aggressive version of
rake-and-compress to solve many binary labeling problems. This is
the key building block that leads to the upper bounds O(log, 1) and
O(log, 1) in Theorem IL.1.1.

We believe that our new rake-and-compress technique will find ap-
plications also beyond binary labeling problems.

49



Broad class Fine-grained classes Reference

O4s(1) O(1) Proposition I1.5.1
O4,(logn)  O(log,n) Theorem II.1.1
O(log, n)
O(logn)
Oy 5(n) O(n/(d+)9)) Corollary IL.5.6

unsolvable unsolvable

I1.1.6  Questions for future work

While our classification is constructive, it also gives rise to a number of
new open questions related to the decidability of complexities for entire
problem families; we present here one example:

Question IL.1.6. Given context-free grammars for thin languages W and
B that define a problem family T1(d,d), how hard is it to decide if the
complexity of I1(d, 8) is ©(log, n) for all but finitely many values of d and
6?

11.1.7  Roadmap
We first classify structurally simple problems in the logarithmic region:

e InSection II.2 we prove lower bounds of the forms Q) (log 1), Q(log,; 1),
and Q(log, n).

e InSection II.3 we prove upper bounds of the forms O(log 1), O(log; 1),
and O(log, n). Here we also introduce and use our new rake-and-
compress technique.

e In Section 1.4 we put together the lower and upper bounds and
establish a full classification in the logarithmic region. This proves
the main result, Theorem II.1.1.

Then in Section I1.6 we show that all problems that can be defined with
context-free grammars are indeed structurally simple; this establishes
Lemma II.1.4 and Corollary II.1.5.

In Section I1.5 we classify problems in the constant and linear com-
plexity classes; this leads to a complete classification that we summarize
in Section II.1.7.

1.2 Logarithmic lower bounds

We start by proving the main lower bound results. We establish the
lower bounds of Q) (log, 1), Q(log, 1), and Q(logn), depending on the
structure of the problem.
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11.2.1 A general lower bound

We start by showing a general lower bound that holds for any problem:

Lemma I1.2.1. Let I1(d, 6) be a family of binary labeling problems. For
each d and 6 the complexity of T1(d, ) is either O(1) or Q(log, n), assum-
ing2 << d

Proof. As proved by Balliu et al. [BBE*20a], all binary labeling prob-
lems that are not solvable with locality O(1) have complexity O, ;(log n).
They prove this by reducing all such problems to the forbidden degree or
sinkless orientation, which is proved to be a fixed point of round elimina-
tion and not 0-round solvable.

It is known that there exists bipartite graphs with high girth. In
particular, for any integers a, b, there exists (a, b)-biregular graphs with
girth ®(log,, n) [FLS*95]. By using techniques similar to Balliu et al.
[BKK*23] on these graphs, we get an ()(log, 1) lower bound for IT. [

11.2.2  Definitions and problem transformations

To get more fine-grained lower bounds, we first define a few transfor-
mations for problems. With the help of these transformations, we can
apply Lemma II.2.1 to prove stronger lower bounds.

We start by introducing the switch and the reverse of a problem and
observe that they do not affect the complexity of the problem:

LetIl(d,6) = (d,8,W(d), B(9)) be a family of problems. The switch
of Il(d, 6) is IT°(6,d) = (0,d, B(6), W(d)).

Let X(k) C {0,...,k}. The reverse of X (k) is X" (k) = {k—x | x € X},
and the reverse of I1(d, 8) is IT"(d, 6) = (d,5, W' (d), B"(6)).

Lemma I1.2.2. Binary labeling problem IT°(5,d) has the same complexity
as I1(d, ).

Proof. Given an algorithm solving I, we get an algorithm solving IT°
by reversing the role of white and black nodes. O

Lemma I1.2.3. Binary labeling problem I1"(d, 6) has the same complexity
as I1(d, d).

Proof. Given an algorithm solving I'l, we get an algorithm solving IT"
by replacing the solution output with its complement. O

We now define a more complicated transformation called shift of a
problem; see Section I1.2.2 for an example. Let X(d) C {0,1,...,d}. A
shift by k of X(d) is

XHKd-k)={0,1,...,d—k}n{x—i|xeX(d),ic{01,...,k}}.
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X(20): 5 15
X<1(19): - 4 5 - 14 15
X2(18): - 3 45 - 13 14 15
X3(17): 2 3 45 . 12 13 14 15
X<4(16): - 1 2 3 4 5 - 11 12 13 14 15
X(15): 0 1 2 3 4 5 10 11 12 13 14 15
X%(14): 0 1 2 3 4 5 9 10 11 12 13 14
X<7(13): 0 1 2 3 4 5 8 9 10 11 12 13
X<19%10): 0 1 2 3 45 6 7 8 9 10

X5 0 1 2 3 45

LetI1(d,é) = (d,0,W(d), B(6)) be a family of problems. The white
shift of ITis IT"wK(d,8) = (d,6, W<k(d), B(6)), and the black shift of T1
is 155 (d, 6) = (d, 6, W(d), B<*(6)).

Lemma I1.2.4. Let I1(d,d) be a family of problems with complexity
f(n,d,d). Then the white shift TT<W* has complexity O(f((k+ 1)n,d +
k,8)) and the black shift 118 has complexity O(f ((k + 1)n,d, +k))

Proof. LetII(d,0) = (d,5,W(d), B()) be family of binary labeling prob-
lems. We show that the white shift IT**k has complexity O(f((k +
1)n,d +k, ) ); the proof for the black shift [1¢ 8% follows by Lemma I1.2.2.

Fix parameters d, 6 and k. Let tree G be an instance for problem TT< Wk
with 7 nodes. We are only interested in black nodes of degree § and
white nodes of degree d as the rest of the nodes are unrestricted. Let
G’ be a copy of G with k additional black leaves attached to each white
node of degree d. Note that G’ has at most n’ = (k + 1)n nodes. Let v
be a white node of G, and let v’ be the corresponding white node in G'.
Denote the set of edges incident to v by Eg(v), and edges incident to v’
by Eg/(¢').

Suppose that X is a solution for I1(d + k, §) on G’; such a solution can
be computed from input graph G with locality O(f((k + 1)n,d +k,6))
by assumption. Then X induces a solution Y = X N E(G) for [T<"k on
G. We know that deg, (v') = |Eg/(v') N X| € W(d + k). We now show
that deg, (v) = |Eg(v) N Y| € WK (d).

It is clear that 0 < degy (v) < (d + k) — k = d. Moreover,

deg, (v) = degy(¢/)—|(Ec:(v/) \ Eg(0)) N X|, and

0 g’(EG/(Z)/)\EG(Z))) OX| < ‘EGI(U/) \EG(U)’ =k

Therefore, deg (v') — k < deg, (v) < degy(v'). Combining these gives
degy (v) € {0,1,...,d} N {degy(v/) —k,...,degy(v))} C W*(d),
completing the proof. O

With the help of these transformations, we are now ready to prove
lower bounds for problems. Indeed, if we can show that some problem
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I1<wk(d, 5) has complexity Q(f(n,d, 5)), then we also know that IT has
complexity Q(f(n/(k+1),d —k,J)).

I11.2.3  Problem reductions

In this section, we use Lemmas I11.2.2 to I1.2.4 to reduce problems to easier
ones and give lower bounds on those with the help of Lemma I1.2.1. In
what follows, we slightly abuse the notation and represent the sets W (d)
and B() using the corresponding binary strings W(d) and B(5).

Proposition I1.2.5. Let k and | be integers. The problem 11(d,5) =
(d, 8,07 ,F11k 1109=1+1) for d > k, & > 1 is either unsolvable or has
deterministic complexity Q(log n) when d, 6 = O(n'~¢) for some ¢ > 0.

Proof. Let W = 09 %11k and B = 1/0°~"+1, We reduce ITto IT'(k,1) =
(k,1,01%,110) by first applying white shift to get IT; = IT-"4~k and then
black shift to get IT' = I, = I} Bo—l,

By Lemma I1.2.1, IT'(k, I) has complexity Q(log n). Indeed, k and [ are
constants, so one can verify this by consulting the classification table of
Balliu et al. [BBE*20a]. Therefore, by Lemma I1.2.4, I'ly has complexity
Q(log(n/(6 —1+41))). Applying Lemma I1.2.4 again, we get that I'T has
complexity

aQ <log <(5—l+1)rzd—k+1)>> = Oflogn)
when d,6 = O(n1-). 0

Remark I1.2.6. Notice that if k < 2 and 1 < 2 then problem I1(d, 6) =
(d, 8,07 ,+11k 1109=1+1Y s either unsolvable or has complexity ®(n).

Proposition I1.2.7. Let k and | be integers. The problem I1(d,d) =
(d, 8, 1k04=k=1+111 019=10) for d > k + I has deterministic complexity
Q(logg n) when d = O(n'~*¢) for some e > 0.

Proof. We apply white shift to reduce I'l(d, §) to problem
I (k+1,6) = II<wa=*1 = (k4-1,6,1%01!,01°710).

Again, by Lemma I1.2.1, problem IT" has complexity Q(log; ). By pre-
vious results [BBET20a], we know that IT is neither a trivial nor an
unsolvable problem. Applying Lemma I1.2.4, we get that IT has com-
plexity Q(logs(n/(d —k—1+1))) = Q(log; n) whend = O(n'~¢). O

1.3 Logarithmic upper bounds

Now we proceed to prove upper bounds; later in Section I1.4 we will see
that our lower and upper bounds indeed provide tight bounds for all
structurally simple problems in the logarithmic region.
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11.3.1 Center-good problems

Recall the concept of center-good constraints that we introduced in
Section II.1.4. We start by showing that problems whose white or black
constraint is center-good can be solved efficiently:

Lemma IL.3.1. Let T1(d,6) = (d,6,W(d), B(5)) be a solvable struc-
turally simple problem. If W(d) is center-good, then I1(d, &) can be solved
with locality O(log, n). Similarly, if B(0) is center-good, then T1(d, &) can
be solved with locality O(log n).

To prove the lemma, we will first show that problems of this type are
(s, t)-resilient [BBE*20a] for some integers s, t. A binary labeling prob-
lem I1(d,é) = (d,6,W(d), B(9)) is said to be (s, t)-resilient [BBE*20a]
if:

e the string W(d) does not contain a substring of the form 0471~%, and
e the string B(5) does not contain a substring of the form 09+1~%,

Resilient problems are useful because they allow partial labelings
(defined in the following) to be completed.

Let G = (V,E) be a tree. We call ¢: E' — {0,1} for some subset
of edges E' C E a partial labeling of G. Given two partial labelings
¢y :E; — {0,1}and 45 : E; — {0, 1} on G, we say that ¢; is a completion
of /1 if E; C Ey, that is, it is defined on a larger set of edges, and if ¢;
and ¢, agree on E;. Given a problem Il and a partial labeling ¢, we say
anode v € V is labelled in a valid manner if the set of edges incident to v
is in the domain of £ and if ¢ satisfies the constraints of IT on .

Lemma I1.3.2 (Balliu et al. [BBE*20b]). Let I1(d, ) be a (t, s)-resilient
problem, let G = (V,E) be a tree, and let { be a partial labeling on G.
There for every node v € V, there exists a completion of £ that labels v in a
valid manner if one of the following conditions holds:

e v is a white node incident to at most t edges with non-empty labels, or
e v is a black node incident to at most s edges with non-empty labels.

Our plan is to recursively remove layers of nodes from the input tree.
Then we can put the layers back and complete the layering by exploiting
Lemma II.3.2. We first define a procedure DEG.

Let G = (Vi U V3, E) be a tree with bipartition (Vyy, V), and

degen, ,(G) = {v € Viy | deg;(v) <s}U{v € Vi | degs(v) <t}

The procedure DEG(s, t) partitions all nodes of G into non-empty sets
L1,Ly,..., Ly = & for some k as follows:

Gy =G,
Liy1 = degen, ,(G;) if G; is not empty,
Git1 =G\ Lij1.
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We now show that computing decomposition DEG(s, t) can be com-
puted with locality O(log,,,(s 1 1) in the LOCAL model. We start with
the following lemma showing that the number of high-degree nodes in
a tree is bounded:

Lemma I1.3.3. Let d > 1and let G = (Vi U Vg, E) be a tree with
bipartition (Viy, Vi), where Vyy is the set of white nodes and Vg is the set
of black nodes. There are at most (|Vg| —1)/(d — 1) white nodes with
degree at least d, and at most (|Vy| —1)/(d — 1) black nodes with degree
at least d.

Proof. Letd and G be as in the statement. We show the statement for
white nodes; the proof for black nodes follows by symmetry.

Denote by ngd the number of white nodes with degree at least 4, and
by n%, the number of the rest of white nodes. By the handshake lemma
for bipartite graphs, we have

E| > dnZ; +n?, = (d— 1)n¥, + | V. (IL.1)

As G is a tree, we have |E| = |Viy| + |Vg| — 1. Combining this with
Equation (IL.1) gives the result

nl, < (V] ~1)/(d ~1). =

We can now prove the following lemma showing that each round of
DEG reduces the number of nodes by a constant factor:

Lemma I1.3.4. Lets,t > 1,andletd > 1andlet G = (Viw U Vg, E) bea
tree with bipartition (Vy, V). Running two iterations of DEG(s, t) on G
reduces the number of nodes in G by a factor of Q(st).

Proof. Lets,t and G be as in the statement. We call nodes of Viy white
nodes and nodes of V3 black nodes. Let L1 = degenslt(G), G1 =G\ Ly,
L, = degensrt(Gl), and G, = Gy \ Lp. Let n¥" and nf be the number
of white and black nodes in Ly, respectively, and let n}" and 1% be the
number of white and black nodes in L.

By Lemma I1.3.3, we have

al < ([Val = 1)/(t 1) and nf < ([Vig| = 1)/ (s = 1).
Applying Lemma I1.3.3 again on G, we have
ny <P —1)/(t—1)and nf < (n¥ —1)/(s—1).
Expanding the definitions of n}" and n? gives the result:
ny < |Viw|/Q(st) and n8 < |Vp|/Q(st). O

Combining this lemma with the simple fact that all nodes can locally
compute degen, ; for each round, we immediately get the locality of
DEG(s, t):
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Corollary I1.3.5. The running time of procedure DEG(s,t) is
O(logy; 1) = O(108 (s, 1) in the LOCAL model.

We can now show that resilient problems can be solved efficiently in
the LOCAL model:

Lemma I1.3.6. Any (s, t)-resilient problem I1(d, ) can be solved with
locality O(log,,,. (st} n).

Proof. Let G be the input tree. Start by computing layer decomposition
Ly, ..., L for G; this can be done with locality O(10g,,,,; 1 1) by Corol-
lary I1.3.5. Label each edge that is between two nodes in the same layer
with 0.

We can now proceed to label the rest of the edges layer-by-layer, from
k — 1 to 1. The nodes on layer i label all their adjacent edges in a valid
manner. This is possible by Lemma I1.3.2 as white (respectively black)
nodes in layer i have at most s (respectively t) edges to layer i or higher
layers, and only those edges have a label. Note that this procedure can
be done in parallel by all nodes of layer i as all edges with both endpoints
in the same layer have their output fixed at 0. Finally, by definition of
L1, white nodes on the layer 1 have at most s < d neighbors, and black
nodes on the layer 1 have at most ¢t < J neighbors, hence they do not
impose any restrictions on their adjacent edges. O

Now we are finally ready to prove Lemma I1.3.1:

Proof of Lemma I1.3.1. Let us focus on the case where W(d) is center-
good; the case where B(¢) is center-good is symmetric. By definition,
any sufficiently large set w € W(d) contains an element p € [d¢,d'~¢].
Therefore, the problem is (dmin{e'l_e}, 1)-resilient, and the rest follows
by Lemma I1.3.6. O

11.3.2  Aggressive rake-and-compress

In this section, we introduce the aggressive rake-and-compress algo-
rithm, compute its complexity, and give some of its key properties.

For a graph G and some positive integer r, we define the following
two sets:

leaves(G) = {v € V(G) | deg(v) =1},
ext,A(G) = {v € V(G) | Yu € N'[v],deg;(u) < A}
= V(G)\N"[{v € V(G) | degs(v) = A},

where N'[v] in the distance-r closed neighborhood of v. Removing the
first set from the graph is a rake operation, removing the second set from
the graph is a compress operation.

By computing these sets recursively and removing them from the
graph, we can partition the graph into layers. This is a very helpful tool
to create efficient O(log, 1) local algorithms.
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Procedure ARC(r, A) partitions the set of nodes V into non-empty
sets L1, Ly, ..., L for some L as follows:

Go =G,
Liy1 = leaves(G;) Uext, A(G;) if G; is not empty,
Git1 = G;i\ Lija.

In the following, we show that computing ARC(r, A) requires only
O(r*-log, ,, n) rounds.

Lemma I1.3.7. Let G = (V,E) bea treeand r € {1,2,...}. Apply
successively the distance-r rake operation, compress operation and then rake

operation again, r times successively. If V' is the remaining vertex set then
VI <OmIVI/A.

Proof. Let G be a tree. We color the nodes of the tree as follows:

e anode of degree A is colored blue,

e anon-leaf node of degree < A at distance < r from a node of degree
A is colored red,

e and all other nodes are colored white.

Notice that after a rake operation and a compress operation, all white
nodes are removed. To account for the remaining rake operation, we
recolor all red nodes as follows; see Section 11.3.2:

e an old red node is recolored red if it is adjacent to at least two non-
white nodes,
e and all the other old red nodes are recolored white.

We do this recoloring r times.

recoloring recoloring

 E—  E—

Notice that after the first rake operation and the compress operation,
and then the following r successive rake operations, all white nodes
are taken. Now, we want to bound the number of leftover blue and
red nodes. Let B and R be the sets of blue and red nodes. Now let
G’ be the subgraph of G induced by blue and red nodes, rooted at an
arbitrary blue node. Observe first that every leaf node in G’ is a blue
vertex. Indeed, suppose for sake of contradiction that there is a red leaf
node v. It is red because it was at distance < r from a blue node b at
the beginning. Consider the subtree of G’ starting from b. Because its
diameter is at most , this subtree is white at the end of the recoloring.
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This is a contradiction with the fact that v is red. Now, we claim the
following:

> A|B| +2, (I1.2)
< 2rB|. (IL3)

Once those claims are proven, we can combine them and end the proof
with the following: |V’| = |R| 4 |B] = O(r)|V(G)|/A. Equation (IL.2)
follows from the handshake lemma and the fact that G has |V(G)| — 1
edges. To prove (I1.3), we first need to define the depth of a red node of
G’ as follows: depth(v) is the minimum distance of v to a blue node by
only taking paths of G’ that go downward in the tree, i.e. the node of
the path closest to the root should be v. By a previous claim, depth(v)
is indeed well-defined for any v € R. Said in other words, it would be
the minimum distance from v to a blue node if we orient the edges of
G’ away from the root.

For any red node v, we claim that depth(v) < 2r. Indeed, assume
for sake of contradiction that there is some node v such that all red
downward paths in G’ of length 2r + 1 starting from v contain no blue
node; see Section 11.3.2. Fix one of these paths P and look at the center
vertex u of this path. This vertex u splits P, we can write P = PyuD,,
where v € P;. We claim that u is at distance at least r + 1 from a
blue node, which is in contradiction with the fact that u is red. To
show the claim, assume for sake of contradiction that there exists some
downward path P; C V(G') of length r + 1 from u to a blue node b. Let
P' = PyAP; U {u} be the path formed by joining P5 to P;, and removing
all vertices that appear twice (so that it is indeed a path). This is a path
oflength < |Py|+ |Ps| < r+ (r+1) = 2r + 1 from v to a b, contradiction.

Now, let us count the number of red nodes. Each red node receives one
token and sends it to one of its nearest blue successor in G’ (break ties
arbitrarily). Because of the depth property, each blue node b can receive
only 2r tokens at most, from every red node in the red downward path
that ends at b’s parent. Hence, |R| < 2d|B|, concluding the proof. [
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Corollary I1.3.8. ARC(r, A) can be computed in O(r* - log, ,, n) rounds.

Proof. When we apply ARC r + 1 times, we remove more vertices than
by applying the distance-r rake operation, compress operation and then
rake operation again, r times successively. Therefore, by Lemma I1.3.7,
computing r +1 ARC layers divides the number of vertices not assigned
to a layer by Q)(A/r). Therefore, after computing (r + 1)k layers, the
number of vertices not assigned to any layer is divided by Q((A/r)).
We need to compute at most O(r - log, ,, 1) layers to have all vertices
assigned to some layer. In total, O(r? - log, /1) LOCAL rounds are
needed, because every layer takes O(r) LOCAL rounds to compute. []

Here is a key property that is used to build algorithms optimal in 7,
d and J:

Lemma I1.3.9. After the ARC(r,d — k) procedure, every relevant degree-d
vertex in G is adjacent to k raked vertices (i.e. neighbors which were taken
due to their degree being 1). Moreover, we can assume those raked vertices
are the k lowest-layer neighbors of v.

Proof. We apply the procedure ARC(r,d — k) to the input G. Denote
by Ly, ..., Ly the resulting layer partition. Let v be a degree-d node on
layer i. Consider the set R of the k lowest-layer neighbors of v. When
u € Ris added to its layer, it cannot be due to compress operation,
because when at this time, v had at least d — k other neighbors still not
assigned to a layer yet, i.e. v had residual degree > d — k + 1. Therefore,
one of its neighbors cannot be added a layer at that time, and we get
a contradiction. Hence, u gets assigned to a layer because of a rake
operation. O

For r > 2, we have the more general statement:

Lemma I1.3.10. Given a decomposition given by the ARC(r,d — k) pro-
cedure with r > 2, we have the following. For every relevant degree-d
vertex v, and every vertex u in the set of k lowest-layer neighbors of v, every
neighbor of u different from v is a raked vertex. Moreover, u is also raked.

Proof. We apply the procedure ARC(r,d — k) to the input G, with r > 2.
Denote by Ly, ..., Ly the resulting layer partition. Let v be a relevant
degree-d vertex, and let u be a layer-j vertex in the set of k lowest-layer
neighbors of v. Let w be a neighbor of u different from v, in layer i. u
must be a raked vertex, because it is one of the k lowest-layer neighbors
of v. Therefore, w is at a lower layer than u, i.e. i < j. We also get that v
is of degree > d — k + 1 in G;j, as u, one of the k lowest-layer neighbors
of w, is still in Gj. Therefore, w is at distance 2 of v in G;, so w must be a
raked vertex because v is of degree > d — k 4 1in G;. ]

We will now use these tools to prove upper-bound results for two
problems that play a key role in our classification.
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11.3.3  Bipartite factor problem

Bipartite (k, I)-factor is the problem I1(d, é) = (d,J, {k}, {I}).
Note that bipartite (1, 1)-factor is the same problem as bipartite perfect
matching.

Lemma I1.3.11. When k and | are non-zero constants, bipartite (k, I)-factor
can be solved in O(logs n) rounds.

Proof. We apply the procedure ARC(1, min{d —k,J — I}) on the input
graph G. We therefore have access to Lemma I1.3.9. Let Ly,..., Ly,
denote the resulting layer partition. The general idea is to iterate through
the layers in a backwards order, and match a relevant node with some of
its raked neighbors (exist by Lemma I1.3.9). More formally, consider the
nodes on layer i, and assume that all edges incident to nodes of layers
greater than i have labeled. Vertices in L; perform the following steps to
label all their incident edges that remain unlabeled:

e Any edge between two nodes in L; is labeled with 0,

e Any white (resp. black) node that already has one incident edge
labeled 1 chooses its k — 1 (resp. | — 1) lowest-layer neighbors, labels
the unlabeled edges to these neighbors by 1, and labels the rest of
the unlabeled incident edges by 0. If those neighbors do not all exist,
then v is not relevant by Lemma I1.3.9, and we can label all unlabeled
incident edges of v by 0.

e Any white (resp. black) node that already has one incident edge
labeled 1 chooses its k (resp. I) lowest-layer neighbors, labels the
unlabeled edges to these neighbors by 1, and labels the rest of the
unlabeled incident edges by 0. If those neighbors do not all exist,
then v is not relevant by Lemma I1.3.9, and we can label all unlabeled
incident edges of v by 0.

Let M be the set of edges labeled with 1. We have to argue that this
case distinction cover all possible cases, that is, every relevant vertex
v has at most one higher-layer neighbor u such that uv € M. This is
true, because if v is a relevant vertex with a higher-layer neighbor u
such that uv € M, then by definition of the algorithm v is a raked vertex
and cannot have more than one edge to a higher-layer vertex. Notice
that we can ignore vertices in Li: they are not relevant because they
are not of degree d nor 4. Furthermore, by definition, every relevant
white (resp. black) node v is incident k (resp. ) edges in M. Therefore,
we proved the correctness of the algorithm. Additionally, the desired
round complexity is achieved, as we run ARC(1, min{d —k,é —[}) in
O(log, 1) time by Corollary I1.3.8 (and because k, I are constants) and
go through all the O(log, 1) layers once in time O(log; ). O

11.3.4 Quasi-orientation problem
Quasi-(k, I)-orientation is the problem I'l(d, ) = (d,,{k},{0,6 —1}).
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This problem is easiest to understand if we interpret it so that the
edges in X are oriented towards black nodes and edges in E \ X are
oriented towards white nodes. Then in a quasi-(k, I)-orientation, all
relevant white nodes have outdegree k while all relevant black nodes
have outdegree [ or é.

Lemma I1.3.12. When k is a constant, quasi-(k, 1)-orientation can be
solved in O(log, n) rounds.

Proof. We apply the procedure ARC(2,d — k) to the input graph G. Let
Li,..., Ly denote the resulting layer partition. The general idea is to
iterate through the layers in a backwards order, and orient a white
degree-d node towards some of its black raked neighbors, and orient a
black degree-é node towards some of its white raked neighbors (only if
the black node is adjacent to an edge labelled with a 1). More formally,
consider the nodes on layer i, and assume that all edges incident to
nodes of layers > i have labeled. Vertices in L; perform the following
steps to label all their incident edges that remain unlabeled:

e Ifablack node is not incident to any edge labeled 1, label all unlabeled
incident edges by 0.

e If a black node is incident to exactly one edge labeled 1, choose its |
lowest-layer neighbors, label the unlabeled edges to these neighbors
by 0, and label the rest of the unlabeled incident edges by 1. These
lower-layer neighbors always exist because the black node is a raked
vertex.

e If a white node is incident (respectively not incident) to an edge
labeled 1, choose its k — 1 (respectively k) lowest-layer neighbors,
label the unlabeled edges to these neighbors by 1, and label the rest of
the unlabeled incident edges by 0. In the case where those neighbors
do not all exist, then v is not relevant by Lemma I1.3.9, and we can
label all unlabeled incident edges of v by 0.

Let M be the set of edges labeled with 1. We have to argue that this case
distinction cover all possible cases, that is, every relevant vertex v has at
most one higher-layer neighbor u such that uv € M. For relevant black
vertices, this is because black vertices with an edge labeled 1 that goes
to a higher-layer neighbor are raked vertices. Now, let us tackle the case
of white vertices. Suppose a white vertex u € L; is adjacent to a higher-
layer or equal-layer black vertex v € L;, with all but | of v’s incident
edges labeled 1. By Lemma I1.3.10, v must be a raked vertex, and one
the k lowest-layer neighbors of some relevant node w € V(G;). We also
get that u is a raked vertex. Thus, u cannot have 2 incident edges labeled
with 1 coming from higher-layer neighbors. Notice that we can ignore
white vertices in L;: they are not relevant because they are of degree < d.
Black vertices in L have no relevant white neighbor, so we can satisfy
them trivially. Other relevant black nodes either have § — | incident
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edges labeled 1 or all their incident edges labeled 0, and furthermore,
by definition, every white relevant node (thus not in L;) is incident to k
edgesin M. Therefore, the algorithm is correct. Additionally, the desired
round complexity is achieved, as we run ARC(2,d — k) in O(log,; ) time
by Corollary I1.3.8 (and because k and [ are constant) and go through
all the O(log, n) layers once in time O(log, 1). O

1.4 Classification of logarithmic
problems

We now have all the tools to classify logarithmic problems and prove
our main theorem. A summary of the classification is displayed in
Section I1.4.

Theorem II.1.1. Let I1(d, ) be a structurally simple family of binary
labeling problems and assume that the complexity of I1(d, d) in trees is
©, 5(logn). Then the complexity of I1(d, §) in trees for each d and 6 falls
in one of these classes, as long as 6 < d = O(n'~%) for some a > 0:

O(logn),
(log, 1),
)

1.
2.
3. ©(log,n).

@ Qe

Proof. Fix & < d,let w = W(d) and b = B(6). Let IT solvable with
©;5(logn) complexity. We know by Lemma II.2.1 that the problem
has complexity O (log,;n). However, this is not tight: there are some
problems that cannot be solved in O(log,n) time. We make a case
distinction to classify the problem complexity into multiple classes.
First, if w is center-good, then it can be solved in O(log, 1) rounds using
Lemma I1.3.6. Now suppose for the rest of the proof that w is edge-
good. Letw = swwy 0%wot,, with |w], |lwa] < C,and b = sp...t,. The
complexities split into different classes depending on w and b.

o Ifs, =s, =1ort, =t, =1, then problem is of constant complexity.

e Elseifs, = t, = 1, then Il(d, J) can be solved with the quasi-(k,0)-
orientation algorithm of Lemma I1.3.12 (and possibly Lemma I1.2.3)
in time O(logd 1), because it cannot be that w; and w, only contains
(s, otherwise we would have w = 09+1 (as sy =ty = 0).

o Else, if none of the above apply, either s, = 0 or t, = 0. We will
handle this case for the rest of the proof.

Without loss of generality, assume in the following that t, = 0 (other-
wise, one can use Lemma I1.2.3 and get back to the previous case). If
sy = 1, it cannot be that b = 10%, as s, = 0, as the problem would be
unsolvable. Therefore, b contains at least 2 1’s and I'l(d, §) can be solved
in O(log, n) rounds with the quasi-(k, I)-orientation algorithm.
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We are now left with the case s, = t;, = 0 for the rest of the proof. Then
the problem has complexity Q(log, 1) by Proposition I1.2.7 (assuming
d = O(n'~%) for some & > 0). Moreover, by assumption, the complexity
is O(logn). There are still two possible complexity classes: log; n and
logn. To finish our classification, we need to prove that in all cases,
the complexity is either Q(logn) or O(log, n). If b is center-good, then
the complexity is O(log; 1) by Lemma I1.3.6. For the rest of the proof,
suppose b is edge-good. Let b = s,b10'byt;, with |by|, |bp| < C.

o If s, = t, = 1, then I1(d, d) can be solved in time O(log;n) with
Lemma I1.2.2, possibly Lemma I1.2.3, and the quasi-(k, 0)-orientation
algorithm of Lemma I1.3.12. The algorithm is applicable because b;
and b, do not only contains 0’s, otherwise we would have b = 00+1,

e Else, eithers, = Oort, = 0.

For the rest of the proof, we have s, = O or t, = 0, and s, = t;, = 0.
There are multiple cases:

e Type A: there exists i € {1,2} such that both b; and w; contain a 1.
The complexity of a type A problem is O(log, ) by Lemma I1.3.11
and using Lemma I1.2.3 (if necessary).

e Type B: w; and b, only contain 0’s, and w; and b; contains a 1. If
sw = 0, the problem complexity is Q(logn) by Proposition I1.2.5.
Else, s, = 1 and f, = 0, and the complexity is O(log, ) using
Lemma I1.3.12 and Lemma I1.2.2.

e Type C: w; and b; only contain 0’s, and w; and b, contains a 1. Using
Lemma I1.2.3, we can get from type C back to type B without loss of
generality.

e Type D.: there exists ¢ € {w, b} such that both c; and ¢, only contain
0’s. A type Dy or Dy, problem is unsolvable. Consider a type D,
problem. Then the problem is unsolvable because b = 0°"!. Now
consider a type Dy, problem. If s, = t,, = 0, the problem is unsolvable
because w = 0%t1. Else, one of s, and t,, is equal to 0, but not both.
Sow = 0701 orw = 100" and as s, = t, = 0, the problem is
unsolvable. O

I1.5 Outside logarithmic region

In Sections I1.2 to I1.4 we have analyzed problems of complexity @, s(log n).
In this section we explore the two remaining cases of solvable problems:
classes Oy 5(1) and @4 5(n). All results are summarized in Section IL.1.7.

11.5.1 Constant complexity

Proposition I1.5.1. If the complexity of I1(d, &) is Oy 5(1), then it is also
1.
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[H(d,cS) — (d,6,W(d), B(5)) with d > 5]

l

is W(d) edge-good?

[ O(log, n) ]

is B(4) edge-good?

~

W(d) = 0Xwy A B(8) = by0"
with |wy|, |b1| = O(1)

or [ O(logsn) ]
W(d) = w,0F A B(8) = 0"b,
with |wi], [ba] = O(1)?

Figure I1.4: Complexity flowchart
for logarithmic problems; we as-
sume here that the complexity of
I1(d, 6) is ©4 s(log n).
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Proof. If the complexity of the problem is Oy 5(1), then by the classifica-
tion of [BBE*20a] the problem is of the form (1117, B) with B non-empty
or of the form (W, B) with 0 € W N B (or their switch or reverse). To
solve the first type of problem in 1 round, one can run an algorithm
where black nodes label k neighboring edges with a 1 (if k € B), and
the rest of the neighboring edges with a 0. To solve the second type of
problems in 1 round, one can run an algorithm where every node labels
every neighboring edge with a 0. Both of these algorithms are correct
and run in 1 round. O

11.5.2  Linear complexity: upper bounds

For a bipartite graph G with bipartition V(G) = Vjy U V3, denote W, =
{v e Vi | deg(v) =s}and By = {v € Vi | deg(v) = t}.

Lemma IL1.5.2. Let G be a tree with bi-partition V(G) = Vy U Vp. Then
G[Ws U By| has components of diameter at most 4|V (G)|/ (s +t) + 1.

Proof. Let G’ be a connected component of G[W; U B;]. Let d be the
diameter of G’ and let P be a path of length d in G’. Notice that in
G’, vertices are either in W; or in B;. Therefore, P contains at least
(d —1)/2 vertices from W; and at least (d — 1) /2 vertices from B;. By
the handshake lemma, 2|V(G)| > s|Ws| + #Bs| > (s +t)(d —1)/2.
Finally, we getd < 4|V(G)|/(s+t) + 1. O

Corollary I1.5.3. Any solvable binary labeling problem I1(d, §) has com-
plexity O(n/(d + 6)).

Proof. Let (G, d,d) be an instance of IT with W U B a bipartition of V(G).
As we only have constraints on vertices of W of degree d and on vertices
of B of degree J, one only needs to solve IT on the connected components
of G[W; U Bs]. By Lemma I1.5.2, the diameter is at most 4|V (G)|/(d +
) + 4, and every LOCAL problem can be solved in a number of rounds
equal to the diameter. Therefore, IT can be solved in time O(n/(d +
J)). O

11.5.3  Linear complexity: lower bounds

Up to switching, there are two types of problems with complexity
leg(n) [BBE*ZOa]:

e Type A: (W,B) = (1071,010),

e Type B: (W, B) = (107,07 1x),

where * is a placeholder for an arbitrary bit. We prove that both types
have complexity Q(n/(d + 6)). Notice that in the first type, § = 3 so
the complexity is Q(n/d).

Lemma I1.5.4. IfT1(d,3) is a problem of type A, then I1(d,3) has com-
plexity Q(n/d).
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Proof. This follows from the proof of Theorem 8.1 of [BBE*20a]. In this
proof, the problem is reduced to 2-coloring of a path of size n/d, and
it is known that the complexity of 2-coloring a path of length ¢ is ©(¢).
Hence, I1(d, 3) has complexity Q)(n/d) O

Lemma IL.5.5. If I1(d,d) is of type B, then I1(d,d) has complexity
Q(n/(d+9)).

Proof. This follows the proof of Theorem 8.2 of [BBE*20a]. In this proof,
the problem is reduced to a problem called almost oriented path for a path
of size f(n,d, ), and then it is showed that the complexity of almost
orienting a path of length ¢ is ©(¢). The almost oriented path problem
takes as input a properly 2-colored path and asks to orient the edges
such that at most one node of degree 2 has all its incident edges outgoing,
and all other nodes of degree 2 have exactly one outgoing edge (nodes
of degree 1 are unconstrained).

Let us compute f(n,d, ). In the proof, of Theorem 8.2, the authors
start from properly 2-colored path, connect to each white node d — 2
new black leaves, and to each black node é — 2 new white leaves. Then,
the authors connect an additional node to each endpoint of the path
while keeping a proper 2-coloring. Then, any solution for I1(d, §) for
this new instance can be mapped to a solution for the almost oriented
path problem on the original instance. Let k be the order of the original
instance. 7 is the size of the new instance son > (k/2+1)(6 —2) +
(k/2+41)(6 —2) and therefore k = Q(n/(d + ) ). This finishes the proof
that I1(d, ¢) has complexity f(n,d,é) = Q(k) = Q(n/(d+9)). O

11.5.4  Linear complexity: summary

By putting together Sections I1.5.2 and I1.5.3, we obtain:

Corollary IL5.6. If the complexity of I1(d, ) is ®,5(n), then it is also
O(n/(d+59)).

I1.6  Structurally simple problems and
context-free languages

We have now completed the classification of structurally simple binary
labeling problems. In this section, we show that all binary labeling
problems that can be defined with context-free grammar are structurally
simple:

Lemma I1.1.4. Let X(k) C {0,1,...,k} be a family of sets. IfX is a
context-free language, then X (k) is structurally simple.

To prove this, we need the following result from language theory:
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Theorem I1.6.1 ([11i94, Theorem 2.1]). Let B a constant and L a context-
free language such that for every length n of a word in L, there are at most B
words of length n in L. Then L can be written as a finite union of so-called
paired loops, i.e.

L = | J{uivfwix]y; | n > 0}

i€l

for some finite set I and words u;, v;, w;, x;,Yy; for every i € I.
We also need the following auxiliary lemma:

Lemma II.6.2. For every language L = {uv"wx"y | n > 0}, for some
words u,v,w,x,y € {0,1}*, there exist a real « > 0 and integers B,C, N
such that for n > N, at least one of these is true:

1. L contains a word z with length n with a 1 at position i s.t. an — B <
i<(1—a)n+B,

2. there is no word of L of length n with a 1 at position i s.t. i > C or
i<n-C.

Proof. Let N = |uvwxy|. Let C = max{|ul, |v|, |w|, |x|, |y|}. Ifv,w, x €
0*, all the words z € L of length n > N can only contain symbol 1’s at
positions i € [0,C] U [|z] — C, |z|]. Otherwise, we know that the word
vwx contain a symbol 1. Let n > N. Take z € L of length n and let k be
Fwxky = w1 (vwx)x*~1y. o1 and ¥+~
exist, because n > N. Therefore, there is a 1 in z, inside the middle vwx,
at position

an integer such that z = uv

i€ [lul + (k=1)ol, |z] = ly[ = (k = D)[x]].

There are multiple cases. We first handle the case where v and x are
not empty. If this is the case, then let « = min{|v|, |x|}/(|v| + |x])
and B = wa|uvwxy|. Then an — B = a((k —1)|v| + (k—1)|x]) =
(k—1Da(|v| + |x]) < (k—1)|v|, (k —1)|x|. This means that i, |z| —i >
an — B. Let us now handle the case where v is empty; the proof when
x is empty is similar, and v and x cannot be both empty. Let C =
2max{|ul, |v|, |w|, |x|,|y|}, « = 1/2, and B = |uvwxy|. If x € 0*, then z
only contain symbol 1’s at positions i € [0,C] U [|z| — C, |z|]. Otherwise,
write z = uwx*/2lxx[¥/21-1y Notice that there is a 1 in z, inside the
middle x, at position

i € [[ul + |wl| + [k/2]|x], |2| = |yl = (Tk/2] = 1)|x]].

Then an — B < (k—2)|x|/2 < |k/2]|x|, ([k/2] — 1)|x|. This means
that i, |z| —i > an — B. This concludes the proof. O
Proof of Lemma I11.1.4. Using Theorem I1.6.1, we can write
X = | J{uofwixby; | k >0}
i€l
for some finite set I and words u;, v;, w;, x;, y; for every i € 1. Apply
Lemma I1.6.2 for each L; = {u;ofw;x¥y; | k > 0} separately, and obtain
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constants «;, B;, C;, and N; for each i € I, so that for everyi € I, n > N;,
and w € L; of length n > N; at least one of these is true:

1. L; contains a word w with length n witha 1 at position x s.t. a;n — B; <
x< (1—w;)n+ B,

2. there is no word of L of length n with a 1 at position x s.t. x > C; or
x<n-—_C;.

Leta = min{a; | i € I}, B=max{B; | i € I},C =max{C; |i € I},and
N = max{N; | i € I}. Then, given some n > N, at least one of these is
true:

1. X contains a word w € L; for some i € I with length n with a 1 at
position x s.t. an — B < x < (1 —a)n + B, because an — B < a;jn — B;
and (1 —a;)n+B; < (1 —a)n+ B,

2. there is no word of X of length n with a 1 at position x s.t. x > C or
x <n—C,because foreveryi € I,C> Ciorn—C<n—-C.

This proves that for any ¢ > 0, there exists some N such that for any
word w € X with length n > N, at least one of these is true:

1. word w is e-center-good: it has a 1 at position p € [nf, n!~¢],
2. word w is C-edge-good: it has 1’s only at positions p € [0,C] U [|w| —
C, [wl].

This means that X is structurally simple. O
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Chapter 1II
Distributed algorithms beyond planar graphs: MDS
and other problems

ABSTRACT

We prove that given any a-approximation LOCAL algorithm for Min-
iMUM DowminaTING SET (MDS) on planar graphs, we can construct
an f(g)-round (3« + 1)-approximation LOCAL algorithm for MDS on
graphs embeddable in a given Euler genus-g surface. Heydt et al. [Eu-
ropean Journal of Combinatorics (2025)] gave an algorithm with o« =
11 + ¢, from which we derive a (34 + ¢)-approximation algorithm for
graphs of genus g, therefore improving upon the current state of the
art of 24¢g + O(1) due to Amiri et al. [ACM Transactions on Algorithms
(2019)]. It also improves the approximation ratio of 91 4 ¢ due to Czy-
grinow et al. [Theoretical Computer Science (2019) ] in the particular case
of orientable surfaces.

We generalize this result into two directions: (1) by considering other
graph problems studied in Distributed Computing such as MiNiMum
k-TupLE DoMINATING SET, for which constant-round approximation al-
gorithms were known for planar graphs, but not for graphs of bounded
genus; and (2) by considering graph classes beyond bounded genus
graphs, called locally nice, and relying on the asymptotic dimension of
the class. We prove these results by a series of meta-theorems about
cuttable minimization problems with constant-round approximation
LOCAL algorithms. Roughly speaking, in cuttable problems, one can sys-
tematically extract small subgraphs whose solutions are in proportion
to the global solution restricted to the neighborhood of the subgraph.
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Chapter III: Distributed algorithms beyond planar graphs: MDS and other problems

II1.1 Introduction

MiniMum DomiNATING SET (MDS) is a famous minimization problem
on graphs, known to be NP-complete even in cubic planar graphs [G]79,
KYKS80]. The goal is to find a smallest subset of vertices of the input
graph that intersects all radius-1 balls of the graph.

In this chapter, we focus our attention on distributed algorithms
that can approximate MDS on the graph underlying the topology of
the network. Due to the covering property of a dominating set, the
problem and its variants (like ConnecTED DominaTING SET [WAF02])
get increasingly more attention in Networking, in particular for mobile
and ad-hoc networks. Not only are mobile networks important for point-
to-point communications, but specialized ad-hoc networks, such as
sensor networks, are important for environmental monitoring tasks. We
refer to [KW05, RWZ09] for extended discussions about the motivations
of MDS for routing purposes of such networks.

In the LOCAL model, approximating MDS up to a constant factor
in general n-vertex graphs is known to require Q(y/logn/loglogn )
rounds [KMW16, CL21]. On the positive side, it is possible to (1 + ¢)-
approximate MDS for any graph in poly (¢! log 77) rounds by combining
the techniques of [GKM17] and of [RG20, Corollary 3.11].

For specific graphs, better round complexities can be achieved. We
refer to [LPW13, Suol3] for a large collection of results (including
unit-disk graphs, and planar graphs as a basis of the Gabriel graph
model widely used in ad-hoc networks [WY07]). For instance, O(log™ n)
rounds suffice for planar graphs [CHWO08], and also more generally
for K;-minor-free graphs [CHW18] and for sub-logarithmic expansion
graphs! [ASS19], and o(log* 1) rounds are not sufficient to get a (1 -+ ¢)-
approximation of MDS on cycles [CHWO08] or unit-disk graphs [LW08].
So, achieving constant-round algorithms must be at the price of relaxing

the (1 + €) approximation ratio.

For planar graphs, the quest for constant-approximation and constant-
round algorithms seems to start with [LOWO08], followed by [Lenl1,
Chp. 13] and [LPW13], with a 130-approximation. Since then, a long
line of research has been aimed at improving this ratio. In short, the best
approximation ratio to date is 11 + ¢, due to [HKO™25]. We refer to the
nice survey of [HKO"25] for planar graphs and subfamilies, including
lower bounds.

In the meantime, the quest for constant-approximation ratio and
constant-round distributed algorithms has been proposed for larger
classes of graphs. However, very few examples are known of graph
classes ¢'(p) depending on some fixed parameter p where MiNIMUM
DoMINATING SET can be solved by a LOCAL algorithm with round com-
plexity f(p) and truly-constant approximation ratio (independent of

p)-

Larger graph classes that make good candidates for extending pla-

77

1 Roughly speaking, the expansion
of a graph G is a function f that,
for any r, bounds the maximum
edge density of a depth-r minor of
G by f(r), where a depth-r minor
is a minor of G where each branch
set has radius at most r.



nar graphs are H-minor-free graphs, with some graph H not limited to
Ks or K3 3. For K,-minor-free graphs, we only know of an exponential
approximation ratio in p [KSV21, HKO*25], whereas a linear approxi-
mation ratio could be possible. For K3 ,-minor-free graphs [HKO*25],
the dependency is much better (linear in p), but still not truly constant.
Very recently, it was shown [BGPW25] (see also Chapter IV) that, for
K3 p-minor-free graphs, the approximation ratio is 50 regardless of the
value of p.

On the other end of the spectrum, the narrowest way to meaningfully
extend planar graphs is through embeddable graphs? on surfaces® of
Euler genus g. Such surfaces can be obtained from a sphere by adding
¢/2 > Ohandles* (if they are orientable) or by adding g > 1 cross-caps®
(if they are non-orientable). The Euler genus of a graph G is the minimum
number g such that G embeds on a surface of Euler genus g. In this
context, [ASS19, Theorem 3.11] proposed a (24¢ + O(1) )-approximation
algorithm with constant-round complexity (actually linear in g). For
graphs of orientable genus g, i.e., embeddable on an orientable surface of
genus g, [CHWW19] designed a constant-round algorithm that returns
a dominating set of size at most 91M + 76g — 66, where M is the optimal
size. By adding a simple extra brute-force step in their algorithm, we
can convert it into a (91 + ¢)-approximation (cf. Proposition I11.8.2), so
with a ratio independent of g. However, the result of [CHWW19] does
not transfer to graphs of bounded Euler genus, as for any g, there are
graphs embeddable on the projective plane® that cannot be embedded
on any orientable surface of genus g (so of orientable genus at least
g+ 1). So, for these graphs, the approximation ratio will be 91 + ¢
but the number of rounds possibly unbounded (possibly linear in the
number of vertices).

Graphs of Euler genus-g are included in K3 5¢3-minor-free graphs,
because the Euler genus of K343 is at least ¢ + 1 (cf. [MTO1, Theo-
rem 4.4.7]) and the class of Euler genus-¢ graphs is closed under taking
minors. We observe that the approximation ratio for K3 ,-minor-free
graphs, for p = 2g + 3, due to [HKO™"25, Theorem 2.2] provides an
approximation ratio of O(,/g). Indeed, the ratio of their algorithm is
precisely (2 +¢)(2V1 + 1), where V is the maximal edge density of a
depth-1 minor of any graph of the class. As we can check (cf. Proposi-
tion II1.8.3) that V; < /3g¢/2 + 3, the approximation ratio is at most
4,/3¢/2 + 14 +e. As it may occur that V; > /3¢/2 — O(1) for some
Euler genus-g graph (cf. Proposition II1.8.3), the best known approxi-
mation ratio for MDS in Euler genus-g graphs is @(,/g), and 91 + & for
orientable genus-g graphs.

It is important to note that no LOCAL algorithms for Euler genus-
g graphs can achieve simultaneously constant round complexity and
constant approximation ratio. Indeed, any constant round approxima-
tion must have ratio Q(/log ¢/ loglog ¢ ) as the Q(y/logn/loglogn )
lower bound of [KMW16, CL21] applies for general n-vertex graphs

and n = Q(,/3).
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2Le., that can be drawn on the sur-
face without edge crossing, like
planar graphs for the sphere.

3That are compact, connected
2-dimensional manifold without
boundary.

4By adding a handle, we mean
that two disjoint disks of the
sphere are replaced by a cylinder.

5By adding a cross-cap, we mean
that a disk of the sphere is replaced
by a Mébius strip.

6 For instance, a cycle with n =
2g + 6 vertices where opposite ver-
tices are connected by an extra
edge, cf. [ABY63].
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Our contributions. In the remaining of the chapter, by “LOCAL algo-
rithm”, we mean deterministic distributed algorithm in the classical
LOCAL model.

e We propose a (34 + ¢)-approximation LOCAL algorithm for MDS in
Euler genus-g graphs whose round complexity depends only on g
(cf. Corollary I11.4.3). This improves approximation ratios in both
the orientable (previously 91 4 ¢) and non-orientable (previously
24¢ + O(1)) genus case. The analysis of the algorithm uses the fact
that such graphs have asymptotic dimension at most two.

e This result follows directly from more general meta-theorems. More
generally, we prove that any constant-round a-approximation for
MDS on planar graphs can be turned into an f(g)-round (3« + 1)-
approximation algorithm for MDS on Euler genus-g graphs, for some
function f.

e We extend this result in two ways. First, we show that our meta-
theorems hold for all local minimization problems that are well-
behaved (including MDS and its variants). We provide a simple
graph-theoretic property on the problem that is sufficient for our
meta-algorithms to apply. This significantly simplifies proofs and
circumvents having to reason about various algorithms.

e We apply our results on problems such as MiNnimum k-TupLE Dowmi-
NATING SET (cf. Corollary I11.4.5), obtaining constant-ratio approxi-
mations on problems where none were previously known. We also
obtain a ratio of O(,/g) for Minimum CONNECTED DOMINATING SET
in Euler genus-g graphs.

e Second, we prove that our meta-theorems hold on much broader
“locally nice” graph classes, such as locally bounded-genus graphs,
or locally bounded-genus graphs with a bounded number of apex
vertices (whose unconstrained neighborhoods can break the surface
embeddability of the graph).

e We prove three versions of our meta-theorem (see Meta-Theorem I,
Meta-Theorem II and Meta-Theorem III), making it easily applicable
and adapted to different situations.

Unlike similar notions, such as the classical network decomposi-
tion [AGLP89], no preliminary construction is required for any of our
algorithms. Obviously, they depend on the parameters of the graph
classes on which they are applied, like the Euler genus g and/or the
asymptotic dimension of the class with its control function.

Organization. Basic notations and asymptotic dimension are introduced
in Section III.2. Section III.3 derives a 616-approximation for MDS on
bounded-genus graphs, gently introducing the ideas and motivations
of the later meta-theorems. Finally, Sections III.4 and III.5 present our
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different meta-theorems, and their applications to different problems of
the literature.

II1.2 Preliminaries

Graphs and domination. A subset X C V(G) dominates Sif S C N[X]. We
denote by MDS(G, S) the minimum size of a subset of V(G) dominating
S. Note that MDS(G, V(G)), denoted by MDS(G) for short, is the size
of a minimum dominating set for G.

Asymptotic dimension. In this section, we focus on defining asymptotic
dimension’ (a non-trivial task, as it happens) and explaining how to
exploit it, in the hope that others may be able to exploit it in turn.

A graph G with a spanning subgraph H is k-colorable é6-bounded in H
if each vertex of G can be assigned a color from {0, ...,k — 1} so that
the distance in H between any two vertices taken in a monochromatic
path of G is at most 4. In other words, all monochromatic connected
components of G must have a weak diameter in H at most J. A proper
k-coloring of G is nothing else than a k-coloring 0-bounded in H. If H
has diameter D, then it is 1-colorable D-bounded in H.

The asymptotic dimension of a graph class ¢’ is a non-negative integer
denoted by asdim (%), and related to the k-coloring boundedness of the
r-th power of G. It is a notion closely related to sparse partitions® and
weak sparse covers (see [BBE*24, §1.8] for precise connection between
these notions). Recall that the r-th power of G, denoted by G’, is the
graph obtained from V(G) by adding edges between pairs of vertices at
distance at most r in G.

Rather than giving its standard definition, we prefer the following

equivalent one?:
Proposition II1.2.1 ([BBE*24, Proposition 1.17]). For every graph
class €, asdim(€¢’) < d if and only if there exists a function f : IN — IN,
called control function, such that for every G € € and integer r > 1, G
is (d + 1)-colorable f(r)-bounded in G.

Any associated control function f that makes asdim(%¢’) = d is also
called a d-dimensional control function of ¥. The Assouad-Nagata
dimension of ¢ has a similar definition, except that the control function
must be linear. A crude example is that paths have Assouad-Nagata
dimension 1, because, for each r > 1, it suffices to alternatingly color
subsets of r consecutive vertices with two colors, see Section III.2.

It is tempting to think of the k x k grid as a (k/r) x (k/r) grid of sub-
grids each of size r x r and color those subgrids with 4 colors. However,
by shifting the subgrids a little, as in Section II1.2, one can only use 3 col-
ors instead of 4, proving that the asymptotic dimension of 2-dimensional
grids is 2. More generally, d-dimensional grids have a d-dimensional
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7 Asymptotic dimension was origi-
nally defined on metric spaces by
Gromov [Gro93] in the field of ge-
ometric group theory.

8 However, those notions follow a
different philosophy. In the study
of asymptotic dimension, we want
to minimize the dimension. In the
study of sparse partitions and cov-
ers, the main goal is to minimize a
function of the dimension and the
diameter of the sets.

9 In the original Proposition 1.17 of
[BBE*24], G" is (d + 1)-colorable
f(r)-bounded in G", instead of in
G. By following this original defi-
nition, the function f is not a con-
trol function, whereas in Proposi-
tion II1.2.1 it is.
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distance 4 > r diameter2 < f(r) =r—1

control function f(r) =d - (r —1).

Note that any finite graph class ¢ has asymptotic dimension 0, as one
can always take f to be constant, always set to the number of vertices in
a largest graph of ¢, then take one color for the whole graph regardless
of r. This highlights an important subtlety: for the asymptotic dimension
to have meaning, it needs to be defined on a graph class and not on a
single graph.

Trees, and more generally graph classes of bounded treewidth (resp.
layered treewidth) have asymptotic dimension 1 (resp. 2). Planar graphs,
and more generally the classes of H-minor-free graphs (for any fixed H)
have asymptotic dimension 2 as shown by [BBE*24]: the dependency
in H only shows in the control function f. Dense graph classes may also
have small asymptotic dimension. For example, it is sufficient that there
is a quasi-isometry into a class having small asymptotic dimension!?.
The dense class of chordal graphs, being quasi-isometric to the class of
trees, has asymptotic dimension 1.

Intuitively, each connected component of a color class in G" can be
viewed as a “simple” component of the graph, that we already under-
stand well. In the setting of LOCAL algorithms with constant round
complexity r/2, each vertex can observe only its distance-(r/2) neigh-
borhood. If the underlying graph class has asymptotic dimension d, this
neighborhood intersects at most d + 1 such simple parts. As a result, we
can derive strong approximation guarantees, since each vertex’s view
of the graph remains constrained and conceptually simple. We observe
that all our algorithms make use of the control function f, but not for any
particular pre-computing coloring or partitioning, so that the asymptotic
dimension d is actually used only in analysis of the approximation ratio.
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Figure III.1: An example that
shows that P" is 2-colorable (r —
1)-bounded in P for r = 3 (on
the top), and an example of a 3-
coloring of grids for r = 2 and
f(r) = 2(r—1) = 2 (on the bot-
tom).

107t is conjectured in [BBE*24]
that, even more generally, any
graph class forbidding some graph
as a fat minor should also have
asymptotic dimension at most 2.
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II1.3 MDS on Bounded Euler Genus
Graphs

This section explains how asymptotic dimension helps us devise approx-
imation algorithms for MDS on Euler-genus-g graphs. It also serves
as an introduction to the method of cutting and motivates the later
meta-theorems. The following algorithm for planar graphs will serve
as a black-box building block for the more involved algorithm of Theo-
rem II1.3.2.

Proposition I11.3.1. There is a 205-approximation LOCAL algorithm A for
Minimum DOMINATING SET in planar graphs with round complexity 6.

The proof of this result can be found in Section II1.7.1.

To present the algorithm (cf. Algorithm 1) we first need to define
the “best” minimum dominating sets of a labelled graph H. Among all
dominating sets, we first discard those which contain some v for which
there exists w with N[v] C N|[w], and among the remaining ones, we
declare “best” the one lexicographically smallest considering the labels
of the vertices.

Require: A planar graph G.
Ensure: A dominating set D of G such that |D| < 205 - MDS(G).
1. D+ g
2: Each vertex u computes G[N°[u]] and all minimum dominating sets
of N*[u] in G. Among those sets, u selects the “best” one as D,,.
3: Each vertex u picks the vertex v, of smallest label in D,, N N[u], and
addsitto D.

By construction, Algorithm 1 outputs a dominating set D within 6
rounds. In fact, Algorithm 1 is very natural in the sense that in order
to compute a global dominating set we use local dominating sets. The
proof on the approximation factor is given in the Section III.7.1. We
extend Algorithm 1 to genus ¢ graphs by dealing separately with local
subgraphs of G which are planar and which are not planar. For a graph
G, the T-error set of G w.r.t. planarity is the vertex set defined by X =
{u € V(G) | GINT[u]] is not planar}.

Theorem IIL.3.2. There exists a function C such that for any g, there is a
616-approximation LOCAL algorithm for MINIMUM DOMINATING SET
in Euler genus-g graphs with round complexity C(g).

Proof. Suppose G has Euler genus g and let f be a 2-dimensional control
function of the class of Euler genus-g graphs. A 2-hopin X C V(G)isa
sequence of vertices x1, ..., x; in X such that consecutive vertices are at
distance at most two in G.

We run the following algorithm.
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Algorithm 1: The algorithm for
dominating set on planar graphs.
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Require: A graph G of genus < g.
Ensure: A dominating set D of G such that |D| < 616 - MDS(G).
1: If Nf(0+5[y] is planar, u runs Algorithm 1.
Let X be the set of undominated vertices after step 1.
2: If u € X, u computes the lexicographically smallest minimum set
Dy in G which dominates the set X’ C X of vertices reachable from
u with a 2-hop in X. It adds N[u] N Dy to D.

Claim IIL.3.3. The round complexity is some constant C(g) depending
only on g.

Proof of claim. It suffices to show that there is no 2-hop of weak diameter
> 2(f(10) + 6)g of vertices in X. Suppose such a 2-hop on vertices of
X exists. Take two vertices x and y on the 2-hop which are at least
2(f(10) + 6)g apart. Note that for any i < 2(f(10) + 6)g there exists
a vertex on the 2-hop at distance i or i 4 1 from x. Hence, there exist
Uy, ...ugy1 € X where u; is at distance 2(f(10) +6) (i — 1) or 2(f(10) +
6)(i — 1) + 1 from x. Therefore, the sets N/(10+5[y;], ... NFOO+5[y, 4]
are pairwise disjoint and they are non-planar, so the genus of the graph
is at least ¢ + 1 by additivity (cf. [MT01, Theorem 4.4.3]). As the genus
is smaller than g, this is a contradiction. o

The coloring of the asymptotic dimension gives us color classes Cy, Ca
and Cjz, such that:

o C; = Bi U---u B;i with!l diamG(B;-) < f(10) forall 1 < j < j;, and
e for any j # ¢, we have B; # Bi. More precisely, B;- and B} are at
distance at least 11.

The cutting. Let Yg be a minimum dominating set of G. Let G’ =
G[N[Y']] where Y/ = Y N N5[B;-]. Note that G’ contains N4[B§] and
|IMDS(G')| < Yo ﬂNS[B]l:H.

The analysis outside of the error set. Note that G’ either contains only ver-
tices from X or contains at least one vertex which is not in X and is there-
fore planar. Hence, vertices in B]l: \ X choose at most 205 - | MDS(G')| <
205 - |[Yg N N° [B;] | vertices as their neighborhood of distance 5 in G and
G’ is the same. Vertices not in X choose at most 205|Y| vertices in each
color class. Across all color classes, this adds up to at most 3 - 205|Y;|.

The analysis with non-empty error set. Let Xy, ..., X be the 2-hop compo-
nents. Note that for two distinct 2-hop components X; and X;, the neigh-
borhoods N[X;] and N[X;] do no intersect. As [Dx,| < |Yg N N[X;]], the
vertices in X choose at most | Y| vertices.

In total, at most 3 - 205|Yg| + |Yg| = 616 - |[MDS(G)| vertices are
added to D: the algorithm is a 616-approximation. O
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Algorithm 2: The algorithm for
dominating set on bounded genus
graphs.

H'We denote by diamg(X) the
largest distance in G between any
two vertices of X.



In fact, if Algorithm 1 gives an approximation ratio «, then the above
algorithm for genus g graphs is a (3a + 1)-approximation algorithm.
One might now ask whether any algorithm for MDS on planar graphs
can be turned into one for genus g graphs. We show that this is indeed
possible. In order to do so, we need to show that the cutting step and
its analysis work for any MDS algorithm for planar graphs. We delve
into this deeper in the next section.

II1.4 Meta-Theorems

In this section, we present our meta-theorems, which take as input
a LOCAL approximation algorithm for a graph class 4" and returns a
LOCAL approximation algorithm for a broader class 2 that locally looks
like graphs in ¢, possibly with some local exceptions.

Meta-theorems using black-box LOCAL algorithms might be difficult
to state as there are some subtle issues with vertex identifiers (see for
instance [ FKP13, FGKS13, GHS13]). The LOCAL model assumes the
input graph G has unique O(log n)-bit vertex labels, i.e., with identifiers
polynomial in G. In particular, running a LOCAL algorithm A on only a
small part H of G might fail because: (1) vertex labels in H may not be
polynomial in H anymore, and (2) algorithm A may require polynomial-
size identifiers to work properly. Thus, Meta-Theorem I assumes that
the black-box algorithm A does not require polynomial identifiers. This
captures all order-invariant algorithms!2. In contrast, Meta-Theorem II
and Meta-Theorem III allow A to use polynomial identifiers, but impose
restrictions on the optimization problem. Meta-Theorem II & III are
presented in Section IIL.5.

From locally-€ to locally nice graphs. Given a graph class &, we say
that a graph class 2 is T-locally-¢ if for all G € Z and u € V(G),
GINT[u]] € %.

This definition can already capture many graph classes, such as
graphs of girth at least 2k + 2: those are just graphs that are k-locally-.7,
where .7 is the class of trees. Similarly, graphs embedded on a surface
with edge-wid’th13 at least 2k + 2 are k-locally-&?, where &7 is the class
of planar graphs. However, our meta-theorem captures broader classes
of graphs as it can support local exceptions.

Given a graph class Z and G € %, the T-error set of G w.r.t. € is the
vertex set defined by X = {u € V(G) | G[NT[u]] ¢ €'}. In other words,
this is the set of vertices that are witnesses for G not being T-locally-%¢.
Clearly, if G has no T-errors, thatis X = &, then G is T-locally-¢". Given
a p-local problem IT 14, the class 2 is T-locally é-nice w.r.t. & and I1, if
the maximum weak diameter in any G € Z of any connected component
of G[N?[X]] is at most §, where X is the T-errors of G w.r.t. ¥. This
means that the set of T-errors can be covered by far-away bounded-
radius balls of G. By Proposition I11.7.11, bounded Euler genus graphs
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12 A model where vertices have
unique labels, but the output of A
is invariant under relabelings pre-
serving the label order [GHS13].

13The length of shortest non-
contractible cycle in the embedded
graph.

14 Which we define formally later.
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form a locally nice class of graphs w.r.t. €.

Uniform approximation. Our meta-theorems are inspired by the intrigu-
ing property that any approximate algorithm A for MDS is going to
perform well in a target graph class 2 that is locally-%, as long as &
has small asymptotic dimension, and A makes "good local choices" in
% . More precisely, a LOCAL algorithm A is a k-uniform a-approximation
in%,ifforall G € ¥and S C V(G), |A(G) NS| < a - MDS(G, N¥[S]),
where A(G) is the set returned by A when run on G, and MDS(G, X)
is the minimum size of a subset of V(G) dominating vertices of X in
G. Unless explicitly said, we will assume for convenience that k > 1, as
otherwise only very restricted graph classes ¢ can support 0-uniform
constant-approximation algorithms for MDS (cf. Proposition I11.8.1).
We can now state properly the fact (proved by us in an earlier paper)
that any k-uniform approximate algorithm that performs well for &,
performs well for a locally-% class of bounded asymptotic dimension.
It can be shown that the bounded asymptotic dimension assumption
cannot be removed, even for MDS1°.
Proposition I11.4.1 ([BGPW25, Proposition 3.1]). Let A be a k-uniform
a-approximation LOCAL algorithm for MINIMum DOMINATING SET in a
hereditary'® class of graphs € with round complexity r > 1. Let P be a
graph class with d-dimensional control function f, and that is' (f(2k +
2) + r)-locally-€. Then A is also an a(d + 1)-approximation algorithm
on9.

We extend Proposition I11.4.1 in multiple ways. First, we allow Z to
be locally nice, and secondly, we prove that this also applies to prob-
lems other than MDS. This means that, for example, any approximate
algorithm A solving a well-behaved problem that performs well on pla-
nar graphs can be converted into an algorithm B that performs well
on bounded genus graphs, as long as A is k-uniform on ¢, and Z has
small asymptotic dimension. Before giving the full statement of Meta-
Theorem I, we define the class of problems we are interested in.

LOCAL optimization problems. As defined in [GHS13], a simple graph
problem I1 is an optimization problem in which a feasible solution is
a subset of vertices or edges, and the goal is to optimize the size of a
feasible solution. A simple graph problem I1is p-local if there is a LOCAL
algorithm R with round complexity p that can recognizes a feasible
solution!8. Algorithm R recognizes S as a feasible solution if and only if,
whenever applied on G with S given, R returns true for all vertices of G
(and thus, at least one vertex should return false if S is not a solution).
See Section II1.6.1 for more formal definitions. We are mainly interested
in small locality problems, that is when p is constant, as clearly all
simple graph problems are p-local for p large enough. A lot of well-
known problems such as optimization variants of LCL problems [NS95].
This includes MiniMuM VERTEX CovER, MINIMUM DOMINATING SET,
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15 This can be achieved by observ-
ing that a simple constant-round
3-approximation LOCAL algorithm
exists for MDS in trees, but
(high) girth-g graphs do not ad-
mit a constant-round o(g)-factor
approximation. The latter follows
by combining Ramsey-theoretic ar-
guments with the lower bound
proof due to [GHS13] based on 2k-
regular graphs of girth g, where
vertices can be linearly ordered so
that a positive fraction of them
have pairwise isomorphic radius-r
neighborhoods, for any 7, k, g.

16 A class of graphs closed under
vertex deletion.

17 The original statement claimed
erroneously that & being t-locally-
¢ for t = f(2k + 1) is enough, in-
stead of the correct t = f(2k+2) +
r. This has no impact, as in practice
we use Proposition I1I.4.1 in Corol-
lary II1.4.4 only for k < r = O(1).

18 We do not require that the al-
gorithm checks the optimality of
the solution. If we require this,
most interesting problems would
require p = Q(n) to be p-local.



MaxiMUM INDEPENDENT SET, MAaXxiMAL MATCHING, and MINIMUM k-
TupLE DoMINATING SET. The distance-d versions of these problems!® are
also d-local problems. However, MinimuMm CONNECTED DOMINATING
SET is Q(n)—local20. Our framework includes problems such as Rep-
BLue DoMINATING SET that can take vertex or edge input labels on the
graph, and problems defined on arbitrarily large degree graphs.

In this work, we focus on subsets of vertices, but the techniques
presented here extend to subsets of edges. In our setting, we restrict our
attention to cases where the vertices do not have access to 1, the size
of the graph. For some problems, such as MiNIMuM DOMINATING SET,
this restriction can be relaxed?!. However, we omit this case for brevity,
since we are not aware of any constant-round algorithm for a p-local
problem that requires n. As, in the LOCAL model with constant number
of rounds, the literature mostly studies minimization problems, we also
focus on those. Observe that many classically interesting problems like
MaxiMuM INDEPENDENT SET and MaxiMuM MATCHING do not admit
constant-time constant-ratio approximations (see [ BH25] for references),
even on the restricted graph class of paths?2.

Given a p-local problem IT, a graph G and X C V(G), we define
OPTr1(G, X) as the optimal size of a subset of vertices of G that is feasi-
ble on every vertex of X (and not necessarily for vertices outside X). We
naturally extend the definition of k-uniform algorithm as follows: a LO-
CAL algorithm A is a k-uniform x-approximation for ITin a class of graphs
%, ifforall G € € and S C V(G), |A(G) N S| < a- OPTy(G, N[S)).

We can now state our strengthening of Proposition II1.4.1. Note that
we further require (when the set of errors is not empty) that our problem
is additive, that is, any superset of a solution feasible on X is still feasible
on X. For instance, MDS is additive because adding vertices to any
dominating set maintains a dominating set.

Theorem II1.4.2 (Meta-Theorem I). Let A be a k-uniform «-
approximation LOCAL algorithm that does not require polynomial iden-
tifiers, for an additive p-local problem 11 in a class of graphs € with
round complexity r, where € is hereditary and stable under disjoint union.
Let & be a graph class of asymptotic dimension d with d-dimensional
control function f that is T-locally é-nice w.r.t. € and 11, where T =
f(2k +2p) + max {k + p,r}. Then, there exists a max{k, p }-uniform
(a(d + 1) + 1)-approximation algorithm B on & with round complexity
T + 6 + 2. Furthermore, if 9 is T-locally €, the approximation ratio is
a(d + 1) and the additivity condition can be dropped.

The full proof of this result can be found in Section II1.7.2. In the
following, we present a very rough sketch of the proof instead.

Sketch of proof. The goal of our Meta-Theorem is to transform a local
approximation algorithm A that works on a family of graphs ¢ into
one that works on a larger graph class &, with approximation factor
multiplied by d 4- 1, where d is the asymptotic dimension of &. We start
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9E.g. for MINIMUM DOMINATING
SET, every vertex has a dominating
vertex in its distance-d neighbor-
hood.

20Tn an n-vertex cycle, no LOCAL
algorithm R of round complexity
< n/2 can distinguish the situa-
tion where a feasible solution is
S = V(G)\ {u} from the situation
where S = V(G) \ {u, v} with two
opposite vertices u, v.

21n full generality, this applies to
all problems for which, for every
n, there exists an n-vertex graph
within the input graph class that
has bounded diameter and admits
a constant-size solution. For MDS
on planar graphs, we can take a
depth-1 tree.

22 The rough intuition for this is
that on paths, any constant-time
algorithm run on a vertex far away
from the end of the path sees the
same neighborhood, and therefore
will output the same result on ev-
ery vertex or edge. The only way to
comply with the problem descrip-
tion, unlike minimization problem
like MDS, is to not take any ver-
tex in the independent set (or any
edge in the maximum matching),
at least in the middle of the path.
This leads to an arbitrarily bad ap-
proximation ratio.
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by constructing a LOCAL algorithm B that does the following.

e Run A everywhere, but discard the output of vertices whose local
view is not in €. We call this set of vertices the error set.

e Brute-force a local optimal solution of regions around the error set.

e Output the union of the two sets.

This outputs a valid solution to the problem, because the problem is
additive: adding a solution for the neighborhood of the error set and a
solution for vertices far-away from error set always produces a solution
that satisfies every vertex. Now, we prove that this algorithm is indeed
a constant-factor approximation. Vertices far from errors are already
satisfied by the black-box algorithm. Unsatisfied vertices are near errors,
so are satisfied by the brute-force steps, which costs at most the global
optimum. Notice that as the class of graphs is locally-nice, the diameter
of every errors-set component is bounded. Thus, this brute-force com-
putation step can run in the LOCAL model in constant-time. Let us focus
on the other vertices, which are far from the errors. Using asymptotic
dimension, we can, given any r, color our input graph with d + 1 colors.
The number of vertices selected by our algorithm is sum over colors
c of vertices selected of color c. We bound this number for each color
separately. We know that the connected components of each color class
have their diameter in G" bounded with respect to r. By considering the
induced subgraph on those components that are far from the error set,
we get a graph of our original class ¢, where our black-box algorithm
performs well. Thus, for each component of each color class, we can
bound the size of the returned set by uniformity. As those components
are far apart, their local neighborhoods do not overlap and their optimal
solutions add up independently. For one color, only « - OPT vertices are
taking in the returned set, where OPT is the size of a minimum solution
on the whole graph. Summing over all colors and accounting for the
brute-force step, we get that only a small number ((a(d 4+ 1) + 1) OPT)
of vertices are selected in the solution, which proves that the overall
returned solution is indeed a good approximation. The running time is
constant, as the brute-force step is constant and running the black-box
algorithm also takes constant time. O

Cutability. It may be difficult to prove that some algorithm is k-uniform.
Instead, we provide a simple sufficient criterion for deciding if any
constant-round constant-ratio approximation algorithm for ITis k-uniform.

A p-local problem I1 is cuttable for a hereditary graph class ¢ with
parameter f > 0 if for all G € ¢ and X C V(G), there exists some
Y O X such that OPT(G[Y]) < B - OPTy(G, X). Informally, this asks
that X can be augmented into a set Y (if not the whole vertex set) so
that the graph induced by this bigger set Y has an optimal solution
somewhat smaller than the optimal feasible solution for X.

For instance, MDS is cuttable with parameter § = 1 (see Claim I11.7.3),
as is the distance-d version of MDS (see Proposition I11.7.6). We prove
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in Section II1.7.6 the fundamental property that every constant-round
constant-ratio approximation for a cuttable problem is also k-uniform (as
long as the algorithm does not require polynomial identifiers). There-
fore, MDS admits uniform approximation algorithms. This means we
can actually use Meta-Theorem I for any cuttable problem without the
k-uniform assumption. Actually, for MDS, we can show that this prop-
erty holds even if the algorithm requires polynomial identifiers (cf.
Proposition II1.7.2).

Recall that Euler genus-g graphs have asymptotic dimension at most
2, and are locally nice (cf. Proposition II1.7.11). Thus, Meta-Theorem I
implies that any constant-round a-approximation for MDS gives a C(g)-
round (3« + 1)-approximation for graphs of Euler genus g.

The best known ratio for MDS in planar graphs is & = 11 4 ¢ due to
Heydt et al. [HKO"25]. Therefore,

Corollary II1.4.3. For any € > 0, for any g, there is a k(e)-uniform (34 +
e)-approximation LOCAL algorithm for MINIMuM DOMINATING SET in
Euler genus-g graphs with round complexity C(e, g) for some functions C
and k.

We can even go one step further by applying Meta-Theorem I to the
uniform approximation LOCAL algorithm derived from Corollary II1.4.3,
and the class ¢ of Euler genus-g graphs. We immediately obtain the
following, where 34.01 can be thought of as 34 +-¢.

Corollary I11.4.4. Let € be the class of Euler genus-g plus graphs, and 9
be a graph class of asymptotic dimension d that is r-locally-¢€ for some r large
enough. Then, there is a 34.01(d + 1)-approximation LOCAL algorithm
for Minimum DOMINATING SET in 9 with round complexity C(d, g, r)
for some function C.

Actually, Corollaries I11.4.3 and 111.4.4 hold for the larger class of Euler
genus-g plus a-apex graphs, i.e. graphs obtained from graph of Euler
genus ¢ where at most a vertices are allowed to have an arbitrary neigh-
borhood. These graphs exclude K3, 4,24+3+4 as minor (as, without apices,
the graphs exclude K324+3), and thus have asymptotic dimension 2 as
well. They are also locally nice, since a apices cannot create short-cuts
longer than 2a. So, the approximation ratio is preserved, whereas the
round complexity depends on a.

Moreover, our results can be applied to get approximation algorithms
on graphs of bounded Euler genus for all other minimization problems
in the Distributed Computing literature that admit a constant-round,
constant-ratio approximation on planar graphs (for a comprehensive
list of such problems, see the survey of Feuilloley [Feu23]).

For instance, let us focus on the MiNniMuM k-TupPLE DOMINATING SET
problem (studied extensively in [WAF02]), a generalization of MiNIMUM
DoMINATING SET. In this variant, the goal is to find the smallest subset
of vertices such that every vertex outside the set is adjacent to at least
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k vertices within it. The classical MDS problem corresponds to the
special case k = 1. For planar graphs, this problem admits a constant-
round k/ (k — 2)-approximation algorithm [CHS"14] for k > 2, and a
6-approximation [CHS*17] for k = 2. Both algorithms do not require
polynomial identifiers.

Using the fact that MiniMuM k-TurLE DoMINATING SET is cuttable
and additive (cf. Proposition II1.7.5), that Euler genus-g graphs are
locally nice (cf. Proposition I11.7.11), and by applying Proposition I11.7.7
and Meta-Theorem I, we get the following:

Corollary II1.4.5. For every k > 2, there is a Ci(k)-uniform a-
approximation LOCAL algorithm for MiNImMum k-TupPLE DOMINATING
SEt in Euler genus-g graphs with round complexity C»(g, k), for some
functions Cq,Cy, where « = 19 if k = 2 and o < 3k/(k —2) + 1 other-
wise.

For Minmmum ConNECTED DomiNaTING SET [WAF02], which is an
example of non-local problem, we can obtain a constant-round ap-
proximation with ratio O(,/g) in Euler genus-g graphs by applying
the "connected" reduction from MDS in bounded expansion graphs
due to [AORS18, Theorem 5.8]. This gives an approximation ratio of
2aV1 < 68,/39/2 + O(1), where & = 34 + ¢ is the best approxima-
tion ratio for MDS in Euler genus-g graphs (Corollary 111.4.3), and
V1 < /3g/2+ 3 (Proposition I11.8.3) is the expansion of Euler genus-g
graphs. We leave open the question of improving the ratio to a constant
independent of the genus.

For example of non-cuttable problems and why cutability seems
unavoidable, at least with our approach, see Section II1.6.2.

II1.5 When the black-box algorithm
requires polynomial identifiers

As we have seen, Proposition II1.7.7 applies to lots of optimization prob-
lems. However, it does not fulfil the polynomial identifiers requirement
of the LOCAL model. We would like to have the same statement to apply
in the LOCAL model with polynomial identifiers with the same assump-
tions. However, assigning new identifiers to vertices while maintaining
control of the output of the algorithm is very challenging. Ramsey-type
techniques (for example, for finding lower bounds on the approximation
ratio on particular graph classes [HLS14]) can be useful for this, but only
on very particular graphs: ones where each neighborhood is similar. In
general graphs, to the best of our knowledge, we do not know how to
adapt this technique. Thankfully, for locally-¢ classes, where the set of
errors is empty, we can weaken the statement of Proposition II1.7.7 in a
way that we can still apply a variation of Meta-Theorem I afterwards. The

89



II1.5 When the black-box algorithm requires polynomial identifiers

trick is to modify the coloring given by the asymptotic dimension so that
all color classes are almost balanced in size (see Lemma II1.7.12). With
this technique, we just need to apply uniformity on sets that are large.
Formally, LOCAL algorithm A is an e-weakly k-uniform a-approximation
for ITin a class of graphs ¢, if for all G € ¥ and S C V(G) such that
S| > |e|V(G)|], we have |A(G) N'S| < a - OPTri(G, N¥[S]). As before,
say that the d-local problem I1 is e-weakly uniformizable on ¢ if for ev-
ery integer 4 > 0 and r and any real «, there exists some integers k, r
and real  such that for every r-round a-approximation A of IT on ¢ in
constant time, there exists some ’-round LOCAL algorithm B that is a
e-weakly k-uniform B-approximation of IT on ¢ in constant time. The
function (7, &) — (k, B) is called the binding function.

It is a corollary of the proof of Proposition II1.7.7 that any cuttable
problem is weakly uniformizable, in the LOCAL model this time (see
Corollary I11.7.10). Therefore, we can use Lemma II1.7.12 to only work
on color classes of linear size (which preserves the polynomial-ness of
identifiers), and prove the following.

Theorem III.5.1 (Meta-Theorem II). Let d, k be integers « > 0 a real, A
bea d%rl—weakly k-uniform a-approximation LOCAL algorithm for a p-local
problem 11 in a class of graphs € with round complexity r, where € is
hereditary and stable by disjoint union. Let 9 be a graph class of asymptotic
dimension d with d-dimensional control function f, that is T-locally-¢
for T = f(6k + 6p) + 4k + 4p + max {k + p, r}. Then A is a k-uniform
a(d + 1)-approximation algorithm on 9.

The proof of this can be found in Section II1.7.11.

When the error set is not empty, we require further assumptions.
For a discussion on why those assumptions are required, we refer to
Section I11.6.4. A problem II is called w-paddable if for any integer N,
there exists some G € % on at least N vertices such that OPT;(G) < w.
We also add a small property that the problem needs to satisfy: a d-local
problem IT is dense in ¢’ if there exists some unbounded function g such
that for any G € % of diameter D, we have OPT;(G) > g(D). We
require that? lim inf ¢ = 4co. This essentially mean that there are no
large (in diameter) portion of the graph with no vertices of the solution;
every vertex is close to a vertex of the solution. Under both the additional
assumptions of paddability and density, we can prove an analogue of
Meta-Theorem II. See Meta-Theorem III for the full statement.
Summary table of the results. Here is a simplified table of the assumptions
necessary to apply our meta-theorem that transform a constant-round
constant-factor approximation algorithm A on the class ¢ to another
constant-round constant-factor approximation algorithm on the class 2.
We assume that ¢’ is hereditary and stable by disjoint union, and that 7
is of bounded asymptotic dimension.
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231t is possible to get rid of this
property if one adds that the
graphs in the definition of w-
paddable also have bounded diam-
eter. Then, the rough idea is that,
in the proof of Meta-Theorem III,
the algorithm will be able to com-
pute the optimal solution on the
graph G of the proof. Then one
gets Equation (IIL.6) without the
w term.

ATt possible to remove the dense
condition, at the expense of mak-
ing the paddable condition stricter.
See Section IIL5.
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T-error set is empty T-error set is not empty
(2 is locally-%) (2 is locally nice)
ITis cuttable ITis cuttable and additive
A does not need
polynomial IDs | (Meta-Theorem I and (Meta-Theorem I and
Proposition I11.7.7) Proposition II1.7.7)
I'T is cuttable I1 is cuttable, additive,
A needs paddable and dense?*
polynomial IDs
(Meta-Theorem ITand | (Meta-Theorem III and
Corollary II1.7.10) Corollary II1.7.10)

II1.6 Discussions

111.6.1 Definitions for Locally Verifiable Problems

Let us define p-local verifiable problems in more detail. Let G be a
graph with a set X;, of input labels on vertices or edges, which includes
a unique identifier for each vertex. If v € V(G), A is a LOCAL algorithm,
and X is a set of vertices of G, we use A(G, X, v) to represent the output
of vertex v when A is run on G with input labels %, U X (the local inputs
form an encoding of X, i.e. every vertex knows if it is contained or not
in X). A simple graph problem IT is p-local if there exists some LOCAL
algorithm R which runs in p rounds such that for all vertices v and
subsets of vertices X, the following holds:

e if X is a feasible solution of the problem IT on (G, %i,), then for all
vertices v of G, we have A(G, X,v) =1, or

e if X is not a feasible solution of the problem IT on (G, %i,), then there
exists v € V(G) such that A(G, X,v) = 0.

111.6.2  Why cutability seems unavoidable

Cutability is not a trivial property. Consider the following very artificial
problems: we want to output a set (as small as possible) which contains
every vertex of degree 0 or 1 in the graph. Of course, this problem
admits a trivial 1-round algorithm: take all vertices of degree 0 or 1.
However, our goal is to be able to use algorithms in a black-box manner.
Instead, we consider the 1-round algorithm A that outputs every vertex
of degree not equal to 2. Take ¥ the class of forests, on which A is a
2-approximation. This is because there are at least as many leaves as
vertices of degree 3 or more.

Now, let Z be the closure (under subgraphs) of g-subdivisions of
ladders?®, where q is as large as we like, and a ladder is the Cartesian
product of an edge and an arbitrarily long path. Clearly, every graph in
2 is g-locally in ¢. Additionally, 7 has asymptotic dimension 1, (one can
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Table III.1: Simplified table of the
assumptions necessary to apply
Meta-Theorem I, Meta-Theorem II
and Meta-Theorem III, along with
their references.

25 The g-subdivision of a graph G
is a copy of G where every edge
is replaced by a path with g inner
vertices.



check that they are Ky-minor-free, and so have bounded treewidth hence
asymptotic dimension 1 [BBE*24]). However, A fails catastrophically
on 7. Indeed, there are graphs in 2 that do not have any leaves or
isolated vertices (one can just take the g-subdivision of a ladder), so
that the best solution on this graph is empty. Of course, in this very
specific scenario there does exist an alternative algorithm which gives a 1-
approx in forests and actually works in 2. However, the point is to avoid
modifying the black-box A. More generally, such degree-based problems
seem to have uncontrollable behavior across local-global boundaries: in
¢ the algorithm can afford to take more vertices than necessary because
of the existence of some other vertices (such as the large amount of
leaves in the case of forests), whereas in Z these vertices do not exist.

111.6.3 Cutability of Di1sTANCE-ExAcTLY-d
DOMINATING SET

In some graph classes such as planar graphs and minor-free classes,
Proposition I11.7.6 can be extended to MiNiMmum DisTaANCE-ExacTLY-d
DowmiNnaTING SET. Given a graph G and d a positive integer, a subset
of vertices D is a called a distance-exactly-d dominating set of G if every
vertex v of V(G) \ D is at distance exactly d from some vertex in D. In the
MinmmuMm DistaNcie-ExacTtLy-d DOMINATING SET problem, one asks for
distance-exactly-d dominating set of minimum size. In graph classes that
are closed under the addition of leaves to the graphs, Distance-(< d)
DoMINATING SET is cuttable with parameter d. To give a rough intuition,
in these classes, one can attach a path of length d — 1 to a vertex v, put v
and all vertices in the path to the dominating set, and thus simulate a
distance-(< d) dominating set that way.

111.6.4 On the additional assumptions of the
Meta-Theorem for paddable problems

In Meta-Theorem III, we require problems that are paddable, i.e., we
want to exclude graph classes that admit arbitrarily large graphs whose
difficulty is concentrated in a bounded-diameter region with bounded
optimum. Otherwise, a padding trick can inflate instance size (hence
identifier ranges) without increasing hardness. One cannot hope for a
version of Meta-Theorem III with non-empty error sets and for problems
without this property. Here is the scenario we want to avoid. One could
take any approximation algorithm on a class of graph %, and construct
a class Z where graphs of size n are formed by taking a graph of ¢ of
size at most \/n (or n¢ for some 0 < ¢ < 1), and attaching somewhere
an error set X of size at least n — \/n, which has small radius and small
(bounded) optimum solution. Then, this version of Meta-Theorem III
would give a good approximation on this class 2. However, solving the
problem IT efficiently on & would require solving it on ¢, as the error
set is of small radius and has a small optimum solution. Put in a nutshell,
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there is roughly a reduction from the class Z to the class ¢. However,
as the error set is large in size, one could attribute very large identifiers
to the portion of the graph in ¢ setting |X| > n — /n can artificially
inflate the identifiers by a square (and one can get a polynomial with
power C by choosing |X| > n!/C). If the algorithm does not need
the polynomial identifiers, everything still works. If it is not the case
however, we have transformed an easy instance to another easy instance
where identifiers are larger. This is not possible if the algorithm truly
needs the polynomial identifiers, i.e., if the approximation guarantee
depends on the vertex identifiers. Thus, we require ¢ to be paddable
or Z to be not paddable. We prove the result for the case where ¥ is
paddable only, as the proof is similar for the other case. 2°

III.7  Proofs

1I1.7.1  Approximation for planar graphs

Proposition II1.3.1. There is a 205-approximation LOCAL algorithm A for
MinimMum DOMINATING SET in planar graphs with round complexity 6.

Proof. Let G be a planar graph, let Y be a nice dominating set of G and let
D be the dominating set of G returned by the algorithm. Let u € V(G)
and let D, be the dominating set computed by u. That means

e D, is nice

e D, is the lexicographically smallest nice set dominating N*[u]

o~ i
Cl)/@\
—_— \O/w
0—0—0—0 g e
NN N

. -0—0—0—0—0

The first key observation is that given disjoint subsets A, B, C of V(G)
such that G = G[A U C] U G[BU (], that is, C separates A from B (see
Figure II1.3). If G[B U C] is in the fourth neighborhood of # € BU C, the
value of D, N B is completely determined by D, N C. In other words,
there is a unique best way to extend D, N C to B. Therefore, for such
vertices u, there are at most 2I€l. MDS (G, BUC) different candidates
for d(u).

We now discuss how to use that observation to reach the desired
conclusion. We associate to each vertex u € V' \ Y an arbitrary vertex
Yu € YN N(u), and we consider the plane multigraph H obtained from

93

261f we require the algorithm
to have knowledge the size of
the graph, we can have Meta-
Theorem III with this additional
property. However, to achieve this,
we need to change the definition of
paddable: we now request, for any
n, a graph of size n (instead of size
> n) with the desired properties.

Figure IIL.2: Depicted in green is
the dominating set D,, for u. Note
that d(u) is v or w.
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Figure II.3: The depiction of
A, B, C in the proof of the key ob-
servation.



an arbitrary planar embedding of G by contracting every edge uy,, for
u € V\ 'Y, but keeping any resulting loop or multiple edge. Note that
V(H) = Y by construction. Let H' be the plane multigraph obtained
from H by iteratively deleting any edge incident to a face bounded by
one edge (i.e. aloop) or to two faces bounded by two edges (i.e. there is
a multiedge of multiplicity 3), see Section II1.7.1. In particular, H' may
contain loops and multiple edges, but in the embedding they separate
different parts of V(H’) or, in the case of multiple edges, are incident
on at least one side to a face of size at least 3.

O ) ()

We observe thatby Euler’s formula, there are fewer than 2 - 3|V(H')| =
6|Y| edges in H'. To every edge e of H or H' we associate an edge ¢g
of G such that eg turns into e in the contraction process. We let Z be
the subset of vertices of V(G) \ Y which are an endpoint of e¢ for some
edge e € E(H’). Since every edge e¢ contains at most 2 vertices of Z, we
have |Z| < 12]Y|. Therefore, there are at most 13|Y| vertices of Y U Z in
D.

It remains to bound |D \ (Y U Z)|. Note that there are two types of
verticesv € V(G) \ (YU 2).

e Either N[v] C N[y,], or

e N[v] ¢ N[y,] and v is between two edges e, e in G such that e and
¢/ bound a face of size 2 in H'.

There cannot be any other case, as if the first case does not apply then v
has degree at least 2, so is adjacent to some vertex w such that w is not
a neighbor of y,. But then w gets contracted to a vertex s # v, when
creating H. Note that vw does not get contracted and let e be the edge
in H such that egc = vw. But since v is not in Z, the edge ¢ gets deleted
when creating H’, i.e. ¢ is in between two parallel edges to e and we are
in the second case.

We now assume w is a vertex such that d(w) = v. If the first case
applies then any neighbor of v is also a neighbor of y,, in particular, the
distance of a vertex w # v to v is the same as to y,. However, either y,
has strictly more neighbors than v, or y, has a smaller label than v, as
Yo € Y, hence w would prefer y, over v.

We analyze now the second case, which is slightly more interesting.

Let e be incident to x1, xp and ej; to wy, wp, where for each i, either
d(x;) = y; or x; = y; and similarly for w; and without loss of generality
we assume Yy, = Y. For a depiction, see Figure III.5.
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and H' obtained from G.

Figure IIL.5: A depiction of
X1, X2, Wy, wy for the vertex uy.
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Note that C = {x1,x2,Y1,Y2, w1, w,} separates u from the rest of
V(H'), and that vertices involved in some edge inside f in H are all
adjacent to y; or to y, hence are at distance at most 3 to all vertices in f
(with respect to u, since u is a neighbor of y; or has a neighbor which
is a neighbor of y, as we are in the second case). But this means that
w is at distance at most 4 to all vertices in f. Therefore, there are at
most 2° choices for D,, and 2° - 2 choices for d(u) if d(u) ¢ Y U Z. This
is because not more than 2 vertices from the set contained in the cycle
Y2xX1w1y1wox2Y2 can be chosen as otherwise y1,y> would be a better
choice. We can note that in the case where both y; and y; get selected in
D, there is no extra vertex to add, as all of the inside is dominated and
when one of y; or y; is chosen, then there is at most one vertex picked
on the inside, otherwise v, y, would be a better choice. Therefore, we
reduce the number of choicesto1-2%-2+42.2%.1 = 64.

Since there are at most 3|Y| options for f, this adds up to 192|Y.

All together, we get 13|Y| for the set Y or the set Z being chosen, and
192]Y| for the choices of the second case of vertices not in Z or Y being
chosen. This sums up to 205|Y/, as claimed. O

111.7.2  Meta-theorem for the LOCAL model with no
polynomial identifiers requirement

Theorem II1.4.2 (Meta-Theorem I). Let A be a k-uniform «-
approximation LOCAL algorithm that does not require polynomial iden-
tifiers, for an additive p-local problem 11 in a class of graphs € with
round complexity r, where € is hereditary and stable under disjoint union.
Let 9 be a graph class of asymptotic dimension d with d-dimensional
control function f that is T-locally é-nice w.r.t. € and 11, where T =
f(2k +2p) + max {k + p,r}. Then, there exists a max{k, p }-uniform
(a(d + 1) + 1)-approximation algorithm B on & with round complexity
T + 6 + 2. Furthermore, if 9 is T-locally €, the approximation ratio is
a(d + 1) and the additivity condition can be dropped.

This proof is essentially a simplified proof of Meta-Theorem III. How-
ever, we include it for completeness.

Proof. Let G € 2. As 2 has d-dimensional control function f, then
G%+20 admits a (d + 1)-coloring f(2k + 2p)-bounded in G. Fix such
a coloring, and, for each i € {0,1,...,d}, let C; be the set of color-i
vertices in G**+2¢ (and also in G). We denote by C; the set of (2k + 2p)-
components of C; (i.e. connected components of G?**2°[C;]). So, by
definition, all components of C; have weak diameter in G at most f (2k +
2p), and are pairwise at distance at least 2k +2p + 1 in G (because
distinct components of C; cannot be adjacent in G2+%).

We describe the Algorithm B we want to use in Algorithm 3, which
is very similar to Algorithm 2.

We run Algorithm B on G. It is easy to check that B(G) is a valid
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Require: A k-uniform a-approximate LOCAL algorithm A for ITin ¢
with round complexity r, graph classes 4 and 2 with proper-
ties of the statement of Meta-Theorem I, the d-dimensional con-
trol function f of ¥ and G € ¥ with T-errors X where T =
f(2k 4+ 2p) + max{k +p,r}.

Ensure: A solution S for the graph G to the problem IT with the guar-
antee that |S| < (a(d+1) +1) - OPT(G).

1. S+ 9

2: Each vertex u computes G[NT[u]] and checks whether it belongs to
¢’; as a consequence, it decides whether it belongs to X.

3: Each vertex u runs A for r rounds, and gets added to S only if u €
A(G)\ X.

4: S < SUS’, where S’ is a brute-forced minimum set of G that satisfies
the constraints of vertices that are non-satisfied.

solution for G, because IT is additive. By definition, |B(G)| < [S| + |S'|,
where S = A(G) \ X (Step 3) and S’ is a brute-forced set of minimum
size satisfying the constraints of vertices of G not satisfied (Step 4). Note
that every vertex not in N°[X] is satisfied by S, so S’ C N?[X]. Clearly,
|S’| < OPT(G),and |S'| = 0if there isno T-errors (X = &). Moreover,
by definition of the coloring, |A(G) \ X| = Y%, [(A(G)NC) \ X|. In
other words,

B(G)]

N

LIAG) NC)\X] + OPTy1(G) otherwise (L1

d {0 X =0
i=0

To upper bound the term |(A(G) N C;) \ X|, consider some color i €
{0,1,...,d} and some component C € C; such that C € X. Consider
some vc € C\ X, and denote Gc = G[NT[vc]]. Note that, by definition
of Xand as v ¢ X, we have G¢ € €. Moreover, letC! = {C e (;|C ¢
X} and let G' = G[Ucec NT[ovc]] be the union of the G¢’s for C € C;
such that C Z X.

Along the proof, we will use several times the following fact:

Fact I11.7.1. For any graph H and W C V(H), to satisfy the constraints
of vertices of W in H, it is enough to select vertices taken from NF[W].

In the following, to differentiate the neighborhoods in G and in G¢ or
G’, we write them using either N, N, or N notations. Notice that, for

each non-negative integer t < max {k + p, r}, we have G[NL[C]] C Gc.

This is because C has weak diameter in G at most f(2k + 2p) and thus
G[NE[C]] has weak diameter in G at most f(2k 4+ 2p) + ¢ < T, by the
choice of T. Moreover, as ¢ is hereditary, we have that G[N§[C]] € €.

As G[NL[C]] C Ge, vertices in C have the same distance t-neighborhood

in G and Gc. In particular, G[Ng[C]] = Gc[Ng_[C]] and G[NG[UC]]] =
G'[NL/[UC!]]. From Fact II1.7.1, any minimum set of vertices of G

that satisfies the constraints of N£[C] is contained in G[Ngrp [C]], and
similarly if we replace G by Gc. It follows that OPTp (G, NK[C]) =
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OPTr(Gc, Néc [C]). Recall that any two connected components C,C’ €

C;are atdistance in G atleast2k +2p+ 1. So G[N(k;'O [C]] and G[ngp [C']]
are disjoint subgraphs, and, as to satisfy all constraints of vertices in
V(G), one needs to satisfy constraints of vertices in NX[C] and NX[C'],
by disjunction of these sets and by Fact II1.7.1, we have by summing
over all C € C; that

orTy (G,Ng [Jdi]) = opTn (6N (U] ).

Moreover, because ¢’ is stable by disjoint union and that G[NL[C]] € ¢
forevery C € C/, we get GINL[UC!]] € €. Therefore, as A is a k-uniform
x-approximation on ¢, we get

<a-OPTy (G’, NE, [U c{]) = OPTy <G, Nk [U c;D .

Since G[N;[UC]]] = G'[NL[UC!]], Algorithm A, which runs in r
rounds, returns the same vertex set in G and G’ for vertices in |J CZ-’ .
Therefore, |A(G) NUC]| = |A(G") NUC!|. Combining with the previ-
ous inequality, we get

’A(G’) nJ¢

‘A(G) nJe

< a-OPTh (G,Ng [UQ’D < - OPT(G, V(G))
=w-OPT(G) .

We remark that |(A(G) N C) \ X| = 0if C C X. Because all vertices in
Ci but not in X are in some C € C/, we have

(AG)NC)\ X| < [AG) N

< a-OPTy(G) . (I11.2)

Putting Equation (II1.2) in Equation (IIL.1), we get that Algorithm B is
an (a(d + 1) + 1)-approximation, and even an a(d + 1)-approximation
if X =@.

To see that B is also a k-uniform approximation, it is sufficient to see
that, for any W C V(G), the bound obtained is |[B(G) " W| < a(d+1) -
OPTri(G, NE[W]) + OPTri (G, Ng[W]) where the first two terms are due
to running A and the last term is due to running the brute-force. Indeed,
if the brute-force computed a set whose intersection with W was smaller
than OPTyy(G, N&[W]), we could replace it by the minimum size set
satisfying the constraints of the vertices in N.[W] and obtain a smaller
set, a contradiction. This proves that B is a max{k, p }-uniform with an
approximate ratio w(d + 1) + 1 (or a(d + 1) if X = &, as the brute-force
is not required in that case). Now, let us prove that Algorithm B has the
desired round complexity.

e Computing X in Step 2 takes T + 1 rounds.
e Running A in Step 3 takes r rounds.

e For Step 4, consider the set S computed by B at Step 3, before the
brute-force. Observe that the vertices in the set W = V(G) \ N&[X]
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are satisfied by S. This is because vertices of W are at distance at
least p + 1 from X and thus vertices of N-.[W] cannot be in X. Thus,
A applies to all vertices of Nf.[W], and so W is indeed satisfied by S
(Fact I11.7.1). Therefore, to satisfy N[X] it is enough to select a set
S' from Nép [X] (FactIIL.7.1) as done in Step 4. By assumption, the
connected components of N, ép [X] have weak diameter in G at most ¢
(obviously, if X = & then = 0). Therefore, the brute-force (Step 5)
will take at most J 4 1 rounds.

Naively, Steps 2 and 3 together take (T + 1) 4 r rounds. As Algorithm A
is not guaranteed to work when executed on vertices of X, Step 3 must
be run only after Step 2. However, both steps can be run in parallel as
follows. We run A for r rounds exactly and stop it just after (since its
running time on a vertex of X could result into more than r rounds).
Then, the decision to add u in S (if selected by A) is delayed for the
next T 41 — r rounds (this is non-negative from the choice of T). In
parallel, G[NT[u]] is computed and is checked to be in € or not after
T + 1 rounds. So, after max {r,T+ 1} = T 4 1 rounds, set S in Step 3
has been completed. Step 4 takes ¢ + 1 steps, so that the total round
complexity of Bis T + 4 + 2, completing the proof. O

111.7.3 MINiMum DOMINATING SET is uniformizable

Proposition II1.7.2. Let € be a hereditary class of unbounded degree®”
and that is closed by disjoint union. Then, the MiNIMuM DOMINATING
SET problem is uniformizable in the LOCAL model with binding function
(r,a) — (r+1,a +¢) for any real € > 0.

Proof. We first prove this statement in the LOCAL model with ¢ = 0.
Assume for sake of contradiction that there exists integers d,r and a
real & such that for all integers k and real j, there exists an r-round
a-approximation A of IT in constant time on the hereditary graph class
¢ such that A is not k-uniform with B-approximation of I'T in constant
time. Here, we will take k = r +1 and B = a. By the definition of
uniformity, this means that there exists some subset S of vertices for
which:

IA(G)N'S| > - MDS(G, N¥[S]) .

Let us cut G around S: set G’ := G[N¥[S] U X] where X C N*1[S]isa
minimum dominating set of N¥[S] in G. We keep the same identifiers
in G’ as in G. We first bound the size of the minimum dominating set of

G
Claim II1.7.3. MDS(G') < MDS(G, N*[S]).

Proof of claim. By definition of X, it follows that |X| = MDS(G, N¥[S]).
X is also a dominating set of G', because each of its vertices is either in X
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or in N¥ [S], and that in the second case, it is dominated by some vertex of
X by definition of X. Therefore, MDS(G') < |X| = MDS(G, N¥[S]). <

As our goal is to get a contradiction on G' € ¢ 28 instead of G, we
prove the following.

Claim IIL.7.4. On S, algorithm A returns the same set in G and in G'.

This will prove that |A(G) N S| = |A(G') N §|.

Proof of claim. A is an r-round algorithm. Therefore, vertices in S only
see vertices and edges in G[N"[S]], and edges between vertices of N”(S)
and vertices of N"1(S) 2. All of those are the same in G and G/, there-
fore A(G)N'S = A(G')N S, as wanted. O

By Claim III.7 4,
IA(G)] = |A(G")NS| =|A(G)NS| > aMDS(G, N¥[3]) .

By Claim I11.7.3, we have a MDS(G, N¥[S]) > &« - MDS(G'). It follows
that |A(G')| > a - MDS(G’), a contradiction as G’ € ¢ and A is an «-
approximation on ¢. Let us now adapt this proof for the LOCAL model,
for € > 0. For now, by taking v = a + ¢, we have proved |A(G')| > (a +
¢) - MDS(G’). The only thing we need to take care of is that nodes in G
have identifiers that are bounded by a polynomial of |V (G')|. Instead of
changing the identifiers in G’ without impacting the output of A, which
is tricky, we consider a bigger graph. Let N be the biggest identifier
in G’. ¢ is a hereditary graph class of unbounded degree, so there
exists a graph H € € and a vertex v of H with degree at least N.30 Take
H' = H[Ny|v]] and give the vertices identifiersin [N +1,2N]. Let G” =
G' U H'. Clearly, H' can be dominated by choosing the single vertex v,
i.e. MDS(G"”) = MDS(G') + 1. Furthermore, A(G”) = A(G') UA(H')
and it follows

IA(G")| = (a+¢) -MDS(G') +1= (a+¢) -MDS(G")+1— (a+e¢).

Now, we can apply the same trick as in Proposition II1.8.2. Observe
that the diameter of each connected component of the graph G’ is at
most 3MDS(G’). We construct an algorithm B where each vertex checks
whether the diameter D of its component is less than 3B, for B = (« —
1) /e. This can be done by collecting its radius-3B neighborhood in 3B
rounds. If true, the vertex locally brute forces an optimal solution for its
component, which it already knows about. Otherwise, the vertex applies
the approximate algorithm A. If D < B, then the algorithm is obviously
a good approximation (with approximation ratio 1). Otherwise, D > 3B
and it follows that MDS(G’) > B. One can verify that |A(G")| > « -
MDS(G"), a contradiction, as G” € €. O
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I111.7.4 MiniMmum k-TurLE DOMINATING SET is
cuttable and additive

Proposition II1.7.5. Minimum k-TurLE DOMINATING SET is additive
and cuttable with parameter 1.

Proof. By definition, the problem is additive. Let us now prove cutability.
Let Gbeagraphand X C V(G), and let S be a k-Tuple Dominating Set of
the set X. Set Y = X US. S is a k-Tuple Dominating Set of G[Y]. Indeed,
every vertex of G[Y] thatisin Y \ Sisin X\ S, and therefore is k-Tuple
Dominated by S. Thus, for Il = MinmMuM k-TurPLE DOMINATING SET,
we have OPTy(G, X) > OPT(G[Y]). O

111.7.5 Distance-(<d) DOMINATING SET is cuttable

Proposition II1.7.6. DisTANCE-(< d) DOMINATING SET is cuttable
with parameter 1.

Proof. Let ITbe the Distance-(< d) DoMINATING SET problem, let G be
a graph and X a subset of vertices. Let D be a minimum-size set that is
distance-d dominating for the vertices in X, so that |D| = OPTy(G, X).
Note that D C N“[X]. We are going to constructa set X C Y C N4[X]
such OPTy(G[Y]) < OPT(G, X). We do this recursively. Start with
Y := X. We maintain the invariant that every vertex of Y that is not
dominated by D NY in G[Y] is in X. This invariant holds trivially for
Y = X. While some vertex v of X is not dominated in G[Y] by DNY, do
the following. Let y € D be a vertex that dominates v in G, i.e., with the
distance to y at most d. Note that here, we do not have necessarily y ¢ Y:
it could be the case that v is dominated by some y € X in G because of
a path with a portion outside X. Asy € D C N?[X], there is a path P in
G[N“[X]] from v to y with length at most d. Actually, one can just take
the shortest vy-path. It has length at most d and is in N“[0] C N¥[X]. Set
Y := YU V(P). All vertices that are in P (including v) are dominated
by y, and therefore are now dominated in G[Y]. The invariant is thus
satisfied. Each time we do this operation, at least one more vertex of
X is dominated in G[Y]. As X is finite, this process terminates and we
have constructed a set Y that is dominated by D N'Y in G[Y]. It follows
that OPTy;(G[Y]) < OPTy(G, X), and this completes the proof. O

1I1.7.6  Cutting implies uniform algorithms in the LOCAL
model with no polynomial identifiers requirement

A problem IT is uniformizable on ¢ if for all integers r and all reals

«, there exists some integers k and real B such that every r-round «a-

approximation A of IT on ¢’ is a k-uniform p-approximation of IT o, &
The function (r, ) — (k, B) is called the binding function.
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Proposition II1.7.7. Let € be a hereditary class that is closed by disjoint
union, and let I1 be a p-local problem which is cuttable with parameter
B. Then, I1 is uniformizable in the LOCAL model with no polynomial
identifiers requirement with binding function (r,a) — (r+1,a - B).

Proof. Assume for sake of contradiction that there exist an integer » and
a real a such that for all integers k, 7’ and real v, there exists an r-round
a-approximation A of I'T on the hereditary graph class ¢ but no r’-round
k-uniform <y-approximation algorithm B for IT on 4. Here, we take
k=r+1,v=ua-B,r =rand B =A, ie. suppose A is not a k-uniform
y-approximation of I1. By the definition of uniformity, this means that
there exists some subset S of vertices for which:

|IA(G)N'S| > aB - OPT(G, N¥[S]).

As IT is cuttable with the particular case X = N¥[S], there exists a set Y
such that OPT1(G[Y]) < B-OPTr(G, N¥[S]). We now study the graph
G’ := G[Y], with the same identifiers as in G. It follows:

Claim I11.7.8. We have A(G)NS = A(G')NS.

Proof of claim. This is the same proof as in Claim II1.7.4, except with a set
Y instead. As A is an r-round algorithm, vertices in S only see vertices
and edges in G[N"[S]], and edges between vertices of N”(S) and vertices
of N'*1(S). Those are the same in G and G’ as N'*![S] = N¥[S] C Y,
and so we have A(G) NS = A(G') N S, as wanted. &

By Claim III.7.8,
IA(G")] = |A(GYNS| = |A(G)NS| > apB- OPTH(G,Nk[S]).

By the cutability, we have OPT;(G’) < B - OPTy(G, N¥[S]). It follows
that |[A(G’)| > a - OPTy1(G'), a contradiction as G’ € ¢ and A is an
x-approximation on €. O

111.7.7  The algorithm of Heydt et al. is uniform

Observation I11.7.9. The algorithm described in [HKO™ 25, Theorem 2.3]
is a k(e)-uniform (11 + €)-approximation LOCAL algorithm for MINIMum
DoMINATING SET in planar graphs with round complexity C(¢), for every
e > 0, and for some functions C and k.

Proof. Letus consider the algorithm described in [HKO* 25, Theorem 2.3].
It has a number of rounds bounded by a function of ¢, and does not
need polynomial identifiers so Observation I11.7.9 follows by Proposi-
tion I11.7.2. O

For the interested reader, here is a more detailed analysis of the run-
ning time of the algorithm. It returns a solution D1 U D, U Dé U D%. Dy
can be computed in two rounds, D; in two additional rounds, and
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D} in one more additional round. The set D3 can be computed in
time O(log A/ log(1 +¢)) where A = 4V - (4V1 +2V1)(Ar + 1)/
with (with the particular case of planar graphs) Vi < 3 and Az =
K1t +5— 1+ (s — 1)x®) with xk = max{2V,2V}. Again, for planar
graphs, Vo < 3and V < 2sox < 6. It follows that Ag < 15732 because
s = t = 3 on planar graphs. So A < 13593312/¢ = O(1/¢) and the
running time is O(log(1/¢)/log(1+¢/2)) = O(log(1/¢)/¢).

111.7.8  Cutability implies weakly uniform algorithms

Corollary I11.7.10. Let € be a hereditary class closed by disjoint union,
and let I1 be a p-local problem which is cuttable with parameter p. Then,
for any real € > 0, the problem 11 is e-weakly uniformizable in the LOCAL
model with binding function (r,a) — (r +1,a - B).

Proof. Let us go through the proof of Proposition III.7.7 one more time.
For sake of brevity, we do not copy the whole identical proof, but instead
give a summary of the proof. Assume for sake of contradiction that
there exists integers d, r and a real a such that for all integers k and real
7, there exists an r-round a-approximation A of IT in constant time on
the hereditary graph class ¢ such that A is not e-weakly k-uniform with
y-approximation of IT in constant time. Here, we will take k = r + 1
and v = a - B. By the definition of weak uniformity, this means that
there exists some subset S C V(G) of size at least €|V (G)| for which:

IA(G)N'S| > ap - OPTy(G, N¥[S]) .

We have showed there exists a set Y such that g - OPT;(G, N¥[S]) >
OPTr(G[Y]). Let G’ := G[Y]. We keep the same identifiers in G’ as
in G. We have showed that |A(G)| > a - OPTy1(G’), which would be
a contradiction with the fact that a-approximation on ¢, if A was an
algorithm in the LOCAL model with no polynomial identifiers require-
ment. For this to be a contradiction in the LOCAL model, we have to
show that the IDs in G’ are also polynomial in |V(G’)|. Now, we just
use the additional property that S has large size. All the identifiers in
G’ are polynomial in |V (G)|, say smaller than D - |V (G)| for some real
c>0.As|V(G)| > |S| = e-|V(G)|, the identifier in G’ are smaller than
D - |V(G')|°/€°, which is still polynomial. This finishes the proof. [

111.7.9  Bounded Euler genus graphs are locally nice

Proposition I11.7.11. Let I1 be a p-local problem. Then, for any g > 1,
the class of Euler genus-g graphs is T-locally é-nice w.r.t. planar graphs
and IT, where § < g - (2T +4p + 1).

Proof. To derive a contradiction, consider a connected component H of
G[N?[X]], and assume that H has weak diameter 6 > g- (2T +4p + 1)
in G. Asg > 1, X and H are not empty, and H is not planar. So,
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H must contain some path P such that the distance in G between its
endpoints, say s to t, is 6. In particular, for eachd € {0,1,...,5}, there
must exist a vertex of P that is at distance exactly d in G from s. This
is because the distance in G from s, when moving along an edge of P,
is a function that can vary by at most one unit, and this distance goes
from 0 (ats) tod (att). Foreveryi € {0,1,...,¢}, let u; be any vertex
of P at distance exactly d; = i- (2T +4p +1) in G from s. So uy = s,
ug = t, and all the u;’s exist in P (so in H) since d; € {0,1,...,6}.
By definition of H, each u; intersects N*[X]. So, for each u; one can
select a vertex x; € X at distance in G at most 2p from u;. By the
triangle inequality, for all 0 < i < j < g, x; and x; are at distance in
G atleast (d; —20) — (d; +20) = (j —i)- (2T +4p+1) —4p > 2T + 1.
It follows that N |[x;] and N [xj] are disjoint. By definition of X and
H, the subgraphs G[NT[x;]]’s are not planar, thus of Euler genus >
1. By additivity of the Euler genera3! of these g + 1 pairwise disjoint
subgraphs of G (cf. [MT01, Theorem 4.4.3]), we get a contradiction that
G has Euler genus g. Thus, § < ¢+ (2T +4p + 1) as claimed. O

31 The plural of genus. Latin is
hard to handle.

111.7.10  Balanced asymptotic dimension

Lemma II1.7.12. Let ¢ be a graph class with asymptotic dimension at
most d and control function f. For every graph G € ¢ with n vertices and
every integer r > 1, there exists a cover Co,Cy, . ..,Cy of V(G) such that

e cvery r-component of each C; has weak diameter in G at most f (3r) + 2r,
and

o foreveryi e {0,...,d} wehave |G| > | 71 ].

Proof. Letq := |z | and r be any integer. By Proposition I11.2.1 applied
to scale 3r, there exists a (d + 1)-coloring of G whose monochromatic
components have weak diameter at most f(3r) (as they have weak
diameter f(3r) in G*) in G. Let Co,Cy,...,C, be the corresponding
color classes, with |Cy| < |Cq] < - -+ < |Cy| without loss of generality.
They form a cover of V(G), and every 3r-component of each C; has weak
diameter at most f(37) in G.

We construct sets Cy, . .., C}; by proving the following by induction of
i. For every i, there exists sets C|,, ..., C;_; such that

(I1) for every j < i, we have |C]| > ¢, and if |C}| > g then C} = C,

(I2) every r-component of each C]/- (for j < i) has weak diameter at most
f(3r) 4+2rin G, and

B) Jc2c;

jsi jsi

Note that (I3) says that the sets C), ..., C; cover at least every vertex
of Cy, ..., C;. For i = 0 these conditions are trivially satisfied. Assume
the conditions hold for some i € {0,...,d}. Let A := N"[C;] \ C; and
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B:= (V(G) \ N"[Ci]) \ C;, such that AL B = V(G) \ C;. Intuitively, we
will try to add vertices to U from A whenever possible (these are within
distance r of the original C;), and otherwise take vertices from B (which
are farther from C;).

If |Ci| > g, then take C]’- = Cjforall j > i. (I1) is satisfied because
g < |G| < -+ < |Cyl. (12) is satisfied because the C;’s have all weak
diameter at most f(3r), and (I3) is trivially satisfied. So assume |C;| < g
and let s := g — |C;| > 0 be the number of new vertices we must add to
C; to reach size g. There are two possibilities.

e Case 1: |A| > s. Choose an arbitrary set X C A of size s and let C} :=
C; U X; this satisfies (I1) and (I3). Let us prove (12). Let x,x" € A be
two vertices in the same r-component of C!. As C! C N"[C;], there
exist y, i € C; such thatd(x,y),d(x’,y") < r. We first prove that y
and y’ are in the same 3r-component of C;. Because x and x’ are in

!, exists a sequence x = x1,Xp,...,x = '

in C; with d(xj, xj41) < rforall j. As C; C N"[C;], we can choose, for

each j, some y; € C; such that d(x;, y;) < r. Without loss of generality,
choose 1 := y and y; := y'. Then for any j, we have that

the same r-component of C

d(yj, yj+1) < d(yj, x;) +d(xj, xj41) + d(xj41, Y1) < 3r,

and so y and y’ are in the same 3r-component of C;, which means that

d(y,y’) < f(3r). Hence,
d(x,x") <d(x,y) +d(y,y) +d(y, x')
<r+ f(3r)+r=f(3r) +2r,

as required. This proves (12).

e Case 2: |A| < s. Then by definition of B,
Bl = [V(G)[ —|A[ =G| Zn—s+1—|C|=n—gq+1.

As the sets C; for j # i cover B, there exists some j # i such that
ICiNB| > (n—q+1)/d > q. Choose an arbitrary set X C C; N B
of size s and let C/ := C; U X; this satisfies (I1) and (I3). (I2) is true
all -components of C/ are either r-components of C; (so they have
diameter at most f(3)) or are subsets of 7-components of C; (and
the same diameter bound applies).

In both cases we have constructed sets C; that satisfies (I1), (12) and
(I3). By (13), UL, Cl = UL, Ci = V(G), so the C! form a cover. (I1)
and (I2) prove the two wanted conditions on the cover. This finishes
the proof. O
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111.7.11  Meta-theorem for non-paddable problems with
empty error set

Theorem II1.5.1 (Meta-Theorem II). Let d, k be integers « > 0 a real, A
bea d%rl—weakly k-uniform a-approximation LOCAL algorithm for a p-local
problem 11 in a class of graphs € with round complexity r, where € is
hereditary and stable by disjoint union. Let 2 be a graph class of asymptotic
dimension d with d-dimensional control function f, that is T-locally-€
for T = f(6k + 6p) + 4k + 4p + max {k + p,r}. Then A is a k-uniform
a(d + 1)-approximation algorithm on 2.

Proof. Let G € 2 and set { := f(6k + 6p) + 4k + 4p. As 2 has d-
dimensional control function f, then by Lemma II1.7.12, one can assume
G+20 admits a (d + 1)-coloring ¢-bounded in G where every color class
has size at least | 77 | . Fix such a coloring, and, for eachi € {0,1,...,d},
let C; be the set of color-i vertices in G**% (and also in G), so that
|Ci| > | 747 We denote by C; the set of (2k -+ 2p)-components of C; (i.e.
connected components of G2*2°[C;]). So, by definition, all components
of C; have weak diameter in G at most ¢, and are pairwise at distance
at least 2k + 2p + 1 in G (because distinct components of C; cannot be
adjacent in G?+2),

We run Algorithm A on G. It is easy to check that A(G) is a valid

solution for G, because ¥ is T-locally-¢'. By definition of the coloring,
d
A(G)| =) _|A(G)NG| . (I11.3)
i=0

To upper bound |A(G) N C;|, consider some color i € {0,...,d} and
some component C € C;. Consider some vc € C, and denote G¢c =
G[NT[vc]]. Note that as 2 is T-locally-%, we have Gc € %. Let G' =
G[Ucec, N'[vc]] be the union of the G¢’s for C € C..

Along the proof, we will use several times the following fact:

Fact II1.7.1. For any graph H and W C V(H), to satisfy the constraints
of vertices of W in H, it is enough to select vertices taken from NF[W].

In the following, to differentiate the neighborhoods in G and in G¢ or
G’, we write them using either N, N, or N notations. Notice that, for
each non-negative integer t < max {k + p, r}, we have G[N[C]] C Gc.
This is because C has weak diameter in G at most ¢ = f(6k + 6p) + 4k +
4p and thus G[N{[C]] has weak diameter in G at most f(6k + 6p) + 4k +
4p +t < T, by the choice of T. Moreover, as ¢ is hereditary, we have
that G[NL[C]] € %.

Because G[NE[C]] C G, vertices in C have the same distance t-
neighborhood in G and Gc. In particular, G[Ng[C]] = Gc[Ng, [C]] and
GINE[Ci]] = G'[NL/[Ci]]. From Fact I11.7.1, any minimum set of vertices
of G that satisfies the constraints of NX[C] is contained in G[Né+p [C]],
and similarly if we replace G by Gc. We have OPTy(G, NE[C]) =

105



OPTr(Gc, Néc [C]). Recall that any two connected components C,C’ €

C;are atdistance in G atleast2k +2p+ 1. So G[N(k;'O [C]] and G[ngp [C']]
are disjoint subgraphs, and, as to satisfy all constraints of vertices in
V(G), one needs to satisfy constraints of vertices in NX[C] and NX[C'],
by disjunction of these sets and by Fact II1.7.1, we have by summing
over all C € C; that

OPTy(G, NE[Ci]) = OPT (G, N/ [Ci]).

Moreover, because ¢’ is stable by disjoint union and that G[NL[C]] € ¥
for every C € C/, we get G[NE[Ci]] € €. As Algorithm A is a ;15 -weakly
k-uniform a-approximation on ¢, that G’ € ¢ and that |C;| > | “;(fl” | >
L“;(fll)w (and therefore G’ indeed has polynomial identifiers), we get
by definition of weak uniformity that

|A(G')NCi| < a-OPT(G, NG[Ci]) = a- OPT (G, NE[CH) -

Since G[N([C]] = G'[N[,[C;]], Algorithm A, which runs in r rounds,
returns the same vertex set in G and G’ for vertices in C;. Therefore,
|IA(G) NCi| = |A(G’) N Cj|. Combining with the previous inequality,
we get

IA(G)NC;| < a-OPT(G,NE[C]) <a-OPTH(G,V(G))

(IIL.4)
= a-OPTy(G).

Putting Equation (IIL.4) in Equation (IIL.3), we get that Algorithm A is
an «(d + 1)-approximation on 2. ]

111.7.12  Meta-theorem for paddable problems with
non-empty error set

Theorem I11.7.13 (Meta-Theorem III). Let d, k be integers « > 0 a real,
A be a e-weakly 32 k-uniform a-approximation LOCAL algorithm for an
additive p-local problem 11 in a class of graphs € with round complexity r,
where € is hereditary, stable by disjoint union, and w-paddable for I1. Let
2 be a graph class of asymptotic dimension d with d-dimensional control
function f such that 11 is dense in 2, and such that 9 is T-locally 6-nice
w.r.t. € and I1, where T = f(2k 4+ 2p) + max {k+ p,r}. Then there
exists a function g such that for any y > 0, there exists a max{k, p}-
uniform (a(d + 1) + 1 + n)-approximation algorithm B on 2 with round
complexity max{T + 6 +2,g(n) }.

Proof. Let G € Z and X be the set of T-errors of G with respect to
%. As 2 has d-dimensional control function f, then G**+% admits a
(d 4+ 1)-coloring f(2k 4 2p)-bounded in G. Fix such a coloring, and, for
eachi € {0,1,...,d}, let C; be the set of color-i vertices in G?+20 (and
also in G). We denote by C; the set of (2k + 2p)-components of C; (i.e.
connected components of G**+2°[C;]). So, by definition, all components
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32Note that, for the proof, we
could also prove as a preliminary
that weakly uniform and paddable
implies uniform. However, for
sake of brevity, we prove every-
thing directly in the proof.
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of C; have weak diameter in G at most f(2k + 2p), and are pairwise at
distance at least 2k 4+ 2p 4+ 1 in G (because distinct components of C;
cannot be adjacent in G*+2¢).

We describe the Algorithm B we want to use in Algorithm 4, which
is very similar to Algorithm 2.

Require: An e-weakly k-uniform a-approximate LOCAL algorithm A for
IT in ¢ with round complexity r, a graph classes ¢ and 2 with
properties of the statement of Meta-Theorem III, the d-dimensional
control function f of ¥ and G € Z with T-errors X where T =
f(2k+2p) + max {k+p,r}.

Ensure: A solution S for the graph G to the problem IT with the guar-
antee that |S| < (a(d +1) +1) - OPT(G).

1: Let B be such that any graph G of 2 with diam(G) > B has
OPT(G) > a(d + 1)w/y. If diam(G) < B, brute-force an opti-
mal solution. > B exists as I1is dense in 2.

259

3: Each vertex u computes G[N[u]] and checks whether it belongs to
¢'; as a consequence, it decides whether it belongs to X.

4: Each vertex u runs A for r rounds, and gets added to S only if u €
A(G) \ X.

5: § + SUS’, where S’ is a brute-forced minimum set of G that satisfies
the constraints of vertices that are non-satisfied.

We run Algorithm B on G. It is easy to check that B(G) is a valid
solution for G, because IT is additive. By definition, |[B(G)| < [S| + |S'|,
where S = A(G) \ X (Step 4) and S’ is a brute-forced set of minimum
size satisfying the constraints of vertices of G not satisfied (Step 5). Note
that every vertex not in N°[X] is satisfied by S, so S’ C N*[X]. Clearly,
|S’| < OPTr(G), and |S’| = 0if there isno T-errors (X = @). Moreover,
by definition of the coloring, |A(G) \ X| = Y%, [(A(G)NC) \ X|. In
other words,

0 ifX=0

IIL.5
OPTr(G) otherwise (L)

d
B(G)| < X(:)!(A(G) NCH\ X|+ {
iz
To upper bound the term |(A(G) N C;) \ X|, consider some color i €
{0,1,...,d} and some component C € C; such that C € X. Consider
some vc € C\ X, and denote Gc = G[NT[vc]]. Note that, by definition
of Xand as v ¢ X, we have G¢ € €. Moreover, letC! = {C e (;|C ¢
X} and let G' = G[Ucec NT[ovc]] be the union of the G¢’s for C € C;
such that C Z X.
Along the proof, we will use several times the following fact:

Fact I11.7.1. For any graph H and W C V(H), to satisfy the constraints
of vertices of W in H, it is enough to select vertices taken from NF[W].

In the following, to differentiate the neighborhoods in G and in G¢ or
G’, we write them using either N, N, or N notations. Notice that, for
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each non-negative integer t < max {k + p, r}, we have G[N[C]] C Gc.
This is because C has weak diameter in G at most f(2k + 2p) and thus
G[NE[C]] has weak diameter in G at most f(2k 4+ 2p) +t < T, by the
choice of T. Moreover, as ¢ is hereditary, we have that G[N[C]] € €.

Because G[NL[C]] C G, vertices in C have the same distance ¢-
neighborhood in G and Gc. In particular, GING[C]] = G¢[Ng, [C]]
and G[N.[UC!]] = G'[NL[UC!]]. From Fact II1.7.1, any minimum
set of vertices of G that satisfies the constraints of N [C] is contained
in G[Né+p [C]], and similarly if we replace G by Gc¢. It follows that
OPTn (G, NE[C]) = OPT(Ge, Néc [C]). Recall that any two connected
components C,C’ € (; are at distance in G at least 2k +2p + 1. So
G[Néﬂ) [C]] and G[NHP [C’]] are disjoint subgraphs, and, as to satisfy
all constraints of vertices in V(G), one needs to satisfy constraints of ver-
tices in N&[C] and NX[C'], by disjunction of these sets and by Fact I11.7.1,
we have by summing over all C € C; that

OPTyy (G, Nk [U c;D — OPTyy (G’, N, [U c;]) .

Moreover, because ¢ is stable by disjoint union and that G[NL[C]] € ¢
for every C € C/, we get GINE[UC!]] € €.

In the following, we will choose a graph G with size linear in [V(G)]
so that adding G to any subgraph H of G’ will form a graph with size
linear in |V (G L G)|. This serves two purposes: we are now able to apply
weak uniformity on G LI H, and we can attribute unique identifiers to
G so that the identifiers of G LI H are polynomial (we keep the same
identifiers for H). Let N := [e|lV(G)|/(1—¢)]. By paddability, there
exists a graph G € % on at least N vertices such that OPT;(G) < w.
Let I be the largest identifier of G. We give identifiers to vertices of G
fromtheset {I+1,1+2,...,I+|V(G')|}. Let G" be the disjoint union
of G’ and G and let Y = JC/ LU V(G). The identifiers of vertices in G”
are indeed polynomial in the size of G”, as G has size at least linear in
|V(G)|. Our goal now is to apply weak uniformity in G” to the set Y.
Note that we only care about |A(G’) N UC!| but need Y to apply weak
uniformity. We first prove that |Y| > ¢|V(G”)|.

Y[ > [V(G)| > el V(C)| + (1 &) [V(C)]
> elV(G)| + (1—e)N > e[V(G)| +¢[V(G)| > €|[V(G")].

Therefore, by e-weak k-uniformity a-approximation of A on ¢, we get
IA(G")NY| < a-OPT(G”, NF[Y]).

Notice that
IA(G") N Y| =|A(G)NJCI+|A(G)]

and that

OPTy (G, N&[Y]) = OPTr(G) + OPTr(G, NE [ Cl])
< w+OPTH (G, NE )
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because G and G’ are in disjoint components of G”. Forgetting about
the term |A(G)|, it follows that

’A(G’) nQc

<a-w+a-OPTy (G’, NE, [U C{D . (IIL6)

Since G[N{[UC!]] = G'[N{, [UC/]], Algorithm A, which runs in r rounds,
returns the same vertex set in G and G’ for vertices in |JC/. Therefore,
|A(G) NUC!| = |A(G") nUC!|. Combining with the previous inequal-
ity, we get

‘A(G) nJC

<a-w+a-OPTh (G/N]E; [UC{D
<wa-w+a-OPT(G,V(G))
= a-w+ua-OPT(G) .

We remark that |(A(G) N C) \ X| = 0if C C X. Because all vertices in
Ci but not in X are in some C € C/, we have

I(A(G)NC)\ X| < )A(G)mUc; <a-w+a-OPTH(G). (IIL7)

Now, we can apply the same trick as in Proposition II1.8.2. As ITis
dense in 7, there exists some B such that any graph of Z of diameter at
least B has optimum value at least a(d 4+ 1)w /7. Algorithm B checks
(Step 1) whether the diameter D of its component is less than B. This
can be done by collecting the radius-B neighborhood of every vertex in B
rounds. If true, the vertex locally brute-forces an optimal solution for its
component, which it already knows about. Otherwise, the vertex contin-
ues the algorithm with Step 2. If D < B, then the algorithm is obviously
a good approximation (with approximation ratio 1). Otherwise, D > B
and it follows that OPTy;(G) > a(d + 1)w/ 7. Putting in Equation (II1.7)
in Equation (II1.5), we get that Algorithm B is an (a(d +1) +1+7)-
approximation, and even an («(d + 1) + i7)-approximation if X = @.

To see that B is also a k-uniform approximation, it is sufficient to see
that, for any W C V(G), the bound obtained is |B(G) N W| < «a(d +
)w + a(d 4+ 1) - OPT(G, NE[W]) + OPTri(G, Ng[W]) where the first
two terms are due to running A and the last term is due to running the
brute-force. Indeed, if the brute-force computed a set whose intersection
with W was smaller than OPTyy(G, N2 [W]), we could replace it by the
minimum size set satisfying the constraints of the vertices in N&.[W] and
obtain a smaller set, a contradiction. This proves that B is max{k, p}-
uniform with approximate ratio a(d +1) +1 (ora(d+1) if X = g,
as the brute-force is not required in that case). Now, let us prove that
Algorithm B has the desired round complexity.

e Step 1 takes B = g(77) rounds for computing if the diameter is small,
and no additional round for the brute-force.

e Computing X in Step 3 takes T + 1 rounds.
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e Running A in Step 4 takes r rounds.

e For Step 5, consider the set S computed by B at Step 4, before the
brute-force. Observe that the vertices in the set W = V(G) \ N&[X]
are satisfied by S. This is because vertices of W are at distance at
least p + 1 from X and thus vertices of N¥[W] cannot be in X. Thus,
A applies to all vertices of N&.[W], and so W is indeed satisfied by S
(Fact I1L.7.1). Therefore, to satisfy N&.[X] it is enough to select a set
S’ from Nép [X] (FactIIL7.1) as done in Step 5. By assumption, the
connected components of Nép [X] have weak diameter in G at most ¢
(obviously, if X = & then 6 = 0). Therefore, the brute-force (Step 5)
will take at most 6 + 1 rounds.

Naively, Steps 3 and 4 together take (T + 1) + r rounds. As Algorithm A
is not guaranteed to work when executed on vertices of X, Step 4 must
be run only after Step 3. However, both steps can be run in parallel as
follows. We run A for r rounds exactly and stop it just after (since its
running time on a vertex of X could result into more than r rounds).
Then, the decision to add u in S (if selected by A) is delayed for the
next T 41 — r rounds (this is non-negative from the choice of T). In
parallel, G[N' [u]] is computed and is checked to be in € or not after T + 1
rounds. So, after max {r, T + 1} = T + 1 rounds, set S in Step 4 has been
completed. The same trick can be applied for Step 1. Step 5 takes § + 1
steps, so that the total round complexity of B is max{T + 4 +2,g(#)},
completing the proof. O

III.8  Miscellaneous propositions

Proposition I11.8.1. Every graph class ¢ including trees has no 0-uniform
a-approximations for MINIMum DOMINATING SET, for every constant a.

Proof. Consider a depth-2 tree T, with a + 1 vertices at depth-1, each
having a? + 1 neighbors at depth-2. See Section I11.8 for an example.
Clearly, MDS(T,) = a + 1. Moreover, any a-approximation algorithm A
in T, has to select all depth-1 vertices. If not, each of the t non-selected
vertex at depth 1 would force the selection of a> + 1 extra vertices at
depth 2, creating by this way a solution with at least (& +1—t) + ¢+ (a® +
1) =a- (ta+1) + 1 vertices. For t > 1, thisis atleasta - (a +1) +1 >
a - MDS(T, ). However, for a subset S composed of all depth-1 vertices of
Ty (sowith |S| = a + 1), we have on one side |A(T,) N S| = |S| =a+1,
whereas MDS(T,, N°[S]) = MDS(T,, S) = 1 (considering the root). So
|A(Ty) N S| € & - MDS(T,, N°[S]). Therefore, A cannot be 0-uniform in
Ta. O

Proposition II1.8.2. For every € > 0, any r-round algorithm that returns
a dominating set of size at most & - MDS(G) + B on G, can be converted
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00000 00000 00000

into an (« + €)-approximation LOCAL algorithm with round complexity

r+O(B/e).

Proof. Observe that the diameter of each connected component of the
graph is at most 3 - MDS(G). So, each vertex can check whether the
diameter D of its component is less than B, for B = 38/¢. This can be
done by collecting its radius-B neighborhood in B = O(/¢) rounds. If
true, the vertex locally brute forces an optimal solution for its component
that, which it already knows about. If false, the vertex applies the
approximate algorithm. In that case, B < D and D < 3MDS(G), which
together imply B < e - MDS(G). Thus, the returned set has size at most
a-MDS(G) + B < (a+¢) - MDS(G). O

Proposition I11.8.3. Every n-vertex graph G of Euler genus g satisfies
V1(G) < /3¢/2+ 3. This bound is best possible up to an additive
constant, for each g > 0.

Proof. By definition, we have V1(G) = maxy {|E(H)| / |V(H)|}, where
H is a depth-1 minor. For every H of genus g, wehave |[E(H)| / |V(H)| <
3¢/ |V(H)| + 3 from Euler’s formula. As |E(H)| < (‘V(zH”), we have

Vi(G) < mngﬁﬁ} min {(m—1)/2,3¢/m+3} < +/3g/2+3.

The latter inequality holds, because either 3¢/m +3 < /3¢/2+ 3,
and we are done, or 3g/m + 3 > /3g/2 + 3, which implies m < \/@
In that case (m —1)/2 < (1/68)/2 —1/2 < \/3g/2+ 3 as wanted.

Consider a graph G composed of a clique K, withm > 4and m # 7
where each edge is replaced by a path of length three. The graph G has
same Euler genus as K, whichis g = [(m — 3)(m —4)/6] (cf. [MTO1,
Theorem 4.4.5]). Moreover, it has K;,; as depth-1 minor. Thus, V1(G) >
|E(Ky)| /m = (m—1)/2> \/3¢g/2 +3/4.

The latter inequality holds because, one can check that (m —1)? >
(m—3)(m —4)+9 for all m > 4. Since

(m—3)(m—4)+9>6[(m—3)(m—4)/6] +3 =69+3,

we have (m —1)?/4 > (6g +3) /4, and thus (m —1)/2 > /3¢/2+3/4

as claimed. O
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Figure II1.6: The tree T, has no 0-
uniform a-approximations (here
with « = 2). Indeed, any a-
approximation A of its minimum
dominating set must contain the
« + 1 vertices of S (green), and
thus |A(T,)NS| = |S] € «a-
MDS(T,, N°[S]) since S can be
dominated by a single vertex (the
root).



References

[ABY63]

[AGLP89]

[AORS18]

[ASS19]

[BBE+24]

[BGPW25]

[BH25]

[CHS*14]

[CHS*17]

Louis Auslander, Thomas A. Brown, and John W.T. Youngs.
“The Imbedding of Graphs in Manifolds”. In: Journal of
Mathematics and Mechanics 12.4 (1963), pp. 629—-634. URL:
http://www.jstor.org/stable/24900840.

Baruch Awerbuch et al. “Network decomposition and
locality in distributed computation”. In: 30th Annual IEEE
Symposium on Foundations of Computer Science (FOCS).
IEEE Computer Society Press, May 1989, pp. 364-369.
por: 10.1109/SFCS.1989.63504.

Saeed Akhoondian Amiri et al. “Distributed Domina-
tion on Graph Classes of Bounded Expansion”. In: 30th
Annual ACM Symposium on Parallel Algorithms and Archi-
tectures (SPAA). Vienna, Austria: ACM Press, July 2018,
pp- 143-151. por: 10.1145/3210377.3210383.

Saeed Akhoondian Amiri, Stefan Schmid, and Sebastian
Siebertz. “Distributed Dominating Set Approximations
beyond Planar Graphs”. In: ACM Transactions on Algo-
rithms 15.3 (2019), Article No. 39, pp. 1-18. por: 10.1145/
3093239.

Marthe Bonamy et al. “Asymptotic Dimension of Minor-
Closed Families and Assouad-Nagata Dimension of Sur-
faces”. In: Journal of the European Mathematical Society
26.10 (2024), pp. 3739-3791. por: 10.4171/JEMS/1341.

Marthe Bonamy et al. “Local Constant Approximation for
Dominating Set on Graphs Excluding Large Minors”. In:
44th Annual ACM Symposium on Principles of Distributed
Computing (PODC). Huatulco, Mexico: ACM Press, June
2025. por: 10.1145/3732772.3733531.

Ravi B. Boppana and Magniis M. Halldérsson. “Approxi-
mating Independent Sets in Constant Distributed Rounds”.
In: 32nd International Colloquium on Structural Information
& Communication Complexity (SIROCCO). Ed. by Ulrich
Schmid and Roman Kuznets. Vol. 15671. Lecture Notes in
Computer Science. Delphi, Greece: Springer, June 2025,
pp- 144-158. por: 10.1007/978-3-031-91736-3_9.

Andrzej Czygrinow et al. “Distributed local approxima-
tion of the minimum k-tuple dominating set in planar
graphs”. In: International Conference on Principles of Dis-
tributed Systems. Springer. 2014, pp. 49-59.

A. Czygrinow et al. “Improved distributed local approxi-
mation algorithm for minimum 2-dominating set in pla-
nar graphs”. In: Theoretical Computer Science 662 (2017),

112

References


http://www.jstor.org/stable/24900840
https://doi.org/10.1109/SFCS.1989.63504
https://doi.org/10.1145/3210377.3210383
https://doi.org/10.1145/3093239
https://doi.org/10.1145/3093239
https://doi.org/10.4171/JEMS/1341
https://doi.org/10.1145/3732772.3733531
https://doi.org/10.1007/978-3-031-91736-3_9

Chapter III: Distributed algorithms beyond planar graphs: MDS and other problems

pp- 1-8. 1ssn: 0304-3975. por: https://doi.org/10.1016/
j-tcs.2016.12.001. urL: https://www.sciencedirect.com/
science/article/pii/S0304397516307071.

[CHWOS] Andrzej Czygrinow, Michat Hari¢ckowiak, and Wojciech
Wawrzyniak. “Fast Distributed Approximations in Planar
Graphs”. In: 22nd International Symposium on Distributed
Computing (DISC). Vol. 5218. Lecture Notes in Computer
Science. Springer, Sept. 2008, pp. 78-92. por: 10.1007/978-
3-540-87779-0_6.

[CHW18] Andrzej Czygrinow, Michat Hari¢ckowiak, and Wojciech
Wawrzyniak. “Distributed Approximation Algorithms
for the Minimum Dominating Set in Kj,-Minor-Free Graphs”.
In: 29th International Symposium on Algorithms and Compu-
tation (ISAAC). Vol. 123. LIPIcs. Jiaoxi, Yilan, Taiwan, Dec.
2018, 22:1-22:12. por: 10.4230/LIPIcs. ISAAC.2018.22.

[CHWW19] Andrzej Czygrinow et al. “Distributed CONGEST e
constant approximation of MDS in bounded genus graphs”.
In: Theoretical Computer Science 757 (Jan. 2019), pp. 1-10.
por: 10.1016/j.tcs.2018.07.008.

[CL21] Corinna Coupette and Christoph Lenzen. “A Breezing
Proof of the KMW Bound”. In: Symposium on Simplicity
in Algorithms (SOSA). Virtual Conference: ACM-SIAM,
Jan. 2021, pp. 184-195. por: 10.1137/1.9781611976496.21.

[Feu23] Laurent Feuilloley. Bibliography of distributed approxima-
tion beyond bounded degree. Tech. rep. 2001.08510v4 [cs.CG].
arXiv, Nov. 2023. por: 2001.08510v4.

[FGKS13] Pierre Fraigniaud et al. “What can be decided locally
without identifiers?” In: 32nd Annual ACM Symposium
on Principles of Distributed Computing (PODC). Montréal,
Québec, Canada: ACM Press, July 2013, pp. 157-165. por:
10.1145/2484239.2484264.

[FKP13] Pierre Fraigniaud, Amos Korman, and David Peleg. “To-
wards a complexity theory for local distributed comput-
ing”. In: Journal of the ACM 60.5 (Oct. 2013), Article No.
35, pp. 1-26. por: 10.1145/2499228.

[GHS13] Mika G606s, Juho Hirvonen, and Jukka Suomela. “Lower
Bounds for Local Approximation”. In: Journal of the ACM
60.5 (Oct. 2013), Article No. 39, pp. 1-23. por: 10.1145/
2528405.

[G]79] Michael R. Garey and David S. Johnson. Computers and
Intractability - A Guide to the Theory of NP-Completeness.
W.H. Freeman, 1979.

113


https://doi.org/https://doi.org/10.1016/j.tcs.2016.12.001
https://doi.org/https://doi.org/10.1016/j.tcs.2016.12.001
https://www.sciencedirect.com/science/article/pii/S0304397516307071
https://www.sciencedirect.com/science/article/pii/S0304397516307071
https://doi.org/10.1007/978-3-540-87779-0_6
https://doi.org/10.1007/978-3-540-87779-0_6
https://doi.org/10.4230/LIPIcs.ISAAC.2018.22
https://doi.org/10.1016/j.tcs.2018.07.008
https://doi.org/10.1137/1.9781611976496.21
https://doi.org/2001.08510v4
https://doi.org/10.1145/2484239.2484264
https://doi.org/10.1145/2499228
https://doi.org/10.1145/2528405
https://doi.org/10.1145/2528405

References

[GKM17] Mohsen Ghaffari, Fabian Kuhn, and Yannic Maus. “On
the Complexity of Local Distributed Graph Problems”.
In: 49th Annual ACM Symposium on Theory of Comput-
ing (STOC). Montreal, Canada: ACM Press, June 2017,
pp- 784-797. por: 10.1145/3055399.3055471.

[Gro93] Mikhael Gromov. Geometric Group Theory: Asymptotic in-
variants of infinite groups. Cambridge University Press,
1993.

[HKO*25]  Ozan Heydt et al. “Distributed domination on sparse
graph classes”. In: European Journal of Combinatorics 123
(Jan. 2025), p. 103773. por: 10.1016/j.€jc.2023.103773.

[HLS14] Miikka Hilke, Christoph Lenzen, and Jukka Suomela.
“Brief Announcement: local approximability of minimum
dominating set on planar graphs”. In: 33rd Annual ACM
Symposium on Principles of Distributed Computing (PODC).
Paris, France: ACM Press, July 2014, pp. 344-346. por:
10.1145/2611462.2611504.

[KMW16] Fabian Kuhn, Thomas Moscibroda, and Roger Watten-
hofer. “Local Computation: Lower and Upper Bounds”.
In: Journal of the ACM 63.2 (Mar. 2016), Article No. 17, pp.
1-44. por: 10.1145/2742012.

[KSV21] Simeon Kublenz, Sebastian Siebertz, and Alexandre Vi-
gny. “Constant Round Distributed Domination on Graph
Classes with Bounded Expansion”. In: 28th International
Colloguium on Structural Information & Communication
Complexity (SIROCCO). Ed. by Tomasz Jurdziriski and
Stefan Schmid. Vol. 12810. Lecture Notes in Computer
Science. Wroctaw, Poland: Springer, Cham, June 2021,
pp- 334-351. por: 10.1007/978-3-030-79527-6_19.

[KWO05] Fabian Kuhn and Roger Wattenhofer. “Constant-time dis-
tributed dominating set approximation”. In: Distributed
Computing 17.4 (2005), pp. 303-310. por: 10.1007/s00446-
004-0112-5.

[KYKS80] Tohru Kikuno, Noriyoshi Yoshida, and Yoshiaki Kakuda.
“The NP-Completeness of the Dominating Set Problem
in Cubic Planar Graphs”. In: IEICE Transactions on Funda-
mentals of Electronics, Communications and Computer Sci-
ences E63-E.6 (1980), pp. 443—444.

[Lenll] Christoph Lenzen. “Synchronization and symmetry break-
ing in distributed systems”. PhD Thesis. ETH Zurich,
Switzerland, Dec. 2011.

[LOWO0S] Christoph Lenzen, Yvonne Anne Oswald, and Roger Wat-
tenhofer. “What Can Be Approximated Locally? — Case
Study: Dominating Sets in Planar Graphs”. In: 20th An-
nual ACM Symposium on Parallel Algorithms and Architec-

114


https://doi.org/10.1145/3055399.3055471
https://doi.org/10.1016/j.ejc.2023.103773
https://doi.org/10.1145/2611462.2611504
https://doi.org/10.1145/2742012
https://doi.org/10.1007/978-3-030-79527-6_19
https://doi.org/10.1007/s00446-004-0112-5
https://doi.org/10.1007/s00446-004-0112-5

Chapter III: Distributed algorithms beyond planar graphs: MDS and other problems

tures (SPAA). Munich, Germany: ACM Press, June 2008,
pp- 46-54. por: 10.1145/1378533.1378540.

[LPW13] Christoph Lenzen, Yvonne-Anne Pignolet, and Roger
Wattenhofer. “Distributed minimum dominating set ap-
proximations in restricted families of graphs”. In: Dis-
tributed Computing 26.2 (Mar. 2013), pp. 119-137. por:
10.1007/s00446-013-0186-z.

[LWO08] Christoph Lenzen and Roger Wattenhofer. “Leveraging
Linial’s Locality Limit”. In: 22nd International Symposium
on Distributed Computing (DISC). Vol. 5218. Lecture Notes
in Computer Science. Springer, Sept. 2008, pp. 394—407.
por: 10.1007/978-3-540-87779-0_27.

[MTO01] Bojan Mohar and Carsten Thomassen. Graphs on Surfaces.
The Johns Hopkins University Press, 2001.
[NS95] Moni Naor and Larry Stockmeyer. “What Can Be Com-

puted Locally”. In: SIAM Journal on Computing 24.6 (Dec.
1995), pp. 1259-1277. por: 10.1137/50097539793254571.

[RG20] Véclav Rozhor and Mohsen Ghaffari. “Polylogarithmic-
Time Deterministic Network Decomposition and Dis-
tributed Derandomization”. In: 52nd Annual ACM Sym-
posium on Theory of Computing (STOC). Chicago, IL, USA:
ACM Press, June 2020, pp. 350-363. por: 10.1145/3357713.
3384298.

[RWZ09] Pascal von Rickenbach, Roger Wattenhofer, and Aaron
Zollinger. “Algorithmic Models of Interference in Wire-
less Ad Hoc and Sensor Networks”. In: IEEE/ACM Trans-
actions on Networking 17.1 (Feb. 2009), pp. 172-185. por:
10.1109/TNET.2008.926506.

[Suol3] Jukka Suomela. “Survey of Local Algorithms”. In: ACM
Computing Surveys 45.2 (Feb. 2013), Article No. 24, pp.
1-40. por: 10.1145/2431211.2431223.

[WAF02] Peng-Jun Wan, Khaled M. Alzoubi, and Ophir Frieder.
“Distributed Construction of Connected Dominating Set
in Wireless Ad Hoc Networks”. In: 21st Annual Annual
Joint Conference of the IEEE Computer and Communications
Societies (INFOCOM). Vol. 3. June 2002, pp. 1597-1604.
por: 10.1109/INFCOM.2002.1019411.

[WYO07] Peng-jun Wan and Chih-wei Yi. “On the Longest Edge of
Gabriel Graphs in Wireless Ad Hoc Networks”. In: IEEE
Transactions on Parallel and Distributed Systems 18.1 (Jan.
2007), pp- 111-125. por: 10.1109/TPDS.2007.253285.

115


https://doi.org/10.1145/1378533.1378540
https://doi.org/10.1007/s00446-013-0186-z
https://doi.org/10.1007/978-3-540-87779-0_27
https://doi.org/10.1137/S0097539793254571
https://doi.org/10.1145/3357713.3384298
https://doi.org/10.1145/3357713.3384298
https://doi.org/10.1109/TNET.2008.926506
https://doi.org/10.1145/2431211.2431223
https://doi.org/10.1109/INFCOM.2002.1019411
https://doi.org/10.1109/TPDS.2007.253285




Chapter 1V
MDS in Ky y-minor-free graphs

ABSTRACT

We show that graphs excluding K ; as a minor admit an f(¢)-round 50-
approximation deterministic distributed algorithm for Minimum Domi-
NATING SET. The result extends to MiniMmuM VERTEX CovEer. Though
fast and approximate distributed algorithms for such problems were
already known for H-minor-free graphs, all of them have an approxima-
tion ratio depending on the size of H. To the best of our knowledge, this
is the first example of a large non-trivial excluded minor leading to fast
and constant-approximation distributed algorithms, where the ratio is
independent of the size of H. A new key ingredient in the analysis of
these distributed algorithms is the use of asymptotic dimension.
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Chapter I'V: MDS in K; ;-minor-free graphs

IV.1 Introduction

As seen in Chapter III, MinimuMm DominaTiNGg SET (MDS) (and its
weaker version, MinimuMm VErTEX CoviEr (MVC)) is a famous mini-
mization problem on graphs, known to be NP-complete even in cubic
planar graphs [G]79, KYK80]. The goal is to find a smallest subset of
vertices that intersects all radius-1 balls (MDS) or all edges (MVC).
The distributed version of this problem is important, and an extended
history of MDS in the LOCAL model can be found in Section IIL.1.

Constant-Round Algorithms. Because of the lower bound of [KMW16]
in general graphs, achieving constant ratio approximation in a con-
stant number of rounds is not possible. More precisely, every constant-
approximation LOCAL algorithm requires Q(/log n/ loglogn) rounds,
and this holds for MDS and MVC. Therefore, we need to focus on re-
stricted graph classes to obtain such results.

The literature is abundant in this direction. For instance, on regular
graphs, i.e., graphs where all vertices have the same degree, we achieve

a 2-approximation for MVC in 0 rounds (take all vertices!). Similarly, a
6-approximation in unit-disk graphs can be achieved by taking all the
vertices incident to an edge — See the excellent survey of [Suo13] and the
references therein. For the more difficult MDS problem, distributed algo-
rithms have been developed for various classes of graphs, including (but
not limited to): outerplanar graphs [BCGW?21], planar graphs [LPW13,
HLS14, HKO*25], bounded-genus graphs [ ASS19, BGPW25a], graphs
excluding topological minors [CHW18], graphs with sublogarithmic ex-
pansion [ ASS19] or with bounded expansion [KSV21, LW24, HKO*25].
For instance, the approximation ratio for MDS in planar graphs has
been improved from 130 [LPW13] to 52 [Waw14], and recently down
to 11 + e [HKO"25].

H-minor-free With Large H.  Most of the graph classes cited above can
be expressed as H-minor-free graphs for some specific minor H (cf. Sec-
tion IV.1), but the results for graphs with bounded expansion are more
general. More precisely, [KSV21] presented a constant-round LOCAL
algorithm with approximation ratio V (G)°!V1(5))
subgraph, where V,(G) is the maximal edge density of a depth-r minor
of Gand t = O(V1(G)). [HKO*25] have improved the approximation
ratio to Vo (G) - Vl(G)o(svl(G)) if G excludes K as subgraph, at the
cost of a larger O;(1)-round complexity. If G excludes K3 as subgraph,
the approximation ratio improves to (2 +¢) - (2V1(G) + 1) for every
e > 0, where the round complexity is O,(1). For graphs of girth at least
7, it is possible to achieve a better approximation ratio of O(1/V1(G))
in 3 rounds [LW24].

Obviously, if G excludes H as minor, it excludes H as a depth-r mi-
nor. As a consequence, V,(G) < 6(H), where 6(H) is the maximum

if G excludes K;; as
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sects at most pk edges.



edge density of a graph excluding H as minor. It is well-known [Kos84,
ThoO1] that 6(K;) = ©(ty/logt), and more generally that 6(H) =
O(ty/logd ) [RW16], wheret = |V(H)|and d = |E(H)|/t < pw(H) +
1. So, §(Kst) = ©O(ty/logs). More specifically, we have 6(K3;) <
(t+3)/2 [KP10]. Therefore, for graphs excluding K; as minor, the
result of [KSV21] implies an approximation ratio of (0P V10gt) (yith
O(1)-round complexity. For K, ;-minor-free, [HKO*25] implies an ap-
proximation ratio of t*V1°8%) with O, (1)-round complexity. For K3 -
minor free graphs, the approximation ratio becomes (2 +¢) - (f +4).
See Section IV.1 for a compilation of best known results for various H.

Our Contributions. In this chapter, we concentrate our attention on
H-minor-free graphs when H has many vertices, that is, t vertices for
some arbitrarily large parameter t € IN. To the best of our knowledge
(see Section IV.1), no f(t)-round and constant-approximation LOCAL
algorithm for MDS in H-minor-free graphs is known, excepted perhaps
for the trivial case where H is a subgraph of a path with t vertices.
Indeed, in this case the graph G has diameter at most ¢t — 1, and thus an
MDS can be solved exactly in ¢ — 1 rounds?.
For MDS, we show that:

e Kj;-minor-free graphs have a O;(1)-round 50-approximation LOCAL
algorithm.

e These graphs also have an O(1)-round (2t 4 1)-approximation LOCAL
algorithm.

All the algorithms are deterministic, since in general constant-round
randomized LOCAL algorithms are not possible if high probability guar-
antee is required.

MINOR-FREE GRAPHS ‘ APPROX. RATIO ‘ #ROUNDS ‘ REFERENCES
trees (K3) 3 2 Folklore 3
outerplanar (Ky, K3) 5 2 [BCGW21]
planar (Ks, K33) 11+e¢ O¢(1) [HKO*25]
Kj ;-minor-free t 0 Folklore 4

K3 ;-minor-free 2t —1 3 Theorem IV.3.4
Kj ;-minor-free 50 O¢(1) | Theorem IV.3.1
K, -minor-free (O(sty/10gs) Og (1) [HKO*25]
Ki-minor-free {0(#/logt) 7 [KSV21]

Our approach toward Theorem 1V.3.1 is to design an algorithm as
simple as possible and push all the complexity to its analysis, following
a long tradition [Waw14, BCGW21]. The intuition here is that a highly-
connected K; ;-minor-free graph has bounded radius, so the difficulty
lies in handling small cuts, especially since we cannot decide locally if a
vertex belongs to a small cut. We treat all vertices that are in a cut of size 1
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2In the LOCAL model, after D
rounds of communication, each
vertex u of a diameter-D graph
knows entirely G and its identifier
in G. After this communication
step, u can therefore compute an
optimal dominating set in a con-
sistent way with centralized brute-
force and deterministic algorithm.

Table IV.1: Constant-round
approximation distributed algo-
rithms for MiINtMUM DOMINATING
SeT on H-minor-free graphs, for
various H. The bottom part of the
table is about large H, on t vertices
where t may be arbitrarily large.

3 If there are at least three vertices,
take all vertices with degree at
least two, cf. [LPW13, BCGW21].
This requires two rounds from the
model, because the vertices do not
know their degree and need one
round to count their neighbors (by
counting the number of received
messages).

4 Take all the vertices. Such graphs
have degree at most t — 1, thus this
is a 0-round t-approximation since
every dominating set has size at
leastn/ (A + 1) where A is the max-
imum degree of the graph.



Chapter I'V: MDS in K; ;-minor-free graphs

or 2 in their small-distance neighborhood as we would vertices that are
ina cut of size 1 or 2 in the whole graph (take all vertices in a cut of size 1,
take all vertices in a cut of size 2 except those which are clearly a bad
idea), then argue what remains® is a number of connected components
of bounded weak radius, which we can thus solve optimally by brute-
force. Though the latter part comes with its own interesting challenges
which we thankfully mostly outsource® to a paper of Ding [Din17], the
major conceptual contribution is in the analysis of the first part. To
argue that taking all vertices that are locally separating (and similarly
for vertices in a local cut of size 2) is not too costly, we need to give some
global discharging argument. We were once again able to do this using
recent results on the asymptotic dimension.

Sketch of the Main Algorithm (Theorem [V.3.1). The algorithm computes
an approximation of MiNtMuM DoOMINATING SET in a Kj ;-minor-free
graph G. It has three main steps:

1. Compute the set X of all vertices in “local” 1-cuts, and add them to
the solution.

2. Compute the set I of all “interesting” vertices in “local” 2-cuts, and
add them to the solution.

3. Compute an optimal dominating set of all other undominated vertices
in each component of G — (X U I) using a brute-force approach and
add them to the solution.

Intuitively, a “local” k-cut is a minimal set of vertices that locally (up
to some bounded radius) looks like a standard k-cut. This radius is a
function of the size of H and of k € {1,2}. And, a vertex u in a “local”
2-cut {u, v} is “interesting” if v does not dominate all vertices, except for
at most one component attached to {u, v}. This is a rough explanation,
and all formal definitions of “local” k-cuts and “interesting” vertices
can be found in Sections IV.2 and IV.2.1.

The main challenge is to accurately tune the above radii in Step 1 and 2
to show that the approximation ratio (namely 50) does not depend on
the size of H, but only on the asymptotic dimension of the class and its
control function. In contrast, the round complexity essentially relies on
the diameter of the components as defined in Step 3, which is a function
of the radii defined above.

IV.2  Preliminaries

General Definitions. A graph without true twins is a graph such that no
two distinct vertices u and v are true twins, i.e. are such that N[u] = N[v].
The true-twin-less graph associated to G is the largest subgraph of G
with no true twins. Notice that there is a unique such unlabelled graph
G~ and that it can be computed in a constant number of rounds in the
LOCAL model. Furthermore, MDS(G~) = MDS(G).
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5While 3-connected K3 i-minor-
free graphs may have unbounded
radius, such graphs admit many lo-
cal 1- or 2-cuts, see Lemma IV.3.2.

®While the paper is only avail-
able as a preprint and has seem-
ingly not gone through a review-
ing process, it seems to be gener-
ally considered to be correct and
has even been refined in a doctoral
thesis [Sol19]. For our own peace
of mind, we have triple-checked
that the pieces we need from that
paper really do hold.



Local Connectivity. The aim of this definition is to study cuts that can
be recognized using a LOCAL algorithm. Recall that a k-cut of a graph
G is a minimal subset of k vertices whose removal increases the number
of connected components of G. E.g., 1-cuts are a.k.a. cut-vertices. On
classes of bounded asymptotic dimension, the set of local k-cuts is well-
behaved for k < 2 (see Lemma [V.2.2).

Here is a formal definition of a local cut”. By N”[0], we denote the set
of all vertices at distance at most r of v in G. A subset of vertices C of
a graph G is an r-local k-cut if all vertices of C are pairwise at distance
at most 7 in G, and C is a k-cut of G [J,ec N"[v]]. We say G is r-locally
k-connected if G has no r-local k-cuts. If there are no r-local k-cuts, then
there are no r’-local k-cuts for any ' > r. Note that a k-cutisa |V(G)|-
local k-cut. Therefore, a locally k-connected graph is k-connected, that
is, local connectivity is a stronger notion than connectivity. All cuts that
will be considered from now on are minimal cuts, i.e., no proper subset
of the cut is also a cut with the “same” connected components. Intuition
is not always an ally when it comes to r-local k-cuts, however we use the
notion in a fairly basic manner here.

For a definition of asymptotic dimension (and some intuition), see
Section IIL.2.

IV.2.1 Bounding the Number of Local 1-cuts and 2-cuts

We first bound the number of vertices in local 1-cuts and the number of
vertices in so-called interesting local 2-cuts.

Lemma IV.2.1. For any d € IN, and any graph class € of asymptotic
dimension at most d, there exists c;y 2.1(d) and myy 21 (€) such that for
all graphs G € €, the number of myy ».1(€)-local 1-cuts in G is at most
Cilv21 (d) MDS(G)

The proof of this can be found in Section IV.4.1.

To extend Lemma IV.2.1 to 2-cuts, we need some restriction on the
2-cuts considered: for example, a large tree with a single vertex adjacent
to all its vertices admits many 2-cuts but has a dominating set of size
1. This motivates the following definition, which we will only use for
r>=2.

A vertex v is r-interesting if there exists some r-local 2-cut ¢ = {u, v}
such that:

e N[v] £ N[u] and

e at least two connected components of G[N"[c]] — ¢ contain each a
vertex non-adjacent to u.

We are now ready to state the corresponding lemma for 2-cuts.

Lemma IV.2.2. For any d € IN, and any graph class € of asymptotic
dimension at most d, there exists cy 22 (d) and myy 2(€) such that for
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7 We did not find this exact same
notion anywhere else in the litera-
ture, though it was probably con-
sidered previously.
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all graphs G € €, the number of interesting vertices in my (€ )-local
2-cuts of G is at most cjy22(d) - MDS(G).

The proof of this can be found in Section IV.4.2.

IV.3  Constant Approximation for
Minimum Dominating Set

Intuition and Explanation. One can assume that the graph contains no
true twins, just like in the algorithm of Theorem IV.3.4. The main idea
of our algorithm is to take all vertices in 1-cuts and 2-cuts, in order to re-
duce the problem to 3-connected graphs, where we can solve MiNIMUM
DoMINATING SET in constant time O(t). However, it is not possible to
do this in constant round-complexity in the LOCAL model. Therefore,
instead of considering k-cuts we consider sets of k vertices that resemble
a k-cut locally. With a little luck, those vertices are actually 1-cuts, but
not all local 1-cuts are 1-cuts. Indeed, consider a very long cycle. All
vertices are local 1-cuts but none are global 1-cuts. However, we can
show that, if the graph has bounded asymptotic dimension, there exists
some constant 7 (that does not depend on the graph) such the number of
r-local 1-cuts is bounded above by a function linear in MDS(G). There-
fore, our algorithm can take all local 1-cuts in the returned set. The case
of local 2-cuts is more complicated: there are graphs with w(MDS(G))
many vertices in 2-cuts. Indeed, consider a clique G of size n. Take an
arbitrary vertex of the clique u, and for all vertices v # u of the clique,
add a new vertex x,, attached to {u, v} = N(x,,). This creates a graph
G which can be dominated solely by the vertex u. However, all vertices
of the original clique are in some minimal 2-cut, as {u, v} separates x,;,
from the rest of the clique — there is an unbounded number of vertices in
minimal 2-cuts. This leads us to the definition of interesting vertices in
2-cuts, which we mentioned in Section IV.2.1 and recall here. A vertex
v € C is r-interesting for some r > 2 if there exists some r-local 2-cut
¢ = {u,v} such that:

e N[v] € N[u] and

e at least two connected components of G[N"[c]|] — ¢ contain each a
vertex non-adjacent to u.

The first condition is intuitive: one better take u instead of v if N[v] C
N[u]. The rough idea behind the second condition is that it allows
us to create a nice mapping from interesting vertices to a minimum
dominating set. In more detail, we give a tree-like structure to the
vertices in 2-cuts, and show the second condition gives us the existence
of some vertex d in an MDS satisfying the following property: d is a
successor of u in the tree-like structure, and is at bounded distance from
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IV.3 Constant Approximation for Minimum Dominating Set

u in the tree-like structure. Now, every interesting vertex u can charge
this vertex d. We then show that this d does not receive too many charges,
because of the tree-like structure of the interesting 2-cuts, and this allows
us to bound the number of interesting vertices. Let us do a quick recap
of what the algorithm has done until now: it has taken all local minimal
1-cuts and all interesting vertices in local minimal 2-cuts. Let us consider
an arbitrary local minimal 2-cut {u, v}. There are three cases. First, if
both u and v are interesting, the algorithm has taken both vertices in
its return set. All components attached to {u#,v} can now be solved
independently. Secondly, if u is interesting and v is not interesting,
the algorithm has taken u in its return set. Either N[v] C N|u| and
all components attached to {u,v} can now be solved independently,
or u dominates all but one component attached to {u, v}. In any case,
all components attached to {u, v} can now be solved independently
too, as only one undominated component exists. Finally, if neither u
nor v is interesting, then as the graph is without true twins, one of u
or v dominates all but one component attached to {u,v}. Therefore,
all components attached to {u, v} can now be solved independently
too. Now, one can prove that the undominated vertices form connected
components of bounded diameter, and our algorithm can brute-force
and G-dominate the rest of the vertices in constant time.

The Algorithm. Lett > 2 be an integer. The following algorithm com-
putes an approximation of MiniMmum DoMINATING SET on the class €}
of K ;-minor-free graphs. The algorithm is divided into four steps:

1. Remove true twins from the graph.

2. Compute the set X of all vertices in minimal my »1(%;)-local 1-cuts,
and add them to the returned Dominating Set.

3. Compute the set I of minimal my 5, (%;)-interesting vertices which
are in mjy 5 (%;)-local 2-cuts, and add them to the returned Domi-
nating Set.

4. Let U be the set of already dominated vertices that have no undomi-
nated neighbors. Dominate all other undominated vertices, in every
component of G — (X U I U U), using a brute-force approach.

A more formal description of the algorithm is given below:

Require: An integer t, and G a K ;-minor-free graph
Ensure: S is a dominating set of G with |S| = O(MDS(G))
G < true-twin-less graph associated to G
S« {v e V(G) | {v}isamjy21(%)-local minimal 1-cut of G}
S < SU{v € C|visamy:(%)-interesting vertex of a
mpy 22 (%;)-local minimal 2-cut of G}
S < S U (brute-forced minimum set of G that dominates G — N|S])

We can now state the main theorem of this section.
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Theorem IV.3.1. For every integer t > 2, Algorithm 5 is an O (1)-round
50-approximate deterministic LOCAL algorithm for MINIMum DOMINAT-
ING SET on Ky ;-minor-free graphs.

Proof. Algorithm 5 clearly outputs a dominating set of G. Thus, by
Lemmas IV.2.1 and IV.2.2, the approximation ratio of the algorithm is
cv21(1) +evaa(l) +1=50. O

It remains to argue that the number of rounds is bounded. To do this,
we need to argue that the brute-forcing performed takes constant time.

Lemma IV.3.2. For every integer t, if ¢; is the class of Ky ¢-minor-free
graphs, there exists myy 5 (t) such that for every G € ¢, if X is the set
of vertices in myy,1(%;)-local 1-cuts, I is the set of myy 2(6;)-locally
interesting vertices of G, and U = {u € N[IUX]| | N[u] C N[IUX]},
then every connected component of G \ (I U X U U) has diameter at most
mry32(t).

The proof of this can be found in Section 1V.4.3.

The asymptotic dimension of K, ;-minor-free graphs is 1 by [BBE*24]
— Ky is planar so K ;-minor-free graphs have bounded treewidth by
the grid minor theorem. For %; the class of K;;-minor-free graphs, the
running time is

max{my2.1(6), mv22(%), mrvza(t)}
=3max{f(5)+2 f(11)+5} + g(t) + 3,

where f is the control function of the class of K, ;-minor-free graphs,
and g the linear function given in [Din17, Lemma 6.3]. Choosing f(r) =
(57 4 18)t suffices, see [BBE"24, Lemma 7.1]; and the running time of
the algorithm is linear in ¢.

The observant reader may be struck by the fact that the roles of t
and of the asymptotic dimension seem disjoint. This can be highlighted
with the following variant, which computes a (¢jy 2.1 (d) 4+ ¢y 22(d) +1)-
approximation of MDS in a class of asymptotic dimension d, given its
control function, with running time that depends on f and the largest
K3 s-minor of the input graph but does not require prior knowledge of
it.

Require: An integer d, a control function f, and G a graph in a class G
of asymptotic dimension d with control function f
Ensure: S is a dominating set of G with |S| = O(MDS(G))
G < true-twin-less graph associated to G
S« {veV(G) | {v}isamy,1(G)-local minimal 1-cut of G}
S« SU{v e C|visamy,(G)-interesting vertex of a
mpy 22(G)-local minimal 2-cut of G}
S < S U (brute-forced minimum set of G that dominates G — N|S])

We can now state the following stronger version of Theorem IV.3.1.
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IV.4 Proofs

Theorem IV.3.3. For every integer d and control function f, Algorithm 6
is an O¢(1)-round (crv2.1(1) + crv22(1) + 1)-approximate deterministic
LOCAL algorithm for MiNimum DOMINATING SET on graphs in a class of
asymptotic dimension d with control function f, where t is the (unknown)
size of a largest Ky ;-minor in the input graph.

As an added note, if one wishes to have an algorithm for Minimum
VERrTEX CovER instead of MinimuMm DomiNAaTING SET, it suffices to take
all my 22 (%;)-local 2-cuts instead of just my 22 (6} )-interesting vertices.
On the analysis side, one can prove a simpler variant of Lemma IV.2.2
that bounds the number of vertices in local 2-cuts with respect to the
size of a minimum vertex cover. Therefore, both Theorem IV.3.1 and
Theorem 1V.3.3 extend to the context of MiniMuM VERTEX COVER.

We conclude the “non-technical” part of the chapter with the follow-
ing result, which shows a different trade-off: linear approximation in
constant number of rounds.

Theorem IV.3.4. For every integer t > 2, there is a 3-round (2t —1)-
approximate deterministic LOCAL algorithm (resp. t-approximate) for
MiINiMuM DoMINATING SET (resp. MiNiMum VERTEX COVER) on
K i-minor-free graphs.

As outerplanar graphs are a subfamily of K, 3-minor-free graphs,
this result generalizes the 5-approximation algorithm of [BCGW21]
on outerplanar graphs in the case of the LOCAL model. The proof of
Theorem IV.3.4 can be found in Section IV.4.4.

IV.4  Proofs

IV.4.1  Proof of Lemma 1V.2.1: Bounding the Number of
Vertices in Local 1-cuts

We will need the following lemma for the rest of the proofs in this
section.

Lemma IV.4.1. Let G be a graph and let Ry, Ry, ..., Ry C V(G) subsets
of vertices such that all N[R;| are pairwise disjoint. Then

k
Y MDS(G,R;) < MDS(G).
i=0

Let us now prove Lemma IV.2.1.

We did not try to optimize the constants c;y»1(d) and mjy 21 (%).
Let f be the d-dimensional control function of the graph class. We
prove the lemma for cjy51(d) =3-(d+1) and my21(%¢) = f(5) + 2.
Without loss of generality, we can assume G is connected. We will first
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prove there are not too many 1-cuts in some S C V(G) compared to
MDS(N]S]).

Claim IV.4.2. Let Gbeagraphand S C V(G). Let C be the set of minimal
1-cuts of G. Then |[C N S| < 3-MDS(G, N[S]).

Let us prove this claim. Without loss of generality, we can assume G
is connected. Let C be the set of 1-cuts of G and B the set of maximal
2-connected components of G. Let T be the bipartite graph with vertex
set BU C and with edge set E(T) = {(b,c) € BxC | c € b}. Tis
sometimes called the block-cut tree of G and can be proven to be a
tree. Moreover, note that all leaves of T are in B. Let S C V(G), and
D C N2?[S] a dominating set of N[S]. We prove that |C N S| < 3|D|. If
CNS = g, we are done. Otherwise, root T at an arbitrary cut-vertex r.
We have the following:

Claim IV.4.3. Let ¢ € CNS. Then there exists b such that c € b € B
suchthatbN D # &.

This is because all vertices of C N S must be dominated by some vertex
of D. Therefore, either ¢ € D and then we are done as there exists some
b € B such that ¢ € b, or either there exists 2 € D N N|c]. This a must
be contained in some neighboring 2-connected component, therefore
there exists b € B such thata € b,i.e. bND # @.

In the following, we create a mapping from vertices of C \ D to D.
Consider ¢ € C\ D. There are 3 different cases.

e Either c has a child b € B withsomed € bN DN N(b), and in this
case, we map c to d.

e Or either ¢ has a descendant ¢’ € CN N(c¢) (at distance 2in T), and
the previous claim still applies to ¢’: ¢/ has a descendant b’ € Bin T
such that there exists d € d N D N N(c'). We map ¢ to d.

e Orchasnodescendantin CNNN(c). In this case, as ¢ cannot be a leaf
of T, there exists a child b € B of ¢, with the property that b\ C # @.
As D dominates N[S], b must contain a vertex d # ¢ of D. We map ¢
to b.

Therefore, we created a mapping from vertices of C \ D to vertices of D.
Furthermore, each vertex from D can appear at most twice in a preimage.
Indeed, for some d € D, only an ancestor in C at distance 1 or 3in T can
be mapped to it. In conclusion, |C| < |[CND|+|C\ D| < |D|+2|D| =
3|D].

We can now get a bound on the number of local 1-cuts.

Claim IV.4.4. Let G be a graph of asymptotic dimension d with control
function f. Then, the number of (f(5) + 2)-local 1-cuts is bounded by
3(d+1)-MDS(G).
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This will directly imply the statement of the lemma. Let r a positive
integer and C be the set of (f(5) 4 2)-local cuts of G. Fix B C V(G) such
that G[B] has weak diameter f(5). We claim the following:

Claim IV.4.5. Every (f(5) + 2)-local 1-cut of G that is in B is also a 1-cut
of G[N?[B]].

Proof of claim. Indeed, let v € B be a (f(5) + 2)-local 1-cut of G and
a,b € N(v) separated by v, i.e. every ab-path of G of Nf®)*2[v] contains
v. Notice that N?[B] C Nf®)*2[v] because B has weak diameter at most
f(5). a and b are separated by v in G[N?[B]], because a,b € N?[B]
and because no ab-path in N[B] \ {v} exists. Therefore, Claim IV.4.5 is
proven. %

Using this fact and with the help of Claim IV.4.2, we can bound
the number of 1-cuts of G[N?[B]] in B by 3 - MDS(G[N?[B]], N[B]) <
3-MDS(G, N[B]). By the definition of the asymptotic dimension, there
isa cover By, By, . . ., B; of G where the 5-components (connected compo-
nents in G°) of a B; have weak diameter at most f(5). Note that each B;
contains distinct 5-components which are of distance at least 6 from each
other. With an abuse of notation, when we write B € B; we mean that B
is a 5-component of B;. That is, we treat B; as the set of its 5-components.
As By, By, ..., By is a cover of V(G) by subsets of diameter at most f(5),
we can bound the number of (f(5) + 2)-local 1-cuts of G by summing
the number of 1-cuts of all the G[N?|B;]]’s. We get

d
ICl < ). ) 3-MDS(G,NI[B]).
i=0 BEB;

Notice that because the B;’s are partitioned into their 5-components, all
elements of {N?[B] | B is a 5-component of B;} are pairwise disjoint.
Therefore, by Lemma IV.4.1, we get

d
IC] < ) 3-MDS(G) =3(d+1)-MDS(G) .
i=0
This finishes the proof of Lemma IV.2.1.

IV.4.2  Proof of Lemma IV.2.2: Bounding the Number of
Interesting Vertices

When discussing global 2-cuts and not local ones, we say v is interesting
if there exists a 2-cut ¢ = {u, v} such that:

e N[v] £ N[u] and

e at least two connected components of G — ¢ contain each a vertex
non-adjacent to u.

Moreover, v is called a friend of u, and a 2-cut {u, v} where u is interesting
and vis a friend of u is called interesting. If u only has the second property,
it is called almost-interesting.
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Two 2-cuts c1, ¢, of G are said to be crossing if the two following
conditions are satisfied:

e the two vertices of ¢; are in different components of G — ¢, and
e the two vertices of c; are in different components of G — ¢;.

Before bounding the number of interesting vertices in local 2-cuts, we
first need to arrange the interesting cuts in a tree-like fashion, i.e. we
want to build a bounded number of families of 2-cuts such that each
member of the family contains interesting 2-cuts that are all pairwise
non-crossing, and such that each interesting vertex appears in one family
member, along with one of its friends.

One can easily see that a family of size 2 does not suffice by considering
Ces. If we want to only take interesting cuts in this graph, we need to
take the 3 opposing cuts. In more detail, if the vertices {a,b,c,d,e, f} of
Cs appear in clockwise order 4, b, ¢, d, e and f, then we need to take the
interesting cuts {a,d}, {b,e} and {c, f}.

To create our new 2-cut forest for interesting vertices, we need to
introduce SPQR trees.

SPQOR Trees. An SPQOR tree is a tree data structure that represents the
decomposition of a 2-connected graph into its 3-connected components.
The construction of an SPQR tree can be accomplished in linear time
and SPQOR are known to have applications in dynamic graph algorithms
and graph drawing.

An SPQR tree T is an unrooted tree where each node y corresponds
to an undirected skeleton graph G, that can be one of the following four

types.

e S-node: Guisa cycle containing three or more vertices. This repre-
sents series composition in series-parallel graphs.

e P-node: G, corresponds to a dipole graph, a multigraph with two
vertices and three or more edges, analogous to parallel composition.

e Q-node: G, corresponds to a dipole connected by two parallel edges:
one real and one virtual. This serves as a trivial case for graphs with
two parallel edges. We will not consider these types of nodes.

e R-node: G, is a 3-connected graph that is neither a cycle nor a dipole.

Edges xy between nodes in the SPQR tree are associated with two
directed virtual edges, one from G, and the other from G,. Each edge
in Gy can be a virtual edge for at most one edge in the SPOR tree.

The SPOR tree represents a 2-connected graph Gr, constructed as
follows. Start from the disjoint union of the graphs Gy. If xy € E(T)
is associated with the virtual edge ab € E(Gy), and with the virtual
edge cd € E(Gy), then identify a with c and b with d, and delete the
two virtual edges. Notably, no two adjacent S or P nodes are allowed,
ensuring the uniqueness of the SPQR tree representation for a graph G.
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When such conditions are met, the graphs G, associated with the nodes
of the SPQR tree are the triconnected components of G.

Proposition IV.4.6 (folklore). Let T be an SPQR tree of a graph G
(without Q nodes) and let {u, v} be a 2-cut of G. Then one of the following
holds:

e 1u,v are two endpoints of a virtual edge of an R-node, or
e 1, v are the two vertices of a P-node that has at least two virtual edges, or
e 1, v are two endpoints of a virtual edge of a C-node, or

e u, v are two non-adjacent vertices of a C-node.

We can now build our tree-like structure for interesting vertices.

Interesting 2-cuts Forests. An interesting 2-cut forest F = (Ty, To, T3) of G
consists of three trees T;, T> and T3 whose vertices contain subsets of
V(G). Like SPQR trees, T; contains nodes that are induced subgraphs
with some virtual edges added. Every T; has nodes can be of three types:
A-nodes, for 1-cuts, C-nodes, for interesting 2-cuts, and R-nodes for the
rest. T, has still C-nodes and R-nodes.

If G has no 1-cut or interesting 2-cut, T; consists of a single R-node
n=G.

If G has a 1-cut v, we construct T; inductively. First, we add an A-node
u to T;. The graph associated to u consists of the vertex v. Secondly,
let C1,Cy, . .., Ci be the connected components of G — v. Let G; be the
graph G[C; U {v}]. Build a corresponding 2-cut tree Tg, for the graph
Gj. Let p; be the (unique) node in T, that contains v. We can now
construct T; by taking the union of all TG]. ’s and connecting all y;’s to p.

Now, let us handle the case of interesting 2-cuts. We do this by going
through an SPQR tree T of G and building sets of 2-cuts P;, P, and Ps
with the following properties:

e for every globally almost-interesting vertex u of G, there exist some i
and some friend v of u such that {u,v} € P;, and

e for every i, the 2-cuts in P; are pairwise non-crossing.

The second property allows us to transform P; into a 2-cut tree T;, as
follows. First, take some arbitrary ¢ € P;and a C-node y to T;. The graph
associated to y consists of vertices of c = {u, v} and a real (respectively
virtual) edge uv if uv is a real (resp. virtual) edge of G. Secondly, let
C1,Cy, ..., Cx be the connected components of G —c. Let G; be the
graph G[C; U c] to which we add a real edge uv if uv ¢ G[C; U c|. Build
a corresponding interesting 2-cut tree Tg, for the graph G;. Let y; be
the (unique) node in Tg; where uv is real. We can now construct T; by
taking the union of all T¢;’s, making uv virtual in all j¢;s, and connecting
all pj’s to p.
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We first build the sets P, P, and P;. Then, we prove the two wanted
properties in Proposition IV.4.7.
Add the vertices u and v to P; if:

e u,v are two endpoints of a virtual edge of an R-node of T, or if

e 1,0 are the two vertices of a P-node of T that has at least two virtual
edges.

Let us now handle the case of C-nodes. Let i be a C node of the T. If
i contains more than 6 nodes. Let vy, vy, ..., vx_1 be the nodes of y in
the order of the cycle. First, put all {u, v} in P; if uv is a virtual edge.
Secondly, we add some 2-cuts to the P;’s depending on the values of k:

1. If k > 8 and k is even: add to P; the 2-cuts {vg, vx_3}, {v1, vk 4},
.., and {0(x/2)_3,0k/2}, and to P, the 2-cuts {v(/2)_p, vx-1} and
{0(k/2)-1, Vk—2}-

2. If k > 8 and k is odd: add to P; the 2-cuts {vo, vx_3}, {v1,vk_4},
o A0((k-1)/2) -3/ O (k1) /2 and {0 (k1) /2) -3, 0(k—1)/2}- Add to P, the
2-cuts {v((x1)/2)-2, Ok—1} and {v(x_1)/2)-1, Vk-2}-

3. If k = 7, add to P; the 2-cut {vp,v3} and {vy,v4}, to P, the 2-cut
{v1,v5} and to P5 the 2-cut {v;, v4 }.

4. If k = 6, add to P; the 2-cut {vy, v3}, to P, the 2-cut {v1,v4} and to P;
the 2-cut {v, v5}.

5. If k < 5but G # Cy, suppose without loss of generality that the edge
vpv; is virtual. Moreover, suppose that it is the only virtual edge of
the C-node. If k = 5, add to P; the 2-cut {vp, v2} and to P, the 2-cut

{01,04}.

6. If k < 5but G # C; and the edges vyv; and vyvy_1 are virtual: add
to Py all the 2-cuts {vg,v;} fori = 2,3,...,k — 2. Moreover, if k = 5,
add to P, the 2-cut {v1, v _1}.

7. If k < 5but G # Cy and there exists i € {2,3,...,k — 2} such that
the edges vgv; and v;v; 1 are virtual: add to Py all the 2-cuts {vo, v;}
forj=2,3,...,i,and add to P, all the 2-cuts {vy,v;} for j =i+ 1,i+
2,...,k—1.

Proposition IV.4.7. Let Py, P, and Ps be built as described above. Then
the two following properties are satisfied:

o for every globally interesting vertex u of G, there exist some i and some
friend v of u such that {u,v} € P;, and

e for every i, the 2-cuts in P; are pairwise non-crossing.

Proof. One can easily see that 2-cuts of P; in the same C-node are taken
in such a way that they do not cross. This also applies 2-cuts inside
the same nodes inside the same P or R-node. Moreover, 2-cuts inside
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the different nodes of the SPQR tree cannot cross by Proposition IV.4.6.
Therefore, the second property is proven.

We will show that every globally interesting vertex u of G appears in
some P; with one of its friends. As we take all 2-cuts in R-nodes and
P-nodes, then by Proposition IV.4.6 the only case where we could have
not taken an interesting vertex with its friend is inside a C-node. We
prove that is however not the case. Let us consider a C-node y with k
vertices. We go through all the possible cases.

e If k > 8 and k is even: one can verify that all 2-cuts chosen are
interesting, and that every vertex of the cycle is in one of the chosen
cycles. Therefore, we are done with this case.

e The same applies if k > 8 and k is odd, or if k = 7, 6, by checking each
case.

o If G = C; with k <5, there are no interesting vertices.

o If k <5but G # Cy, and the only virtual edge of y is vgv;. Consider
the node connected to y by this virtual edge. If it is not a P-node,
name this node p’. If it is a P-node, let 3’ be one of its neighbor
different from y (it exists as every P-node has degree at least 2 in
T). Let us handle the case k = 5 first. Notice that by definition,
V(u')\ V(u) # @. Let us prove that 2-cuts {vg, v2} and {vy,v4} are
interesting. First, their one component in y is not fully dominated by
either of the vertices of the cuts. Moreover, in each of the two 2-cuts,
one of the vertices is not connected to any vertex of V(') \ V(u).
Finally, N[v1] € N[va], N[vg] € N[v;], and inversely. Therefore, the
2-cuts {vg, v2} and {v1,v4} are indeed interesting. The only vertex
that needs checking is now v3. We claim that v3 is not interesting.
Indeed, any 2-cut in y containing v3 is not interesting. Moreover, v3
cannot have a friend outside of V (u) by Proposition IV.4.6. Therefore,
v3 is not interesting. All interesting vertices are now taken in some
P;, and all chosen 2-cuts in y are chosen. We are done with this case.
If k = 4 (resp. k = 3) then for similar reasons, vertices v, and v3
(resp. v2) are not interesting. In both cases, all possibly interesting
vertices are taken in the 2-cut {vp, v1} (taken because the edge vov;
is virtual). All other 2-cuts in y containing either vy or v; are not
interesting. Therefore, we are done with this case.

o If k < 5but G # Cy, and the edges vpv; and vovi_; are virtual.
Consider the node connected to u by the virtual edge vov;. If it is
not a P-node, name this node . If it is a P-node, let i} be one of
its neighbor different from yu (it exists as every P-node has degree
at least 2 in T). Define similarly the node i for the virtual edge
vovk—1. Let vl € V(u))\ V(u). Fori = 2,3,...,k — 2, the 2-cuts
{vo,v;} are interesting because v; is not adjacent to v} nor v}, and
N[vg] € NJvi], and inversely. If k = 5, the 2-cut {v1, vx_1} is inter-
esting because v1v, ¢ E(G), v1v3 ¢ E(G) and N{vi_1] € N[v1], and
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N[v1] € N[vk_1]. If k = 5, all vertices are taken in interesting 2-cuts.
If k = 4, vgp and v; are taken in interesting 2-cuts. All other 2-cuts
contained only in y containing either vg or v; are not interesting. The
2-cuts {vp, v1} and {vy, v3} are taken anyway, so if they are interest-
ing, we took them in P;. Otherwise, it does not matter: if there is an
interesting 2-cut containing v; or v3, it will be taken in another node.
The case k = 3 is similar.

o If k < 5butG # Cy and there exists i € {2,3,...,k — 2} such that
the edges vyv; and v;v;44 are virtual. Without loss of generality, we
can consider that i =2 and k € {4,5}. Consider the node connected
to i by the virtual edge vov;. If it is not a P-node, name this node
y. If itis a P-node, let 3| be one of its neighbor different from p (it
exists as every P-node has degree at least 2 in T)). Define similarly
the node y, for the virtual edge v;v;11. Let v} € V(ul) \ V(u). If
k = 5, for similar reasons as in the last case, because of the existence
of v} and v, the cuts {vg,v2}, {v1,v3} and {v1,v4} are interesting.
Therefore, if k = 5, all vertices are taken in interesting 2-cuts, and we
are done. If k = 4, the 2-cut {vy, v2} (resp. {v1,v3}) is interesting if
and only if N[vg] € N[vz] or N[vp] € Nvg] (resp. N[v1] € N[vs] or
N[vs] € N[v1]). If they are interesting, we took them, otherwise it
does not matter: we have taken all possibly interesting 2-cuts. We are
done with this case.

Therefore, the first property is proved. O

We say that T; displays the vertices u and v through the node u. A
vertex that is part of an interesting minimal 2-cut but that is not displayed
by T is called hidden. F displays u if at least one of the T;’s displays u.

Corollary IV.4.8. Let G be a 2-connected graph, S C V(G) and k be a
constant depending on the graph. Suppose that for any interesting 2-cut
tree, the number of vertices u € S that appear with some friend v such that
{u, v} is an interesting cut displayed by T is bounded by k. Then if C is
the set of interesting vertices in 2-cuts, |C N S| < 3k.

Bounding the Number of Interesting Vertices. Wenow can prove LemmaIV.2.2.
We did not try to optimize the constants cjy 22 (d) and my22(%). Let f

be the d-dimensional control function of the graph class. We prove the
lemma for CIV‘2.2(d) =22 (d + 1) and mIV.Z.Z(d) = f(ll) + 4.

Without loss of generality, one can assume that the graph is 2-connected.
Indeed, if it is not, one can split G into 2-connected component and do
the analysis on those components. Let T be a 2-cut tree of G, rooted
at an arbitrary C node, D be a dominating set of N*[S] in G using ver-
tices in N°[S]. Let I be the set of interesting vertices displayed in T and
I' = INS. We prove this claim first.

Claim IV.4.9. |I'| < 6-MDS(G, N*[9]).
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Let u ¢ D be an interesting vertex displayed in T and v be a friend
of u, i.e. a vertex such that c = {u, v} is a 2-cut with two components
of G — ¢ not dominated entirely by v, and with N[u] Z N[v]. We first
prove the following claim:

Claim IV.4.10. There exists d € D such that dg(u,d) < 5and d is lower
in T than u. Moreover, the interesting-ness of a vertex is certified by vertices
at distance at most 4.

Proof of claim. Let u anode of T below c that is contained in a component
C of G — ¢ not fully dominated by v. Let w € C a vertex that is not
dominated by v and that minimizes dg (1, w). w will be our witness
of interesting-ness of one of the components. If one wishes to get the
witness of another component C’, one can apply the same technique on
w' € C, avertex not dominated by v that minimizes dg (u, w’). Note that
w is well-defined by definition of C. Let us first prove that dg (1, w) < 4.
Note that w € C and therefore w is lower in T than u. If there exists
some x € (N(u)\ N(v)) NC, one can take w = x and then d¢ (1, w) = 1.
Otherwise, take y € N(w) such thatdg(u,y) < dg(u, w). By minimality
of d(u,w),y € N(v). Take x € (N(1) " N(v)) N C. Such an x always
exists, because ¢ is a minimal 2-cut (i.e. N(#) N C # @). The path wyvxu
exists, therefore d(u, w) < 4. One can choose a dominating vertex of D
adjacenttow if w ¢ D, ord = wif w € D. By the triangle inequality,
d(u,v) < 5,and Claim IV.4.10 is proven. <o

Letg : I'\ D — D a function that we define later as our charging
function. Let 4 € D be a vertex of a node lower than u in T and such
that d(u,d) < 5, chosen to be one of the highest in T among all possible
candidates. Note that d is well-defined by Claim IV.4.10. We set q(u) :=
d and say that u charges d. Now, we bound the size of the preimages of g.

Forafixedd € q(I'NS), choose u € g~ ({d}) highest in T. Again, by
Proposition IV.4.7 there exists v a friend of u displayed in the same node
as u. v can be chosen highest-in-T among all the possible candidates.
Let p, := {u,v} and py be the highest-in-T R-node that contains d.
Notice that even though d may appear lower in T than p, there cannot
be any interesting vertex charging d lower than y, as this would mean
some interesting vertex charges a vertex higher than itself, which is not
possible. Let y’ the lowest-in-T C-node that is higher than ;. Let F be
the set of C-nodes of T that are between y, and y’ (both non-included),
that form interesting 2-cuts, and such that one of the interesting vertices
in the cutis in S\ {u}. There are two possible cases.

e Either there exists some ¢ € F such thatcNN[v] =cnNy’ = @. In
this case, let w be the interesting vertex of c. We get a contradiction
because w cannot be dominated by v nor a vertex below it, as d is
lower than /.

e Therefore, all ¢ € F either contain some w € p’ or contain a vertex
dominated by v. Notice that if w exists, it is unique for all ¢ € F.
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Therefore, F is partitioned in two sets: F, the set of c € F that contain
w, and Fj, the set of ¢ € F \ F, that contain some vertex dominated
by v. Furthermore, all the ¢ € F; appear higher in the tree than the
¢ € F,. We claim that g~ ({d}) C p, U’ U i, for some p. € FU{2}.
Let us first prove that then all ¢ € F; but one 2-cut contain v. Let
1. be the highest C-node of F; that does not contain v, if it exists. If
it does not exist, set j, = @. Suppose there exists a ¢’ € F; strictly
below p.. All vertices of ¢’ cannot be dominated by v. We are not in
the first case, therefore ¢’ must contain some vertex of i/, i.e. ¢ € F,.
Letc € Fy \ {pc} if pc exists, else let c € Fy. Let x € g1 ({d}) be an
interesting vertex in ¢ different from u. x and its neighbors can only be
dominated by v, therefore N[x] C N[v] and x cannot be interesting,
i.e. x does not exist. Similarly, let c € F, and let x € g '({d}) be
an interesting vertex in c that is not in u. U p/, if it exists. x and its
neighbors can only be dominated by w, therefore N[x] C N[w] and x
cannot be interesting, i.e. x does not exist.

We therefore get that |71 ({d})| < 6 - MDS(G, N*[S]). This proves
Claim IV.4.9. Moreover, by Corollary IV.4.8, we get the following claim.

Claim IV.4.11. The number of interesting vertices of G in S is at most
19 - MDS(G, N*[S]).

We can now get a bound on the number of interesting vertices in local
2-cuts.

Claim IV.4.12. Let G be a graph of asymptotic dimension d with control
function f. Then, the number of (f(11) 4 5)-local interesting vertices is
bounded by 22(d + 1) - MDS(G).

This will directly imply the statement of the lemma. Fix B C V(G)
such that G[B] has diameter f(11). We claim the following:

Claim IV.4.13. Every vertex in a (f(11) + 5)-local 2-cut of G that is in
B is also in a 1-cut or a 2-cut of G[N°[B]].

Proof of claim. Indeed, let v € B such that ¢ = {u,v} isa (f(11) +5)-
local 2-cut of G. Let a,b € N(v) \ ¢ two distinct vertices separated by v,
i.e. there are not two internally-disjoint ab-paths in G[Nf(D+5[¢]] — c.
Notice that N[B] € N/(1)+5[¢] because B has weak diameter at most
f(11). ab are separated by c in G[N|B]], because a,b € N[B] and because
no two disjoint ab-paths in N[B] C c exist. Therefore, Claim IV.4.13 is
proven. &

Every interesting vertex of B is either a 1-cut of G[N®[B]] or in a 2-cut
of G[N°[B]] and interesting in G[N°[B]]. Indeed, by Claim IV.4.10, the
interesting-ness of a vertex is certified by a vertex at distance at most 4.

By Claim IV.4.2, we can bound the number of vertices in 1-cuts of
G[N°[B]] in B by 3MVC(G[N®[B]], N[B]) < 3MVC(G, N[B]), and by
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Claim IV.4.11, we can bound the number of interesting vertices of 2-cuts
of G[N°[B]] in B by 19MVC(G[N°[B]], N*[B]) < 19MVC(G, N*[B]).

By the definition of the asymptotic dimension, there exists a cover
Bo, By, ..., Bj of G where the 11-components (connected components of
G'1) of B; have weak diameter at most f(11). Note that each B; contains
distinct 11-components which are of distance at least 12 from each other.
With an abuse of notation, when we write B € B; we mean that B is a
11-component of B;. That is, we treat B; as the set of its 11-components.
As By, By, ..., Bjis a cover of V(G) by subsets of diameter at most f(11),
we can bound the number of (f(11) + 5)-local 2-cuts of G by summing
the number of 2-cuts of all the G[N*[B;]]’s. Let I be the set of interesting
vertices in (f(11) + 5)-local 2-cuts of G. We get

11| < Zd; Y~ (3-MDS(G, N[B]) + 19 - MDS(G, N*[B])) .
i=0 BEB;

Notice that because the B;’s are partitioned into their 11-components, all
elements of {N°[B] | B is a 11-component of B;} are pairwise disjoint.
Therefore, by Lemma IV.4.1, we get

d
11| < ) 22-MDS(G) =22(d + 1) - MDS(G) .
i=0

This finishes the proof of Lemma IV.2.2.

IV.4.3  Proof of Lemma 1V.3.2: Brute-forcing is fast
enough

To prove this, we need a few results from [Din17].

The structure of 3-connected Ky ;-minor-free graphs. Let us give a quick
overview of their result. The author defines two types of graphs. The
tirst type is a generalization of outerplanar graphs. Let G be a graph
with a specified Hamiltonian cycle C, which is called the reference cycle.
Edges of G that are not part of C are called chords. Two non-incident
chords ab and cd are said to cross if the vertices a, ¢, b, d appear in that
order around C. G is said to be of type-1 if each chord crosses at most
one other chord. Additionally, if two chords ab and cd do cross, then
either both ac and bd are edges of C, or both ad and bc are edges of C.
The class of all type-I graphs is denoted by P.

Let H be a type-I graph with reference cycle C, and let ab and cd be
two distinct edges of C. Assume all chords of C lie between the two
paths of C\ {ab, cd}. If ab and cd share an endpoint, say a = d, then H is
called a fan with corners a, b, c. The vertex a is called the center of the fan,
and the number of chords is called the fan’s length. If ab and cd have no
shared endpoints, then for any subset F C {ab,cd}, H \ F is called a strip
with corners 4, b, ¢, d, provided the minimum degree of H \ F is at least
two. The radius of a strip H as max{dy(h,y) | h € H,x € {a,b,c,d}}.
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Strips are proven to be Kj 5-minor-free in [Din17], and it is not hard to
see that if the radius of a strip is large, then its corners form local cuts.

Let G be a graph. Adding a fan or a strip to G means identifying
the corners of a fan or a strip (which is disjoint from G) with distinct
vertices of G. An augmentation of G is obtained by adding disjoint fans
and strips to G, with the condition that if two corners are identified with
the same vertex of G, then one of them is the center of a fan, and the
other is either a center of a fan or a corner of a strip. For any integer m,
B is defined as the class of graphs on at most m vertices, and A, is the
class of all augmentations of graphs in %,,.

Proposition IV.4.14 (Corollary 1.6 of [Din17]). Let t be an integer and
%t be the class of Ky -minor-free graphs. Then there exists some my 414 (t)
such that €; C Am(t)-

Embedding components into a 3-connected graph. In the following, we
prove Lemma IV.3.2.

Already, note that our algorithm takes all 1-cuts. We can therefore as-
sume that the rest of the graph that remains to be solved is 2-connected:
if C; is the set of all 1-cuts of G, let V1, V,,..., Vi be the different con-
nected components of G — C;. Consider for every i € {1,2,...,k},
G; := G[V; UN[V;] N (] and do the analysis on this graph. If there
exists a constant approximation algorithm for 2-connected graphs, then
there exists a constant approximation algorithm for 1-connected graphs.
We want to do a similar reasoning for 2-cuts. However, our algorithm
does not take all 2-cuts, but only interesting vertices of these 2-cuts.

In G, let X be the set of m y 3, (t)-local 1-cuts, X be the set of vertices
inside an m;y 2, (%;)-local 2-cuts, I the set of myy 2 (%;)-important Cy
the set of 1-cuts, and C; the set of 2-cuts. Finally, let Y = X U and U
be the set of vertices in {u € N[Y] | N[u] C N[Y]} the set of vertices
dominated by Y that do not have neighbors not dominated by Y.

Let C be a connected component of G — (Y U U). We want to embed
G[C] into a 3-connected graph G’ without creating any K, minor in G'.
Let G; = G[CU (N[C]NY)]. We add the edges {u, v} that are formed
by contracting the connected components of G — G;. We claim that G,
is 3-connected. Let c be a 1-cut or 2-cut of Gy, separating it into at least
two connected components A and B. It cannot be thatc C YU U, as Cis
connected and would not intersect c. Therefore, ¢ is not a 1-cut of G, nor
an interesting cut. If it is not a 2-cut, there exists an AB-path in G that
does not intersect ¢, and this path would still exist after the contraction of
the definition of Gy, contradiction. If ¢ is a 2-cut of G, one of the vertices
v of c = {u,v} is not interesting. There are two possibilities: either
N[v] € NJu], or all connected components of G — ¢ but one (assuming
G is connected) are dominated entirely by u. In the first scenario, there
are two subcases. If u € Y, thenv € U and ¢ C Y U U, contradiction.
Otherwise, u ¢ Y. Note that N[u] ¢ N[v] as u and v would be true
twins. v has to dominate all but one component of G — c. Then this also
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applies for u, and we enter the second scenario. In the second scenario,
delete all vertices that are in connected components of G — ¢ that are
dominated entirely by u, and add the edge uv if it does not exist. Again,
this creates a graph with diameter at least one less, and this does not
create any new 2-cuts. The resulting graph G’ is 3-connected, as all
2-cuts from G’ have been handled.

Bounding the diameter of components. By Proposition IV.4.14, there exists
some 1y 414(t) such that G’ is an augmentation of some graph G’ of
bounded size, to which strips and fans are added. We would like to say
that G’ has bounded radius. G’ and the attached fans have bounded
radius, and we only have to bound the size of the strips of G’. Note that
if some strip has radius at least 3my 2,(%}), its corners in G’ form two
myy2.2(%;)-local 2-cuts ¢y and ¢ in G'. Those cuts are also mjy 22 (%;)-
local 2-cuts in G, because G’ is an induced minor of G: suppose that
c is a local cut in G’ but not in G. There would be a short path in G
between two different connected components of G’ — c¢. However, as G’
is an induced minor of G, the path still exists and can only be shorter.
Furthermore, c¢; and c; are both in Y U U. Suppose they are not. Let
c1 = {u,v}. As the strip has a long radius, it cannot be that N[u] C N|[v]
or that N[v] C N[u]. Without loss of generality, # dominates all but one
connected component of G — c. This means that u is connected to some
vertex on the other end of its own strip, which is impossible. Finally, G’
cannot include strips of radius at least 3my ,,(%;). Therefore, G’ has
radius bounded by 3my22(%;) + myy 414(t), C also has radius bounded

by mpv32(t) = 3my22(6:) + mpya14(t) +3.

IV.4.4  Proof of Theorem 1V.3.4: A linear approximation
in constant rounds

The goal of this subsection is to build a simple (2t — 1)-approximation
algorithm that has constant round complexity (that does not depend
on t) in Kj ;-minor-free graphs.

We need the following result from Ore.

LemmaIV.4.15 ([Ore62]). Every n-vertex graph without isolated vertices
(a vertex with no adjacent edges) has a dominating set of size at most 7.

When some graph G is considered, y(v) will denote the minimum
number of vertices different from v needed to dominate N[v]. We will
also denote the set of vertices whose neighborhood cannot be dominated
by less than two vertices (other than the original vertex) by D,(G) =
o eV(G) 1) > 2},

Lemma IV.4.16. Let G agraph, S C V beaset of vertices,and D C N?[S]
a minimum dominating set of N[S] in G of size k. Then there exists some
minor H of GIN?[S]] such the following hold:
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1. V(H) = AUBand |B| =k,

2. H[A] is edgeless and dpy(a) > 2 forall a € A (dy(v) is the degree of v
in H),

3. and |A| > 1|(D2n S)\ D|.

Proof. Let G' = G[N?[S]]. Let us start by constructing a minor as in
Lemma 1 of [KSV21]. Take D a dominating set of size k, and write
D = {dy,d>,...,dy}. Define H as the minor of G’ by contracting the
branch sets b; defined as follows.

b = N[di]\ (D2\ DUJN[d] U {disr,..., di})
j<i
Let B = {by,by,...,by}and A = (D, NS)\ D. Foranyv € (D,NS)\ D,
we have dy(v) > 2, as D is a dominating set of N[S]. Here we need
an additional trick: we remove edges uv in triangles of the form u, v, d
where u,v € (D,NS)\ D and d € D. This is always possible while
keeping dy(v) > 2 forany v € (D, N S) \ D. Indeed, D is a dominating
set of G and 7(v) > 2. Since y(v) > 2, there exist two paths in G of
length at most 2 from v to distinct vertices of D. Moreover, these two
paths only intersect at v. One can check that these paths also exist in H.
We now want to contract some edges so that every non-contracted vertex
leftin (D, N S) \ D is adjacent to two vertices of B in H. Consider the
induced subgraph H[(D, N S) \ D]. Let I be its set of isolated vertices
and ] = (DN S) \ (D UI) the rest of the vertices. Every vertex of I is
adjacent to two vertices of B in H. However, it is not the case for vertices
in J. By definition, H[]] is a graph with no isolated vertices. Let D’ be
a minimum dominating set of H[]], which is of size at most § - |J| by
Lemma IV.4.15. Every vertex j € [ is adjacent to some by, (because D isa
dominating set). Contract the edges jby; for j € D’,ie. foreveryj€ D/,
add the vertex j to the branch set by; and remove j from A. Because D’
is a dominating set of ], every vertex in | \ D’ is now adjacent to two
vertices of B in H. Moreover, because |D'| < - |J| < 1-[(D2nS)\ D,
we have |[A| > 1-|(D,NS) \ D|. Delete all the edges from H[A]. This
ends the proof. O

Using the same notation as in the above lemma, the next lemma
bounds the size of A with respect to |B| on K;;-minor-free graphs.

Lemma IV.4.17. Let G = (A U B, E) a Ky ;-minor-free graph such that
G[A] is edgeless and every vertex v € A has degree at least 2. Then
Al < (¢ =1)[B].

Proof. First, apply some preprocessing to the graph: if there exists some
a € Aand b,V € N(a) such that b and b’ are not connected in G|[B],
then we can contract the edge ab, and from now on consider the newly
contracted graph instead of G. This creates a new “red” edge bl'. Put it
in R, the set of red edges. Thinking about red edges as paths of length 2
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allows us to do a fine-grain analysis of the size of | A|. Keep repeating
this step whenever some such a exists, and let G’ = (A’ U B, E’) be the
final graph obtained after this procedure.

a

O
/ \ S—
cp) OO b b’

b b’

We prove by induction on |B| that |A’| + |R| < (¢t —1)|B.

The base case with B = & is trivial. If B is not empty, let C be a
connected component of G'[B]. We can find some ¢ € C such that
G'[C\ {c}] is connected (for instance, one can take a leaf in a BFS tree
of G'[C\ {c}]). Let R(c) := {cb € E’' | b € V(B)} N R denote the set

of red edges that touch ¢, i.e. the red edges that are not in G’[B \ {c}].

Leta € N(c)NA"and b € N(a) \ {c}. Thenb € C, i.e. bis in the same
connected component of G'[B] as c.

N(c)N A’
aq as

Q (@)

Thus, we have the bound |N(c) N A’| 4+ |R(c)| < t — 1, as otherwise

we would obtain a Ky ; minor by contracting the vertex set C \ {c} # .

Remove the vertex ¢ from B and the vertices N(c) N A" from A’, to
maintain the condition on the vertex degrees of A’. Notice that for each

ae€ A'\N(c),if b,b’ € N(a) then b and b’ are still connected in G'[B].

Indeed, if they were connected before but not anymore, we would have
b, € C,butas C\ {c} is connected, we would get a contradiction. This

new smaller graph contains all the red edges except the ones in R(c).

We have removed at most t — 1 vertices from A’ or edges from R, so

by applying induction hypothesis we have that |A’| + |R| < (t —1)|B].

Finally, |A| = |A/| + |R| < (t — 1)|B]. O
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Figure IV.1: An explanation of the
preprocessing procedure. Here
the dashed squiggly edge repre-
sents the lack of path in G[B].

Figure IV.2: The vertices at the top
are in A’ and the vertices on bot-
tom are in B. In the yellow re-
gion, the neighbors a; of ¢ in A,
which are all connected to a vertex
b; € C\ {c} in the red region. ¢
and the b; are all in the same con-
nected component of G[B].
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Moreover, we prove that in a graph with no true twins, D, is a domi-
nating set.

Lemma IV.4.18. Let G be a graph with no true twins and let v € V(G)
such that «y(v) = 1. Then there exists some u € V(G) such that y(u) > 2
and N[v] C NJu].

Proof. Letv € V(G) such that y(v) = 1. Therefore, there exists some u
such that N[v] € N[u| because G contains no true twins. Take u such
that N[u] is maximal. Then (u) > 2. Indeed, if we had y(u) = 1, there
would be some other vertex u” such that N[u] C N[u'], because G does
not contain true twins. Contradiction. O

Using the preceding lemmas, we get the following.

Corollary IV.4.19. Let G be a graph, and S C V(G) a subset of
vertices such that G[N?[S]] is Ko -minor free. Then |D2(G) N S| <
(2t — 1) MDS(N[S]).

Proof. Let H be the minor defined in Lemma IV.4.16. Apply LemmaIV.4.17
on H. We getthat |D,(G) \ D| < 2|A] < 2(t—1) MDS(G), s0 |D2(G)| <
MDS(G) + |D2(G) \ D| < (2t — 1) MDS(G). O

We can now prove that the following is a (2t — 1)-approximation
algorithm in Kj ;-minor-free graphs.

1. Make the graph without true twins. u and v are true twins in G if
N[u] = N[v]. The true-twin-less graph associated to G is the largest
subgraph of G with no true twins.

2. Returntheset D, = {v € V(G) | Au € V(G —v),N[v] C N[u]}. Itis
the set of all vertices whose neighborhood cannot be dominated by a
single vertex other than itself.

The round complexity of this algorithm is constant, and does not depend
on t. Moreover, from Corollary IV.4.19 and the fact that the true-twin-
less graph associated to G has the same domination number as G, we
get that this is indeed a (2t — 1)-approximation algorithm. This proves
Theorem IV.3.4.
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Chapter V.

Lower bound and a conjecture

ABSTRACT

We conjecture that by allowing the number of rounds to be an arbitrary
function of H, we can obtain an approximation ratio within constant
factor of the pathwidth of H. We provide a matching lower bound that
guarantees that it would be optimal if true.
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V.1 Introduction

V.1 Introduction

In Chapter IV, we proved the following theorem.

Theorem IV.3.1. For every integer t > 2, Algorithm 5 is an O¢(1)-round
50-approximate deterministic LOCAL algorithm for MINIMumM DOMINAT-
ING SET on Ky ;-minor-free graphs.

One obvious question that comes to mind is: if we replace K, in the
statement of Theorem IV.3.1 by K;; (for some small s < t), what would
be the right approximation factor with respect to s, if it is even bounded
independently of t? We first prove a lower bound on the approximation
factor for such an algorithm. More specifically, it has to be at least a linear
function of s. Interestingly, the approximation factor lower-bound only
depends on the pathwidth of the forbidden minor H, which measures
how much H resembles a path. The pathwidth of H, denoted as pw(H),
is the smallest integer p such that H is a subgraph of some interval
graph with maximum clique size p + 1. For a more formal definition
and in-depth introduction to pathwidth, see Section VI.1.

Theorem V.1.1. For every graph H and every € > 0, there is no Op(1)-
round (2 - pw(H) — 1 — €)-approximation deterministic LOCAL algorithm
for MINIMumM DOMINATING SET on H-minor-free graphs.

Note that all the algorithms are deterministic, since in general constant-
round randomized LOCAL algorithms are not possible if high probability
guarantee is required. Our lower bound applies also to deterministic
LOCAL algorithms.

Noticing that K;; has pathwidth s, Theorem V.1.1 shows that one can-
not hope for an o(s)-approximation on K; ;-minor-free graphs. Together
with Theorem IV.3.1, the lower bound inspires the following conjecture,
which would provide a deeper truth behind the behavior of MDS in
H-minor-free graphs.

Conjecture V.1.2. For every graph H, there is an O(pw(H))-
approximation Oy (1)-round LOCAL algorithm for MINIMuM DOMINAT-
ING SET on H-minor-free graphs.

Whereas Conjecture V.1.2 claims that an O(pw(H))-approximation
exists for H-minor-free graphs, the best current upper bound on the ap-
proximation ratio is only t°(” t\/@), wheret = |V(H)|and p = pw(H).
Conjecture V.1.2, if true, implies in particular that there is an O(s)-
approximation O;(1)-round LOCAL algorithm for K, ;-minor-free graphs
(for s < t). This corroborates with the results of Chapter III, where we
exhibit a constant round and approximation for genus-g graphs (which
are K3 ¢ 13-minor-free) whose approximation ratio is independent of g
Algorithm 2, and with the results of Chapter IV, as K, ; has pathwidth
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2. We prove the case where pw(H) = 2 in Chapter VIII by extending
the techniques of Chapter IV. Unfortunately, there is no hope for an im-
mediate generalization of this result to a constant factor approximation
for all H.

GRAPH CLASS APPROX. RATIO | #ROUNDS REFERENCES
upper ‘ lower upper lower
trees, p = 2 3 | 3-¢ 2 Folklore ! | [BCGW21]
outerplanar, p = 2 5 5—¢ 2 [BCGW21]
planar, p = 3 1+e| 7—¢ | Of1) | [HKO*25]| [HLS14]

In fact, as suggested by Section V.1, we could hope for the following
far bolder conjecture:

Conjecture V.1.3. For every graph H, there is a (2 - pw(H) + 1)-
approximation O (1)-round LOCAL algorithm for MiNiMum DOMINAT-
ING SET on H-minor-free graphs.

Note that Conjecture V.1.3 would notably improve the state of the art
for planar graphs?, and that even base cases seem currently out of reach.
For example, it would imply that for any graph H which is a collection
of paths with an arbitrary number of leaves on all their vertices?, we
can design a 3-approximation algorithm in Oy(1) rounds for MDS in
H-minor-free graphs. This does not seem straightforward even for H
being a star.

The suspicious reader could note that when a graph H has pathwidth
at most 2, the graph H is necessarily planar. Therefore, H-minor-free
graphs have bounded treewidth. One could be tempted to think the
right generalization of Theorem IV.3.1 is not Conjecture V.1.2, but rather
that graphs of bounded treewidth admit a constant approximation (not
depending on the treewidth) as long as the number of rounds is al-
lowed to be an arbitrary function of the treewidth. This is unfortunately
completely hopeless, as the class of graphs forbidding a large balanced
binary tree has bounded treewidth, yet one can observe that such a tree
has arbitrarily large pathwidth, hence Theorem V.1.1 guarantees that the
approximation ratio for such a class needs to depend on the treewidth.

V.2 Lower Bound and Theorem V.1.1

Recall that the pathwidth of a graph H, denoted by pw(H), is the small-
est p such that H is a subgraph of an interval graph whose maximum
clique is p + 1. Obviously, pw(H) < |V(H)|.

A rough upper bound of {O(EV/1081) o1y the approximation ratio can
be derived from [KSV21], using the fact that H-minor-free graphs are
also K;;1-minor-free graphs, t = |V(H)|.
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Table V.1: Constant-round approx-
imation distributed algorithms for
MiNniMuM DOMINATING SET on
some classes of graphs. Here p de-
notes the smallest pathwidth of a
forbidden minor of the class. All
the lower bounds hold for an arbi-
trary number of rounds, possibly
depending on |V (H)|.

L1f there are at least three vertices,
take all vertices with degree at
least two, cf. [LPW13, BCGW21].
This requires two rounds from the
model, because the vertices do not
know their degree and need one
round to count their neighbors (by
counting the number of received
messages).

2 Note that planar graphs have no
K33-minor, and that pw(K3z3) = 3,
suggesting a matching bound of 7
for the approximation ratio.

3 Ak.a. caterpillar forest.



V.2 Lower Bound and Theorem V.1.1

A direct consequence of Theorem V.1.1 is that K;-minor-free graphs
or Ty-minor-free graphs, where T is a depth-t complete binary tree, have
no o(t)-approximation f(t)-round LOCAL algorithm for MDS. This is
because pw(K;) =t — 1 and pw(T;) = [t/2] [Bod98, Th. 67]. Indeed,
pathwidth is closed under taking minors, so graphs of pathwidth t are
Ki42-minor-free and Ty, 1-minor-free.

What makes lower bounds not so trivial in the LOCAL model is that
the algorithm can benefit from the numerical values of the identifiers.
Ideally, we would like to argue that this does not really help the algo-
rithm. Unfortunately, this feature of the model helps in many ways,
and the LOCAL version of the Cove-Vishkin’s parallel algorithm gives
a brilliant demonstration of this: it is possible to properly 3-color an n-
vertex ring in only O(log* ) rounds* [CV86]. This is tight from Linial’s
beautiful proof [Lin92]: %(log* n — 1) rounds are needed to 3-color a
ring. In fact, for infinitely many 7, exactly 3 log" n rounds are necessary
and sufficient [RS15].

As some previous lower bounds, our proof relies on Ramsey’s The-
orem, but perhaps in a more direct way. According to [CHWO08], the
elegant use of Ramsey’s Theorem in LOCAL algorithms is due to [Pan99],
in the context of Coloring. Using a strategy of repeated applications of
Ramsey’s Theorem [CHWO08] proved a lower bound on the approxima-
tion ratio for Independent Set, and also for MDS using a reduction from
Independent Set. [HLS14] use a similar strategy for the lower bound of
7 — ¢ for approximating MDS in planar graphs.

The proof of Theorem V.1.1 is actually a direct consequence of the
following Lemma V.2.1. For every integer t > 1, let €; be the family of
graphs composed of the t-th power of a path® in which extra vertices
of degree one are attached to one extremity of the path. We assume as
usually in the LOCAL model that for each graph G € %;, the algorithm
running on G uses identifiers from {1, ..., |V(G)|} and can exploit the
identifiers in arbitrary ways.

Lemma V.2.1. For every t and every function f, every f(t)-round deter-
ministic LOCAL algorithm that approximates MiINIMumM DOMINATING
SET on 6; has approximation ratio at least 2t + 1 — ¢, for every € > 0.

We observe that all graphs of ¢ are trees and all graphs of ¢, are
outerplanar graphs. So Lemma V.2.1 gives an alternative proof for the
3 — e and 5 — ¢ known lower bounds for trees and outerplanar graphs.
It is also easy to check that %} is K;>-minor-free and K; ;. 1-minor-free,
t > 1. The proof of Lemma V.2.1 is available in the Section V.3.

Proof of Theorem V.1.1. It is not difficult to see that all the graphs of ¢}
have pathwidth at most ¢. In particular, each graph of ¢; excludes any
graph of pathwidth ¢ 4- 1 as a minor. In other words, for each graph
H of pathwidth at least two, CKPW( H)-1 C H-minor-free. Therefore, one
can apply Lemma V.2.1 with t = pw(H) — 1 to complete the proof of
Theorem V.1.1. O
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4Here log*(n) is the minimum
integer i such that log(i) n <1,
where log(i) n is the i-th iterate
base-2 logarithm of n.

5 More precisely, the i-th and j-th
vertex of the path are connected if
i—jl <t



Chapter V: Lower bound and a conjecture

V.3 Proof of Lemma V.2.1: Lower
bound for minor-free graphs

We prove a lower bound for constant round LOCAL algorithms for MDS
for the class 4; which are t-th powers of paths with additional leaves.
Usually lower bounds have been given by a repetitive use of Ramsey’s
theorem; see [HLS14]. This proof technique gives a lower bound on %;.
However, we can use the extra leaves to simplify the proof to one single
use of Ramsey’s theorem.

Lemma V.2.1. For every t and every function f, every f(t)-round deter-
ministic LOCAL algorithm that approximates MINIMUM DOMINATING
SET on 6; has approximation ratio at least 2t + 1 — ¢, for every e > 0.

Proof. A p-set is simply a set with p elements. We are interested in
coloring p-sets with k colors. The well-known Ramsey Theorem states
that, for every k,p,q € IN where 1 < k < p < g, there is a smallest
integer n, denoted by Ry (p, q), such that, for every k-coloring of all p-
setsof {1,...,n}, there exists a g-set of {1, ..., n} for which all its p-sets
have the same color. It is well-known, from [ES35, Eq. (3), p. 466], that
Ra(p,q) < (p;ﬂzz). See [GNNW?24] for recent progress.

Let r = f(t), consider any r-round deterministic LOCAL algorithm
A for MiniMuM DOMINATING SET in 6}, and let « be its approximation
ratio. We will concentrate our attention to the graphs P € %; whose
vertex-id’s are in increasing order w.r.t. the underlying path of P (before
taking the t-th power).

Consider such a graph P € ¢, with N = |V(P)| and whose underly-
ing path has n < N vertices. We assume that N and #n are suitable and
large enough integers, namely N > Ry(2rt+1,n—rt),n > 2r(t+1)+1,
and 2t + 1 divides n + t. In fact, in order to prove that « > 2t +1 —¢,
we will need that n = Q(rtz/s). Letx1 < xp < --+ < x; be the IDs of
its path vertices v1,vy,...,v,. W.l.o.g. we assume that the N — n extra
degree 1 vertices are connected to vertex v1. The view of v; is what v;
can observe after r rounds of communication. It corresponds to the
ball around v; in P of radius r, including all vertex IDs. Due to the
structure of P, if i > rt 4 1 the view of v; is entirely determined by the
set B(i) = {xj_yt, ..., Xi, ... Xi1pt} composed of the IDs of its view. Thus,
B(i)isa p-setof {1,...,N}, for p = 2rt + 1.

When applied to P € 4;, algorithm A must decide in particular for
each v;, whether it is selected or not for the dominating set of P. Such a
decision can be seen as a 2-coloring ¢ of V(P), where a vertex is assigned
color 1 if it is selected by A, and 0 otherwise. Actually, the color ¢(v;)
depends only on the view of v;, since the decision of A for v; is based on
the information v; receives after » rounds of communication. Since for
i > rt + 1 the view of v; is entirely determined by the subset B(i), the
mapping c restricted to v,¢41,...,0y—y—1 is therefore a mapping from
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all the p-sets of {1,...,N} to {0,1}.

Ramsey’s Theorem ensures that if N > Ry(p,q), with p = 2rt +
1 and q = n — 2rt, there must exist some g-set of IDs taken from
{1,...,N}, say {xp4+1,...,Xp_yi—1}, corresponding to some bad P € ¢,
such that every of its p-sets satisfies ¢(B(i)) = c¢(B(j)) for all i,j €
{rt+1,...,n—rt —1}. Note that if this latter range contains enough
indices, namely g > 2t + 1, then the three vertices vy11, Urt4144, Urt+142¢
in this range form a shortest-path of length three forcing one of these ver-
tices at least to be selected in any dominating set. Since n > rt + 2t +1,
we have g = n —rt > 2t + 1, and it follows that ¢(B(i)) = c¢(B(j)) =1
foralli,j e {rt+1,...,n —rt—1}.

Thus, we showed, for some P € %; with N vertices and with a
bad ID distribution taken in {1, ..., N}, that A will select at least ¢ =
n — 2rt vertices of P. On the other hand, it is easy to see that in P,
{*} v1, V2401, V3444, Varet, - - -, Usia(s—1)¢ form a dominating set of size s
for P, where s is the least integer such thats +2(s — 1)t > n — ¢, i.e.,
s=[(n+1t)/(2t+1)] = (n+1t)/ (2t + 1) by the assumption we made
on n (recall that 2¢ + 1 divides n + t). It follows that the approximation
ratio « of A is, for every € > 0,

@r+1)t

K =
- n4t

g_n—Zrt
=

— -(2t+1):<1— )-(2t+1)>2t+1—£

if n is large enough. Note that it is enough to select n such that (2t +

1)(2r+1)t/(n+1t) < ¢, which is equivalent to having n > (2t +1)(2r +
1)t/e—t. O
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Chapter VI
An introduction to pathwidth

VI.1 Pathwidth

Pathwidth measures how path-like and linear a graph is. It was intro-
duced by Robertson and Seymour in the first paper of their celebrated
Graph Minors series [RS83].

Path decomposition. A path decomposition of a graph G is a sequence
P=(X,X,..., Xq) of vertex subsets of G, called bags, such that

o V(G) = U?:l Xi/

e forevery edge {x,y} € E(G) there is at least one bag containing both
endpoints, and

e for every vertex x € V(G), the bags containing x form a contiguous
subsequence of P.

The width of P is max{|X;| — 1 | 1 < i < ¢}, and the pathwidth pw(G)
of G is the smallest width over all path decompositions of G. The bags
X1 and X, are called the extremities of P. We refer to X; as the leftmost
bag and to X, as the rightmost bag.

An equivalent and convenient reformulation of the contiguity is that
for all indices i < j < k, one has X; N X; C X;.

Example. Consider the path P4 on vertices vy, vy, v3, v4 with edges v17;,
0,03, V304. The sequence

X; ={v, 1}, Xo={v2,v3}, Xz={v3 04}

is a valid path decomposition: every edge appears in some bag, and
each vertex appears in a contiguous block of bags (see Section VIL.1).
The largest bag has size 2, giving width 1, i.e. pw(Ps) < 1.

Graphs of low pathwidth. A connected graph has pathwidth 1 if and only
if it is a caterpillar, that is, a tree in which all vertices are neighbors of a
central path. To construct a path-decomposition of a caterpillar, one can
order all edges from left to right and go through edges in order one at a



U4

(Xl = {Ullvz})-(Xz = {0, v3}

time by putting each one in a bag. To see that pathwidth 1 graphs are
caterpillar, one can observe that, intuitively, with bags of size at most 2,
we can only carry one edge’s worth of interface at a time, which forces a
single path with pendant leaves.

For n > 3, the cycle C, has pw(C,) = 2. A lower bound of 2 follows
from the fact that C, is not a caterpillar. For the upper bound, one can
use the following folklore result.

Remark VI.1.1. Forevery graph G and X C V(G), we have the following:

pw(G) < [X|+pw(G —X).

As a cycle minus a vertex is a path (of pathwidth 1), this immediately
implies an upper bound of 2. In more detail, one can take bags of the
form {v1,v;,v;41} fori=1,...,n —1 (see Figure V1.2). This follows the
intuition that low pathwidth graph are path-like.

A key observation is that the intersection of two bags (called an
adhesion) always separate the union of the bags at the left from the
union of the bags at the right. More formally, we have the following
folklore result (see also Section VI.1).

Proposition VL.1.2. Let P = (X1, X, ..., X;) be a path decomposition
of G,and let 1 < i < q. Then the adheszon Xi N Xiq separates Uj; X

from U]>l

Therefore, every X; N X, serves as an interface between what hap-
pens on the left, and what happens on the right.

X; Xit1

Uj>z‘Xi
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Figure VI.1: A path decomposition
of P, of width 1.
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Figure V1.2: A path decomposition
of C6.

=/

\\

Figure VI.3: An illustration of
Proposition VI.1.2.



Chapter VI: An introduction to pathwidth

V1.2 High pathwidth, and lower
bounds

Graphs of high pathwidth. Regular trees are a simple example of non
path-like graph. Non surprisingly, they have large pathwidth. Indeed,
let Tj, denote the complete binary tree of height 1. One can show by a
classical argument [KS93] that pw(T},) = [h/2]. In particular, trees on
n vertices can have pathwidth Q)(log n). Thus, pathwidth is unbounded
on the class of trees.

Interestingly, there is sort of a converse to this. The Graph Minor
theory characterizes bounded pathwidth classes via excluded forest
minors: a class C of graphs has bounded pathwidth if and only if some
fixed forest F is not a minor of any graph in C [RS83]. Although the
bounds obtained this way are not always tight, this is a great way to
show that a class of graphs has bounded pathwidth (by showing some
fixed forest is excluded as a minor). As pathwidth is a minor-closed
property, one can also show that the pathwidth of a class of graphs is
unbounded by exhibiting graphs of the form Tj, for unbounded .

Another simple (but important) example of high pathwidth graphs
are cliques. One can show that every clique of G must be contained in
some single bag of any path decomposition. This follows immediately
from the contiguity condition: if K C V(G) is a clique, then for any two
vertices u, v € K, there is a bag containing both. By the Helly property on
intervals, all bags containing vertices of K have a common index, so all
of K is contained in one of the bags. Consequently, pw(G) > w(G) — 1,
where w(G) denotes the clique number of G. For the complete graph K,,,
this bound is tight: pw(K,) = n — 1, witnessed by path-decomposition
with a single bag with vertex set V(K,).

Lower bound via node searching. Pathwidth admits a beautiful combi-
natorial characterization in terms of node searching. We will reuse in
what follows some of the vocabulary from [DKT97]. The node searching
game [KP85] is a pursuit-evasion game on G. Intuitively, in this game,
k cops try to catch an invisible robber moving on the vertices of G. By
invisible, we mean that before taking a decision, the robber already
knows the whole sequence of moves that the cops will follow in the
future, and can adapt its own strategy with respect to this knowledge.
More precisely, a search with k cops on G is a finite sequence Cy, ..., C; of
subsets of vertices of G of size at most k such that, fori = 2,...,t, the
symmetric difference between C; and C;_; has size at most 1. Each set C;
represents vertices occupied by k or fewer cops, and at each step, a cop
is either added or removed (or nothing changed). Given such a search
on G, we define inductively its corresponding free locations Fy, . .., F; by
setting F; := V(G) \ C; and for each i € {2,...,t}, by letting F; be the
set of all vertices v from V(G) \ C; for which there exists some path
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from some vertex u € F;_; to v, with all vertices except possibly u in
V(G) \ Ci. Informally, F; represents the set of all vertices that could
be reached by the robber at step i, while evading the cops so far. We
say that a search Cj, ..., C; is evasive if the robber can escape the cops
with respect to this search, i.e. if C; # @. The node searching number of
G, denoted ns(G) is the minimum possible integer k > 0 for which G
admits a non-evasive search with k cops. Intuitively, ns(G) > k means
that when playing with k cops, whatever strategy the cops choose, the
robber will be able to find accordingly a strategy to escape them. A
classic result of Kirousis and Papadimitriou [KP85] states that for every
graph G, we have ns(G) = pw(G) + 1. This gives an intuitive view
of pathwidth: it is the number of vertices that need to be guarded at
each time step, in order to sweep through G without letting the fugitive
escape back into already-cleared territory. This point of view is also very
useful to prove pathwidth lower bounds (and is used in this manuscript
in Section VIL6). Indeed, to prove a lower bound on ns(G), one just has
to describe an evasive strategy for the robber.
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Chapter VII
A polynomial bound on the pathwidth of graphs edge-
coverable by k shortest paths

ABSTRACT

Dumas, Foucaud, Perez and Todinca (2024) recently proved that every
graph whose edges can be covered by k shortest paths has pathwidth
at most O(3F). In this paper, we improve this upper bound on the
pathwidth to a polynomial one; namely, we show that every graph
whose edge set can be covered by k shortest paths has pathwidth O(k*),
answering a question from the same paper. Moreover, we prove that
when k < 3, every such graph has pathwidth at most k (and this bound
is tight). Finally, we show that even though there exist graphs with
arbitrarily large treewidth whose vertex set can be covered by 2 isometric
trees, every graph whose set of edges can be covered by 2 isometric trees
has treewidth at most 2.
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Chapter VII: A polynomial bound on the pathwidth of graphs edge-coverable by k shortest paths

VII.1 Introduction

Graph covering is an old and recurrent topic in graph theory. For a fixed
class H of graphs, the covering literature aims to answer two types of
problems. First are optimization problems: given a graph G, what is the
minimum number of graphs from H needed to “cover”! G? We refer
to Knauer and Ueckerdt [KU16] for a more general overview on the
topic. The second type are structural problems: for the fixed class H of
graphs and some k > 1, what is the structure of the graphs that can be
“covered” by (at most) k graphs from H?

We say that a graph G is edge-coverable (resp. vertex-coverable) by some
subgraphs Hjy, ..., Hy if every edge (resp. vertex) of G belongs to at least
one of the subgraphs H;. Motivated by some algorithmic applications to
the IsomETRIC PATH COVER problem and its variants, Dumas, Foucaud,
Perez and Todinca [ DFPT24] recently worked on a particular metric
version of such a covering problem. They proved that every graph
edge-coverable (resp. vertex-coverable) by few shortest paths shares
structural similarities with a simple path. More precisely, if a graph is
edge-coverable or vertex-coverable by k shortest paths, its pathwidth is
bounded by an exponential in k (see Section VIL2 for a definition of
pathwidth).

Theorem VII.1.1 ([DFPT24]). Let k > 1 and G be a graph vertex-
coverable by k shortest paths. Then pw(G) = O(k - 3%). Moreover, if G is
edge-coverable by k shortest paths, then pw(G) = O(3F).

The proof of Theorem VII.1.1 uses a branching approach to show that,
in every graph vertex-coverable (resp. edge-coverable) by at most k
shortest paths, and for every vertex u and every i > 1, the number of
vertices at distance exactly i from u in G is O(k - 3%) (resp. O(3F)). We
also mention that a “coarse” variant of Theorem VII.1.1 has recently
been proved [HP25]. Then, the bags of the path decomposition proving
Theorem VIL.1.1 are the union of every two consecutive layers in a
BFS-layering of G (starting from an arbitrary vertex). Such a path
decomposition is clearly not optimal in general: if we let S;, denote the
star with /1 leaves, then pw(S;,) = 1, while such a decomposition will
always have width at least L%J , whatever the choice of u is. Dumas et
al. [DFPT24] asked if the bounds from Theorem VII.1.1 can be made
polynomial in k. Our main result is a positive answer in the edge-
coverable case.

Theorem VIL.1.2. Let k > 1, and G be a graph edge-coverable by k shortest
paths. Then pw(G) = O(k*).

Our proof uses a different approach from the one of [ DFPT24]. Roughly

speaking, it consists in finding some separator? X of polynomial size,
such that for every component C of G — X, C has a “nice” layering with
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respect to one of the k covering paths.

In terms of lower bounds, we provide for every k > 1, a construction
of a graph edge-coverable by k shortest paths and with pathwidth equal
to k.

Proposition VIL.1.3. For any integer k > 1, there is a graph Gy that is
(a) edge-coverable by k shortest paths, and
(b) that has pathwidth at least k.

To our knowledge, no better lower bound is known. Our second main
result is that this lower bound is tight for k < 3.

Theorem VII.1.4. Let k < 3, and G be a graph edge-coverable by k shortest
paths. Then pw(G) < k.

Given a graph G, a subgraph H of G is isometric if for every two
vertices x,y of H, the distances between x and y are the same in G and
H. In other words, if x and y are connected in G, then there must exist a
shortest path between them in G which is included in H.

In view of the previous results, the following question naturally
arises: given a family H of graphs, what is the structure of a graph
G edge/vertex-coverable by at most k isometric subgraphs all isomorphic
to graphs in H? For instance, if H is the family of all trees, does G
somehow look like a tree?

Extending a result of Aigner and Fromme [ AF84] for paths, Ball,
Bell, Guzman, Hanson-Colvin and Schonsheck [BBG*17] proved that
every graph vertex-coverable by k isometric subtrees has cop number at
most k. In particular, it is well-known that the cop number of a graph is
always upper-bounded by its treewidth (see Section VIL5 for a definition
of treewidth). In analogy to Theorem VIIL.1.1, a natural question is then
the following: is it true that every graph which is vertex/edge-coverable
by a small number of isometric subtrees has small treewidth? This
question turns out to have a negative answer when considering vertex-
coverability, as shown by the following example, pointed out to us by
Marcin Brianski (personal communication): for every t > 1, let G be
the graph on 2t + 2 vertices obtained from the biclique K;; after adding
two vertices a,b of degree t respectively adjacent to all vertices from
each of the sides of K;; (see Figure VIL.1 for the case t = 3).

Then, G; is vertex-coverable by the two induced stars S;, S, respec-
tively centered in a and b (which are in particular isometric subgraphs
of G¢), but has treewidth at least ¢, as it contains K;; as a minor. Our
third result implies that any such construction fails when considering
graphs which are edge-coverable by two isometric trees, as we show
that they have treewidth at most 2.

Theorem VIL1.5. Let G be a graph which is edge-coverable by 2 isometric
trees. Then tw(G) < 2.
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Figure VIL1: This graph is vertex-
coverable by 2 isometric trees (one
with red vertices, the other with
blue vertices) and contains K3 3 as
a minor (black edges). Hence, it
has treewidth at least 3.



Chapter VII: A polynomial bound on the pathwidth of graphs edge-coverable by k shortest paths

Algorithmic motivations. Routing problems play a central role not only in
algorithmic graph theory and complexity, but also in structural graph
theory. One of the best examples is the DisjoiNT PaTHS problem, ap-
pearing in the seminal Graph Minor series of papers of Robertson and
Seymour [RS95], in which one is given as an input a graph G, an integer
k and k pairs of vertices, and one must decide whether there exists k
pairwise disjoint paths connecting all pairs of vertices. This problem
has been shown to be solvable in FPT time, when parameterized by the
number k of shortest paths [RS95, KKR12], and this result has been a
key ingredient to design efficient algorithms deciding the existence of
minors in graphs. The metric variant DisjoiNT SHORTEST PaTH of this
problem [Eil98] (in which one further wants to decide whether there
exist k pairwise disjoint shortest paths connecting all input pairs of ver-
tices) has attracted significant attention, and was recently proved to be
solvable in XP time, when parameterized by k [BK17, Loc21, BNRZ23].3

A number of metric variants of routing problems of similar flavor
has been studied over the last decades. Among them, IsomeTRIC PATH
Cover [AF84, FF01] takes as input a graph G and an integer k, and
asks whether G is vertex-coverable by k shortest paths. Its routing ver-
sion IsomETRIC PATH COVER WITH TERMINALS takes as input a graph
G, some integer k, and k pairs of vertices, and asks whether there ex-
ist k shortest paths that vertex-cover G and connect all the input pairs
of vertices. Both problems are NP-complete [CDD*22, DFPT24]. By
combining Theorem VIIL.1.1 with Courcelle’s theorem [Cou90], it was
shown [DFPT24] that there exists algorithms running in XP (respec-
tively FPT time) when parameterized by k, to solve IsomeTRIC PATH
Cover (respectively IsomeTric PATH CovEr WiTH TERMINALS). In
particular, it is still open [ DFPT24] whether the IsomeTrIC PATH COVER
problem admits an FPT algorithm parameterized by k. We also refer
to Chakraborty et al. [CDF*25] for some recent work on similar metric
versions of routing problems. It is worth mentioning that IsomEeTRIC
PatH CovEer admits some polynomial time c-approximation algorithms
on graphs with isometric path complexity at most ¢ [CCFV26], a recent
metric parameter of graphs [CDD*22] (introduced under the name of
isometric path antichain cover number).

As mentioned above, the original parameterized algorithms solving
IsomeTric PaTH CoOVER and its variant with terminals [ DFPT24] rely
on Courcelle’s theorem, and thus the dependencies in k are highly non-
trivial and do not give rise in general to practical algorithms. Chakraborty
etal. [CDF*25, Section 3] designed a dynamic programming procedure
solving the partition variant IsomeTRIC PATH PARTITION Of ISOMETRIC
Patu Cover in time n°("(G)), where tw(G) denotes the treewidth of
the input graph. As pointed out to us by Florent Foucaud (personal
communication), it is very likely that combining our bound from Theo-
rem VII.1.2 with such an approach could lead to better running times
than the ones given by Courcelle’s theorem for algorithms solving Iso-
METRIC PATH EDGE-CoOVER and its version with terminals (the natural
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edge-covering variant of IsoMeTRIC PATH COVER).

Organization of the paper. Section VIL2 contains all preliminary def-
initions and some basic results related to pathwidth. Section VII.3,
Section VII.4, Section VIL5 and Section VIL.6 contain respectively proofs
of Theorems VII.1.2, VIL.1.4 and VIIL.1.5 and Proposition VII.1.3. Note
that these sections are completely independent of each other, and can be
read in any order. Section VII.7 contains some discussion and additional
questions left open by this work.

VII.2 Preliminaries

VII.2.1 Notations and Basic Definitions

Graphs. For all subsets X, Y C V(G) of vertices, we denote Eg (X, Y) :=
{xy € E(G) | x € X\Y,y € Y\X}. If U C V(G), we let Ng ;(X)
denote the set of vertices in U \ X having at least one neighbor in X.
When the context is clear, we will simply write Ni;(X).

Paths. For each i < j, we let P[v;, vj] denote the subpath v;,v;y1,...,7;
of P, and we let P~! denote the path v, ...,v;. For every two paths
P =wvy,...,vpand Q = wy,...,w,; such that v, = wy, and such that
P — vy, is disjoint from Q — wy, we define the path P- Q :=vy,...,0, =
wy, ..., wy. If P =0vy,...,0ris a path, forevery 1 <i < j < k, we say
that v; is before v; on P, and that v; is after v; on P. A path P is vertical
with respect to a vertex u, if for every i € IN, P has at most one vertex
at distance i from u in G. Note that every path vertical with respect to
some vertex u is a shortest path, and that every shortest path starting
from u is vertical with respect to u.

Covers. Let G be a graph and Hj, ..., Hy be subgraphs of G. We say
that the graphs Hj, . .., Hy edge-cover G if E(G) = U*_, E(H;). Similarly,
we say that Hy, .. ., Hy vertex-cover G if V(G) = U5, V(H;). Note that
whenever G does not contain an isolated vertex, then every edge-cover
is also a vertex-cover.

Metrics. We let dg(+,-) (or simply d(-,-) when the context is clear)
denote the shortest-path metric of a graph G. Recall that a graph H is
an isometric subgraph of G if H is a subgraph of G such that for every
two vertices x,y € V(H), we have dy(x,y) = dg(x,y). For every vertex
v of a graph G, we let ecc(v) := max{dg(u,v) | u € V(G)} € N U {0}
denote the eccentricity of v.

Orders. Let (X, <) be a partially ordered set. For every two disjoint

subsets A,B C X, we write A < Bifa < b for every (a,b) € A x B.
Moreover, for every x € X and every A C X, welet A|<y:={a € A |
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a < x}and Alsx := {a € A | a > x}. We define similarly A|., and
Alsx. A chain is a sequence (x1, ..., xx) of distinct elements of X such
thatx1 < X2 < <xk.

VII.2.2  Pathwidth and layerings

We collect in this section a number of basic properties of pathwidth.

Vertex-separation number. Let G be a graph and < denote a total or-
dering on V(G). The vertex-separation number of (G, <) is the value
ming,cy (g {# € V(G) | u < wand Jo > w,uv € E(G)}|. The vertex
separation number of G is the minimum over the vertex separation
numbers of (G, <), for all possible linear orderings < of G.

Theorem VII.2.1 ([Kin92]). The vertex separation number of a graph
equals its pathwidth.

Layerings. A layering of a graph G is a partition of its vertices into a
sequence (Vi,...,V;) of subsets of V(G) called layers, such that each
graph G[V/] is an independent set, and for every i,j € {1,...,t} such
that |j — i| > 2, we have Eg(V}, V}) = 2.4

A k-layering of G is a layering (V4, ..., V;) such that for every 0 <
i < t, we have |Eg(V;, Viy1)| < k. Note that in particular, it implies
that [Ny, (V;)| < kand |Ny,(Vi11)| < k. The bags Vi and V; are the
extremities of the layering.

Lemma VIL.2.2. Let G be a graph admitting a k-layering. Then G has
pathwidth at most k. Moreover, if G is connected, then G has a path decom-
position of width at most k, whose extremities are exactly the extremities of
the k-layering.

Proof. Welet (V4,...,V;) denote a k-layering of G, and assume without
loss of generality that G has no isolated vertex. We also set Vp := V41 :=
@. Foreveryi € {1,...,t}, weset V! :== Ny,(Vi_1) and V" := Ny, (Vi11).
Note in particular that, as G has no isolated vertex, foreachi € {1,...,t}
we have V; = VfU v/, |Vf| <k |V <k and Vf = V/ = @, and that
for each i < ¢, all the edges of G between V; and V;; are between V/
and Vf;l.

We will define a total order < on V(G) such that (G, <) has vertex
separation number at most k. In particular, Theorem VII.2.1 will then
immediately imply that pw(G) < k. We let < be any total ordering on

V(G) satisfying the following two properties:
o foreveryi < j, wehave V; < Vj;
o foreveryi€ {1,...,t},wehave V/\ VI < V!NV < VI'\ Vi

We now show that (G, <) has vertex separation number at most k and
letw € V(G). Set Sy := {u:u <wand Jv > w | uv € E(G)}. Our
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goal is to show that |Sy| < k. We let i denote the unique element from
{1,...,t} such that w € V;. We define the sets A := V|, B := Vf|>w
and C := V! ;. Note that A, B, C are pairwise disjoint, and that moreover,
as (V4,...,V;) isalayeringof G, A C S, C AUC.

First, observe that if B is empty, then we must have S, NC = &, so
that S, = A, and thus as every vertex of A is by definition of V/ adjacent
to a vertex of Vj,1, and as |Eg(V;, Vii1)| < k, we then have |S;,| < k.
Assume now that B is not empty. Then there exists an element v > w
such that v € Vf . Thus, by definition of <, we have V;|<, C Vié, and
thus A C Vf .

We now set ky := |Eg(C, A)| and ky := |Eg(C, B)|. As A C V/, every
element of A must be incident to an edge from Eg (A, C), hence |A| < k.
As C = V! ;, we have |C| < k. Moreover, note as (Vi,...,V;) is a k-
layering and as A and B are disjoint, we have k1 + k, < k. In particular,
it implies that

|Swl < |A[+IC| < k1 + k2 <Kk,

hence we can conclude that (G, <) has indeed vertex separation number
at most k.

To prove the “Moreover” part of the lemma, observe that if G is
connected, then both V| and V; have size at most k. We claim that it is
not hard to check that the path decomposition given by Theorem VII.2.1
can then be slightly modified so that its extremities are V; and V;.. [

VII.3 A General Polynomial Bound

In this section, we prove Theorem VII.1.2, which we restate here.

Theorem VIIL.1.2. Letk > 1, and G be a graph edge-coverable by k shortest
paths. Then pw(G) = O(k*).

Throughout this section, we let G be a graph whose edge set can
be covered by a set P := {Py,..., P} of k isometric paths. Our main
result is the following, which will immediately imply a proof of Theo-
rem VIL1.2.

Theorem VIL.3.1. Foreveryi € {1,...,k}, there exists a set of vertices
X; C V of size at most 720k> + 4k such that every connected component
of G — X; that intersects P; has pathwidth at most 6k.

Proof that Theorem V11.3.1 implies Theorem VII.1.2. For every 1 < i < k,
we use Theorem VII.3.1 to obtain the set X;. We consider their union
X := UL, X;. Observe that |X| < YicplXi| < k- (720k° + 4k) =
720k* 4 4k*>. We now let C be a connected component of G — X. As
Py, ..., P, edge-cover (and thus also vertex-cover) G, there is some
i € {1,...,k} such that the path P; intersects C. In particular, as C is
included in a connected component of G — X, it implies that C has path-
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width at most 6k, and thus that pw (G — X) < 6k. Using Remark VI.1.1
we conclude that pw(G) < |X| +pw(G — X) < 720k* + 4k* + 6k. O

The remainder of the section will consist in a proof of Theorem VII.3.1.
In Section VII.3.1 we prove some preliminary results, and show that our
proof reduces to the problem of finding a special kind of separations
in a subgraph Gp of G which is 6k-layered (see Lemma VIL.3.9). In
Section VIIL.3.2, we give a proof of Lemma VIL.3.9, which is the most
technical part of our proof.

Without loss of generality, we will assume from now on thati =1,
i.e., we will construct a set X of size at most 720k> + 4k such that every
component of G — X that intersects P; has pathwidth at most 6k.

VII.3.1 Preliminary Results

Parallel paths.  Let P be a shortest path between two vertices a,b of G. A
path Q of G is parallel to P in G if Q is a subpath of a shortest ab-path of
G.

Note that this does not define a symmetric relation in general: the fact
that a path Q is parallel to another path P does not necessarily imply
that P is parallel to Q. However, in the remainder of the proof, we will
always consider the property of being parallel to the path P;, which is
fixed and connects vertices a; and b;. In particular, the following simple
observation implies that every graph which is edge-coverable by a few
number of paths that are all parallel to P; has a very restrained structure.

Lemma VIL3.2. Let {Q1,...,Qy} be a collection of paths in G that are
all parallel to Py. Then the graph Ule Qj is -layered.

Proof. LetU := Uf’zl V(Q;),letr :=d(ay,bq), and forevery i =0,...,r,
let U; :== {u € U | d(ay,u) = i}. As every path Q; is parallel to
Py, observe that for each (i,j) € {0,...,r} x {1,...,£}, we must have
|V(Q;) NU;| < 1. In particular, for each i € {0,...,r}, we have |U;]| < /.
Hence, (Uy, ..., U,) forms a partition of U, such that each edge of G[U]
has its two endvertices in some pair (U;, Uy) such that |i' —i] < 1.
Moreover, as the paths Q; are all parallel to Py, no edge of a path Q; can
have both endvertices in the same set U;, so (Uy, ..., U,) is indeed an
{-layering of Ule Qj- O

Lemma VIL3.3. If P is a path parallel to Py with endvertices u,v € V(G),
then every shortest uv-path in G is also parallel to P;.

Proof. This immediately follows from the observation that every sub-
path of a shortest path is also a shortest path. O

We consider the partial order <; on V(G) defined by setting for every
two vertices u,v € V(G), u <y v if and only if dg(ay,u) < dg(a,v).
Note in particular that the vertex set of every path P which is parallel to
Py, forms a chain with respect to <;.
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Lemma VIL.3.4. Let a <1 b <7 c be three vertices such that there exist two
paths P, Q both parallel to Py, such that P connects a to b and Q connects
btoc. Then P - Q is parallel to P;.

Proof. Note that P - Q must be a shortest ac-path, as for each i > 0, it
contains at most one vertex at distance exactly i from a;. In particular, it
is not hard to conclude that P - Q is parallel to P;. O

Reducing P. The first step in the proof of Theorem VIL3.1 consists
in modifying the covering family P in order to make it reduced (see
definition below). The intuition behind this step is that our proof of
Theorem VII.3.1 works particularly well when all paths in P intersect
P;. Informally, the reduction operation consists in making P contain as
many paths that intersect P; as possible. This step will turn out to be
useful at the very end of our proof (see the proof of Lemma VII.3.11).
A shortest path Q of G is called a reducing path if:

e Q is disjoint from P;, and admits a subpath P parallel to P, that
connects two vertices u, v, such that u <; v,

e there exists a shortest path R in G from u to v that intersects P;.

Section VIL.3.1 depicts a reducing path. If a family O of shortest paths
has no reducing path, then we say that Q is reduced.

Proposition VIL.3.5. Let Q be a family of shortest paths. Then there exists
a family Q' of shortest paths which is reduced, such that |Q'| < 2|Q| and
that the paths of Q' cover all the edges covered by the paths of Q, i.e., such
that

U E(P) € | E(P).

PeQ PeQ’

Proof. Assume that Q is not reduced, and let Q be a reducing path in Q.
We also let P be a subpath of Q with endvertices u, v such that u <; v,
and R be a shortest path in G from u to v intersecting P;. Let Ry, R
denote two shortest paths respectively from a; to u and from v to b;. We
also write Q = Q1 - Q2 - Q3, so that Q> is the uv-subpath of Q parallel to
Py (see Section VIL.3.1). Observe now that both paths Q" := Q; - R- Q3
and Q" := Ry - Qy - Ry are shortest paths in G that both intersect P; and
cover all the edges of Q. In particular, it implies that the family of paths
Q' :=(0\{Q})uU{Q, Q"} covers all the edges covered by the paths
of Q, and has strictly fewer paths than Q that do not intersect P;. We
apply iteratively the same operation as long as the obtained family Q’
is not reduced. In particular, as at each step, the number of paths of
Q which are disjoint with P; strictly decreases, then after at most | Q)|
iterations, we obtain a reduced family with the desired properties. [J

Up to applying Proposition VIL.3.5 to P, we will assume from now
on that P is a reduced family of at most 2k shortest paths of G that
edge-cover G.
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Good and bad vertices. We now partition the set P := {P; | 1 <i < 2k}
into the subset P; of the paths in P that intersect P;, and P, := P \ Ps.

For every P € P;, we let Cp denote the maximal subpath of P with
both endvertices ap, bp in V(P;), so that ap <; bp (up to considering
P~!instead of P, we also assume that ap is before bp on P). Note that
Cp, = P;, and that by definition of P;, each Cp has at least one vertex,
and is parallel to P;. Moreover, consider for every P € P; the two
vertices up, vp that respectively maximize dg(up,ap) and dg(bp,vp),
such that up, ap, bp, vp appear in this order on P, and such that the paths
Plup,ap| and P[bp,vp] are parallel to P;. We now let Cp := Plup, vp]
and Ap, Bp denote the two subpaths of P such that P = Ap - Cp - Bp
(see Section VIL3.1). We stress out that in general, the path Cp is not
necessarily parallel to P;.

Welet A:= {A;' | P€ P}U{Bp|PEPi}and B:={Cp|P <
P }. In particular, P; € B. Note that by definition, every path in B is
the concatenation of at most 3 paths that are parallel to P;, and recall
that |P| < 2k, hence we have |B| < 2k.

We say that the edges of the paths in .A U P; are bad, and we call a
vertex v € V(G) bad if it is the endvertex of a bad edge. We call every
vertex which is not bad good, and we let V;, and V, denote respectively
the set of bad vertices and the set of good vertices of G. Moreover, we set
Xy = {llp ‘ PEPl}U{bP ’ PePl}andxl = {up ‘ PEPl}U{’Up |
P € P1}. Note that in particular, | Xo| < 4k and that the only bad vertices
that might belong to P; are the vertices ap, bp for P € P; whenever they
are respectively equal to up, vp, hence V(P;) NV}, C X,.

171

Figure VIL2: The path Q repre-
sented in green is reducing. P; is
represented in blue.

Figure VIL3: The red path repre-
sents some path P € P;. The blue
pathis Pj.
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We now consider the subgraph Go := Jpcp P of G. The following
remark immediately follows from the definition of 5, the fact that |P;| <
|P| < 2k, and that every path in B is edge-covered by at most 3 paths
that are parallel to P;.

Remark VIL.3.6. Gy is edge-covered by at most 6k paths that are parallel
to P1.

Lemma VIL3.7. We have V, C V(Gy). Moreover, G[V,] is a subgraph
Of G().

Proof. Let u be a good vertex. As G is covered by P, there exists some
path P € P such that u € V(P). In particular, as u is a good vertex, we
must have P € Py, and moreover 1 must be a vertex of Cp. It implies that
u € V(Gy), and thus that V; C V(Gp). The second part of the lemma
follows from the fact that by definition, no bad edge can be incident to
a good vertex. In particular, note that every edge from E(G) \ E(Gy) is
bad, hence G[V,] is indeed a subgraph of Go. O

Our goal from now on will be to prove the following lemma.

Lemma VIL.3.8 (Main). There exists a set X C V(G) of size at most
720k> + 4k that separates every vertex on Py from Vy, in G.

Proof of Theorem VI11.3.1 using Lemma VI1.3.8. Let X be the set given by
Lemma VIL.3.8. In particular, by Lemma VIIL.3.7, every component
of G — X that contains a vertex of P; induces a subgraph of Gy. By
Lemma VIIL.2.2, Lemma VIL.3.2 and Remark VIL.3.6, Gy is 6k-layered,
and thus has pathwidth at most 6k, allowing us to conclude the proof
of Theorem VIL.3.1. By Remark VIL3.6, the graph Gy is edge-covered by
at most 6k paths parallel to P;, which by Lemma VII.3.4 implies that it
has a 6k-layering, and thus by Lemma VIIL.2.2, its pathwidth is at most
ok. O

Reduction to a separation problem in the graph Go.  We will now show that,
in order to prove Lemma VIIL.3.8, it is enough to separate V(P) from
Vj in the subgraph Gy of G. We show that Lemma VII.3.8 amounts to
prove the following key lemma, that we will prove in Section VIL.3.2.

Lemma VIIL.3.9 (Key lemma). Let P be a path of Gy which is parallel
to Py, and A € AU P, which intersects P. Then there exists some set

Xap € V(Go) of vertices of size 30k such that X  p separates every vertex
of V(A) NV (P) from the vertices of Py in Go.

Proof of Lemma VI1.3.8 using Lemma VII.3.9. Recall that every path of B
is the concatenation of at most 3 paths parallel to P;. We thus consider
a set B’ of size at most 3|B| of paths parallel to P; that cover the edges
of the paths from B. Let I denote the set of all pairs (A, P) such that
Ac AUPy,, PeB,and V(A)NV(P) # @.
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Q

Pl / N

We set

X := X() U U X AP |/
(AP)el
where the sets X p are given by Lemma VII.3.9. Note that | AU P,| <
2|P1| 4+ | P2 < |P1] +|P| < 4k and |B'| < 3|B| = 3|P| < 6k, thus
1| < 24k* and |X| < 720K3 + 4k.

We now show that X separates V(P;) from V} in G. Suppose, for
contradiction, that there exists a path R in G — X connecting a vertex
v from V} to a vertex u on P;. Among those paths, choose a path R
with minimum length. Since V(P)NV, C Xy C X, we have v ¢
V(P1), thus R has length at least 1. Also, since R is a path of minimum
length connecting V;, to Py, every vertex in R — v must be good. Since
every vertex in R — v is good, there is no bad edge in R. Hence, as P
edge-covers G, all the edges of R must be covered by the paths from B,
implying that R is also a path of Gy.

This implies in particular that v € V(Gg) N V}. Thus, by definition
of Gp and V), there exist some paths P € Band A € AU P; such
thatv € V(P) N V(A). Lemma VIL3.9 then implies that R intersects
Xa,p C X, giving a contradiction. O

VII.3.2 Proof of Lemma VI11.3.9: Don’t worry, it’s going
to be O(k)

We fix some path P in Gg which is parallel to P;, and some path A ¢
A U P, which intersects P. Let Q denote the minimal subpath of P
containing all vertices in V(A) N V(P), and let b, ¢ denote the endvertices
of Q such that b <4 c. We will in fact prove that one can find a set X4 p
of vertices with the desired size that separates in Gy all the vertices of Q
from P;. By Remark VIL.3.6, Gy is coverable by at most 6k paths which
are all parallel to P;. In particular, for every i > 0, the set V; := {v €
V(Go) | dg(v,a1) = i} contains at most 6k vertices, and separates in
Gy the sets Ui Vi and Ujzi V). We also may assume without loss of
generality that Q contains at least 2 vertices, hence b <; ¢ (otherwise,
we conclude by choosing X4 p := V(Q) = {b}).

For every v € V(Gy), we let 1(v) denote the unique index i > 0 such
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that v € V;. For every path L in Gp which is parallel to P, if u, v denote
the endvertices of L with u <; v, we define the projection of L on P;
as theset Uy := {x € V(P1) | «(u) < 1(x) < ¢(v)}. We say that L is
-free if there does not exist in Gy a path R parallel to P; that connects
avertex x € Uy to avertex y € V(L) with x <7 y (see Section VIL.3.2).
Symmetrically, we say that L is “\free if there does not exist in Gy a
path R parallel to P; that connects a vertex x € Uy, to a vertex y € V(L)
with x 21 y. Our main result in this subsection will be Lemma VII.3.12,
which states that if Q is ,-free or \-free, then we can separate Q from
P; in Gy after removing 30k vertices. Before proving this, we will first
show in the next two lemmas that Q can be covered by at most two
subpaths which are each “-free or \-free.

aq })1 v N b]

Ur

Lemma VIL3.10. If A € A, then Q is /~free or “\free.

Proof. We assume first that A = A;l for some S € Py, and claim that
the case where A = Bg is symmetric. Moreover, we assume that A[ug, ]
is a subpath of A[ug, c|, as depicted in Section VIL.3.2, and claim that the
case where A[ug, c] is a subpath of A[ug, b] is symmetric. We show that
in this case, Q must be “-free. As P, and thus Q are parallel to P;, note
that every vertex v € V(Q) satisfies ((v) € [1(b), t(c)]. Let A’ denote the
subpath of S ~1 which starts at ag and contains A as a subpath.

Assume for sake of contradiction that there exists some path R in
Go which is parallel to P; in G, and which connects a vertex x € Ug to
avertex y € V(Q), with x <; y. We consider two cases according to
whether as <4 x or not, described in Section VII.3.2.

If ag <7 x, then by Lemma VIL.3.4, the path Pj[ag, x] - R - Q[y,c] is
parallel to P;. On the other hand, recall that by definition of us, and as
¢ # ug (this is because b # ¢ and Alug, ¢] contains b), A’[ag, ¢] cannot
be parallel to P;. In particular, A’[as, c] must be strictly longer than
Pyag, x] - R - Qly, c], implying a contradiction as A’ is a shortest path in
G.

If ag >1 x, then as x € Up, x >1 b. Then, the path R - Qly,c] is
vertical with respect to a1, and thus strictly shorter than Q. Note in
this case, the path A’[as, b] is also strictly longer than P [ag, x]. It thus
implies that P [ag, x] - R - Q[y, | is strictly shorter than the path A’[ag, c],
contradicting again that A’ is a shortest path in G. O
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Figure VIL5: The path L (in red)
is not -free.
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Lemma VIL.3.11. If A € P, then there exists subpaths Q1, Q2 such that
Q= Q1 Qo Quis \yfreeand Qz is /-free.

Proof. 1f Q is ,-free, then we immediately conclude by choosing Q;
to be the path having b as a single vertex, thus we may assume that
there exists some path R parallel to P; connecting some vertex x € Ug
to a vertex y € V(Q) such that x <; y. We moreover choose such a
path so that x is maximal with respect to <;. We let z be the unique
vertex of Q such that(z) = ¢(x), and set Q; := Q[b, z], Q2 := QJz, c]. By
maximality of x, note that Q, must be ,"-free. We moreover claim that
Qg is \-free. Assume for a contradiction that it is not the case, and that
there exists a shortest path R’ parallel to P; connecting vertices v’ <; x,
with ¥y’ € V(Qq) and x' € Ug, (see Section VIL3.2). Then the path
T:=Qi[b,y]-R - P[x,x] - R-Qz[y,c] is a path in G from b to ¢ that
intersects P; and which is parallel to P;. In particular, as b,c € V(A)
the existence of T implies that A is a reducing path belonging to P,
contradicting our assumption that P is reduced. O

The next lemma is the crucial part from the proof of Lemma VIL3.9.

Lemma VIL.3.12. Let L be a path in Gy that is parallel to P;. If L is -free
or \free, then there exists X C V(Gy) of size at most 18k that separates
in Gy the vertices of L from the ones of P;.

Proof. We let by, c; denote the endvertices of L, so that by, <; ¢, and let
X = Vyp,) U V(,)- Recall that by Remark VIIL.3.6, Gy is edge-coverable
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Figure VIL6: Top: configuration in
the proof of Lemma VII.3.10 when
ag <1 x. Bottom: configuration in
the proof of Lemma VIL3.10 when
ag >1 X.
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by

by k' paths Qy, ..., Qp, all of them parallel to P; for some k' < 6k. In
particular, it implies that X{, has size at most 12k, and separates L from
every vertex x of P; such that x <; b or x > c. It remains to separate
L from U . We assume without loss of generality that L is "-free, the
other case being symmetric, up to exchanging the roles of a; and b;. We
set Qo := L, and for each j € {0,...,k'}, we let Hj:=PUQUQU
-+ - U Qj. Observe that in particular, Hy = P; U L and Hy = Go.
Informally, our proof works as follows: the set X separating P; from L
that we construct will be the union of X{ and of at most one vertex y; for

each path Q; (j € {1,...,k'}). We will choose the vertices y; as follows:

we start considering the rightmost (i.e. maximal with respect to <)
vertex y1 which is in the intersection of L and of some path Q; with

71 €{1,...,k'}. Without loss of generality, we may assume that j; = 1.

Note that by maximality of y1, the set X(; U {y1 } separates the vertices of
L[y1, cr] from the ones of P; in Gy (and thus also in Hy). Moreover, as L
is -free, none of the vertices from L U Q; which are smaller or equal
to y1 with respect to <; can belong to P;, hence X{; U {y1} separates the
vertices of L U Q; from the ones of P; in H;. In particular, observe that
if none of the paths Q», ..., Qp contains a vertex from L U Q; which is
smaller or equal to y; with respect to <1, then it means that X} U {y1}
separates L from P; in G. We may thus assume that there exists some

vertex y» <1 yi1 that belongs to V(Qj,) N V(Q1 UL) for some jo > 2.

Again, we choose such a vertex y, maximal with respect to <;, and
assume without loss of generality that j, = 2. By maximality of y,, the
set X{, U {y1,y2} separates the vertices of L which are greater or equal to
Y2 from the ones of P; in Hy, and as L is "-free, one can check that none
of the vertices from L U Q; U Q> which are smaller than y, with respect
to <; can belong to P;. We then repeat the construction inductively, by
choosing at each step some vertex y;,1 <1 y; maximal with respect to
<1 thatbelongsto V(LU Qq U---UQ;) NV(Q;,) forsomeijg > j+1
(without loss of generality, we then assume that i;;; = j+ 1), and
claim that at each step, the set X;, U {y1,...,yj1} separates the vertices
of L from the ones of P; in Hj,1, and that none of the vertices from
LUQqU---UQj;1 which are smaller than y; 1 with respect to <; can
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Figure VIL7: The -configura-
tion at the end of the proof of
Lemma VIL.3.11.  The purple
dashed path R’ represents a
shortest path which is parallel to
Py, and connects vertices ' <; «/,
withy’ € V(Qq) and ¥’ € Up,.
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belong to P;. See Section VIL.3.2 for an example.

Ql):L

A
\/

Figure VIL8: In the following ex-

Formally, we set o := ¢ and Wy := V(L). We construct a sequence ample, as Q; and Q3 both have
their rightmost intersection with

W at the same vertex, we will have
Y2 = y3, and we can choose Q>
j 2 0 and assume that we already constructed yy, ...,y; and Wy, ..., W; and Q3 in any order in the proof

for some j < K/, such that, up to permuting the indices of the paths of Lemma VIL.3.12.
Q1.+, Qu, forevery j' < j,yy € V(Q;). We now let y; 1 be any vertex
which is maximal with respect to <; such that

of vertices y; <1 - - - <1 Yo and a sequence of sets Wy, ..., W, for some
0 < ¢ < k'. These sequences are constructed by induction as follows. Let

® Yit1 1Y)
® Yji+1 € W] nv (Us}j—&-l Qs) .

If no such vertex exists, then we stop the construction here and set £ := j.
Otherwise, we let y; 1 be such a vertex, and, up to permuting the indices
of the paths Q;11,...,Qp, we assume that y;;1 € V(Qj1). We write
Qj+1 = Qipy - Q;’H, where Q- (resp. Q;TH) denote the subpath of
Qj+1 containing the vertices which are smaller or equal (resp. greater or
equal) to y; 1 with respect to <;. Note that Q]:Ll and Qj++1 are internally
disjoint and share y;,1 as an endvertex. We set W; 1 := W; U V(Q];l).
See Section VIIL.3.2 for an illustration.
We prove by induction over j > 0 the following properties.

(i) There exists a path R; from y; to ¢, in Gy which is parallel to Py;
(ii) foreveryy € W, ify >y yj, theny ¢ V <Us>j Qs);
(iii) forevery j’ <j, V(Qi) NW; C {y;};
(iv) WinU, = &;
(v) XgU{y1, ..., y;} separates W; from U in H;.

Note that when j = 0, Items (i) to (v) are immediate (note that [tem (iv)
holds in this case because L is "-free, and thus, P; must be internally
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disjoint from L). We now assume that 0 < j < k/, and that Items (i)
to (v) hold for any j/ < j, and we prove that they are also satisfied for
j+1

We start showing Item (i). First, as y;,1 € W, there exists some
0 <j <jsuchthaty;q € V(Qy)andyjy1 <1 yj. We consider the path
Rj» given by induction hypothesis. In particular, both ;1 and y; belong
to Qy, hence by Lemma VIL3.4, the path R;,1 := Qy[yj+1,yy] - Ry is
parallel to P;, and connects ;1 to ¢ in Go. This proves Item (i).

We now show Item (ii). Assume for sake of contradiction that there
exists y € Wiy 1 such thaty >y yj,1andy € V <Us>]‘+1 Qs). By def-
inition of Wj,1, note that if y >1 y;, then y € W;. In particular, by

induction hypothesis, if y >1 yj, theny ¢ V (U52j QS), and thus

ye¢v (Us>j+1 QS). We thus have y;11 <1 y <1 y;. However, we
now obtain a contradiction with the maximality of y;, 1 with respect to

<iasy € WNV (Us>j+1 Qs).

Let us now prove Item (iii), that is, that for every j < j+1, V(Q]T) N
Wiy C {y]v}. First, note that if j/ < j, as the vertices of Wi \ W; are
exactly the internal vertices of ijrl, and as yj;1 <1 Yj, then the only
possible vertex of Q]T belonging to Wj,1 \ W; is y;. In particular, by
induction hypothesis we immediately deduce that V(Q;,“) NWj1 €
{yy}. It remains to check Item (iii) when j = j + 1. Note that it follows
from Item (ii), as every vertex of Q]trl which is distinct from y;1 is
greater than y;, 1 with respect to <.

To show Item (iv), assume for sake of contradiction that there exists
a vertex x in Uy N Wj,1. By induction hypothesis, x € W;, hence x is an
internal vertex of Q];l. In particular, x <y yj;1, thus, as Q;1 is parallel
to Pj, the subpath Q;1[x, y;;1] must be parallel to P;. We let R, be
the path from y; 1 to ¢ given by Item (i). In particular, as Yi+1 <1 €L,
Lemma VII.3.4 implies that the path Q;1[x,yj41] - Rj;1 is also parallel
to P;, and connects x € Uy to ¢, € V(L), with x <; ¢r, contradicting
that L is "-free.

We now prove Item (v), i.e., that Xy U {y1,..., Y11} separates Wj 4
from Uy in Hj 1. Assume for sake of contradiction that this is not the
case. In particular, as by Item (iv), WiinUy =g, there should exist an
edge yy' in Hi 1 — (XgU{y1,...,yj41}), withy € Wiy and y' & Wi,
By definition of Hj,; and W 1, as the edge yy' does not belong to W; 1,
it should be an edge of some path Q]T, forsomel < j <j+1 In
particular, Item (iii) then implies that y = y;, a contradiction as R
avoids {y1, ...,y }-

We now conclude the proof of Lemma VII.3.12. By definition of ¢,
the sequence yy, ..., y, cannot be extended further, that is, for every
¢ < s <K, Wyis disjoint from {y € V(Qs) | ¥ <1 y¢}. Weset X :=
XoU{y1,...,ye}. By Item (v), X separates W, and thus L from U,
in Hj,y. It remains to show that X also separates W, from U, in Go.
Assume for sake of contradiction that it is not the case. In particular,
as Qi,...,Qp edge-cover Gy, there would exist an edge yy' € E(Q;)
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for some s > ¢, and some vertices y € Wy and iy’ € V(Gy) \ Wy, such
that by <1 y <1 cp and by <31 ' <4 cr. By our above remark, we have
y >1 yy. Note that we then immediately obtain a contradiction with
Item (ii). This implies that X indeed separates L from P; in Gy. Finally,
observe that

| X| < |XG| +K <3k <18k

O]

Proof of Lemma VI1.3.9. By Lemmas VIL.3.10 and VII.3.11, there exist two
subpaths Q1, Q2 of Q such that Q = Q; - Q2, and such that for each i €
{1,2}, Q; is either -free or “free. In particular, by Lemma VIL.3.12,
there exist two sets Xj, X, of size at most 18k such that for each i €
{1,2}, X; separates in Gy the set V(Q;) from V(P;). In particular, the
set X := X; U X, then separates V(Q) from V(P;). Moreover, we claim
that when going through the proof of Lemma VII.3.12, one gets that
X7 and X, both contain a common layer V; (for i := i(cq,) = 1(bg,)),
allowing us to slightly reduce our upper bound on |X; U X3| to obtain
| X1 U Xa| < 30k (instead of 36k). O

VII.4 Exact Bounds for k < 3

In this section, we prove some optimal upper-bounds on the pathwidth
of graphs that are edge-coverable by k shortest paths, when k € {2,3}.

Theorem VII.1.4. Let k < 3, and G be a graph edge-coverable by k shortest
paths. Then pw(G) < k.

VII.4.1 Two Paths

As awarm-up, we start describing the structure of graphs edge-coverable
by 2 shortest paths, implying an immediate proof of Theorem VII.1.4
when k = 2.

Skewers A skewer is a graph sG for which there exists a sequence of
pairwise distinct vertices x1,...,x; (£ > 1) such that:

e foreachi € {1,...,¢ — 1}, the vertex x; is connected to the vertex
x;+1 by two internally disjoint paths Q;, R; having the same length;

e foreachi € {1,...,¢ — 1}, the paths Q;, R; are separated from G —
(Qi UR;) by the set {x;, x;11};

e there exist four internally disjoint paths Qo, Ro, Q¢, R¢ (which do not
necessarily have the same length), such that Qo, Ro (resp. Qy, Ry) are
separated from G — (Qop U Ry) (resp. G — (Q; URy)) by the set {x1}

(resp. {x¢}).
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See Section VIL4.1 for an illustration of a skewer. For eachi € {0,..., ¢},
the graph C; := Q; UR; is called the piece of x;. Note that we allow
the paths Q; and R; to have length 1, in which case the graph C; is just
the edge x;x; ;1 (recall that the graphs we consider are simple), while
if Q; and R; have length at least 2, then C; is an even cycle. Note that
every skewer G has a 2-layering, and thus pathwidth at most 2, and that
moreover, for every i € {0,...,¢}, and every pair of vertices a,b with
a € V(Q;) and b € V(R;), there exists a path decomposition of G of
width 2 in which there exists a bag equal to {a,b}.

Lemma VII.4.1. Let P, Q be two shortest paths in a graph G. Then there
cannot exist three vertices a,b,c € V(P) NV (Q) such that b is an internal
vertex of P|a, c| and such that c is an internal vertex of Q[a, b].

Proof. Assume for the sake of contradiction that there exist three such
vertices a,b,c € V(P) N V(Q). Since b is an internal vertex of Pla, c],
d(a,b) < d(a,c). But since c is an internal vertex of Qla, b], d(a,c) <
d(a,b), a contradiction. O

Proposition VIL.4.2. Every connected graph G which is edge-coverable
by two isometric paths is a skewer. In particular, pw(G) < 2.

Proof. We let Py, P, be two isometric paths that edge-cover G, and let
X1,...,%; denote the vertices from V(P;) N V(P,), such that for each
i < j, x; is before x; on P;. By Lemma VII.4.1, for each i < j, x; is also
before x; on P,. It thus implies that each x; separates in G all vertices
appearing before it in P; and P, from all vertices appearing after it in P;
and P,. In particular, it easily follows that G is a skewer. O

VII.4.2 Three Paths

This subsection consists in a proof of Theorem VII.1.4 when k = 3, which
we restate here for convenience.

Theorem VIL.4.3. Let G be a graph which is edge-coverable by 3 isometric
paths. Then pw (G) < 3.

In the remainder of the subsection, we let G denote a graph which is
edge-coverable by three shortest paths Py, P,, P;. We also assume that

for each i € {1,2,3}, P; is an a;b;-path for some vertices a;,b; € V(G).

Moreover, note that if the P;’s do not all belong to the same connected
component of G, then every connected component of G is coverable by
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Figure VIL9: A skewer. The blue
paths represent the paths R; and
the red paths represent the paths

Qi
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at most 2 shortest paths, hence by Proposition VIL4.2, pw(G) < 2. We
thus moreover assume that G is connected.

For two sequences P; = (X3,...,X) and P> = (Y3,...,Y) of vertex
subsetssuch that Xy = Z = Yy, wesay that P = (X1,..., X¢, Z, Y1,...Yy)
is the glue of P1 and P, by the bag Z. The following three lemmas deal
with some first easy cases.

Lemma VII.4.4. If the intersection of two of the paths Py, P, P5 is included
in the third one, then pw(G) < 3.

Proof. Assume without loss of generality that V(P;) N V(P,) C V(Ps),
and that G is connected. Note that if one of the two paths P;, P is
disjoint from P3, then G is not connected, and we get a contradiction,
hence both paths intersect Ps. For each i € {1,2}, we let u;, v; denote
the two vertices from V(P;) N V(P;) maximizing d(u;, v;), and such that
d(as, u;) < d(as,v;), and welet B; := P;[u;, b;] (see Section VIL.4.2). Then
the graph H := P; U B; U B, admits a 3-layering (Vj, ..., V;), where
r:=eccy(as), and foreachi € {0,...,r}, V;:={u € V(H) | d(as, u) =
i}; this follows from the observation that the three paths Ps, By, B, are
vertical with respect to a3 (note that the hypothesis that V(P;) C V(P;) N
V(P,) is used here). In particular, note that this layering satisfies the
property that each path P; intersects at most once each layer V;. Observe
now that G is obtained from H by attaching the two pendant paths
Ay := Pi[ay,u1] and Ay = Prlap, up] to the vertices uy and up. We
claim that it is then not hard to construct a 3-layering of G obtained
from the one of H by adding these two pendant paths to the layering

(Vi)o<i<r O

P a; b1

Lemma VII.4.5. If one of the three paths Py, P, P intersects the other two
at most twice in total, then pw(G) < 3.

Proof. Assume withoutloss of generality that we have |V (P;) N (V(P;) U
V(P2))| < 2. Note that if P; does not intersect V(P;) \ V(P,) (or sym-
metrically, V(P,) \ V(P1)), then we have V(P;) N V(P;) C V(P,) (and
symmetrically, V(P3) N V(P2) C V(P)), in which case Lemma VII.4.4
implies that pw(G) < 3. We may thus assume that P5 intersects V(P;) U
V(Py) in exactly two verticesa € V(P;) \ V(P,) and b € V(P,) \ V(D).

We now set H := P; UP,. By Proposition VIL.4.2, H is a skewer,
and we let x1,...,x4, Ro,..., Ry, Qo, ..., Qy, denote its corresponding
components with the notations of Section VII.4.1. Assume first that
there exists some i € {0,¢}, such thata € R; and b € Q,. Then H has a
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path decomposition of width 2 that contains a bag equal to {a,b}. In
particular, as {a, b} separates V(Ps) from V(H) in G, we can insert after
the bag {a,b} of this path decomposition some path decomposition of
width 1 of P; to which we add in each bag the set {a,b}. This gives a
path decomposition of width at most 3 of G.

Assume now that we are not in the previous situation. In particular, as
we assumed thata € V(P;) \ V(P,) and b € V(P,) \ V(P;), up to sym-
metry, there exist i # jsuch thata € R;and b € Q;. We now let P| :=
Ro--+Rj_1-Q;j Rjs1---Rpand Py := Qo Qj-1- R; - Qj41- - - Qs Ob-
serve that H is edge-covered by Pj, P}, and that P|, P} are shortest paths
in G, such thata,b € V(P]). In particular, we can again conclude as
above, using Lemma VIL4.4 with respect to the paths P;, P;, P; that
edge-cover G. O

Lemma VIIL.4.6. If there are at least two vertices that simultaneously
belong to the three paths Py, P, P3, then pw(G) < 3.

Proof. Let u and v be two distinct vertices of V(P;) N V(Py) N V(Ps).
Without loss of generality, we assume that a;, 1, v, b; appear in this order
on P; fori =1,2,3. Fori = 1,2,3, we denote A; the a;u-subpath of P,
and B; the ub;-subpath of P;. Then, the graph G admits a 3-layering
(Ug, ULV, ., Vr) such that u; := {x S V(A]) U V(Az) U V(Ag) :
d(u,x) =i} and V; := {x € V(B1)UV(B2) UV(B3) : dy(u,x) = i};
this follows from the fact that {u} separates the vertices on the A;’s from
the vertices on the B,’s in G, and that the A;’s and B;’s are all vertical
w.r.t. u. O

We say that a path P bounces between two paths Q1, Q> if there exists
i € {1,2} such that P has a subpath P’ with both endvertices on Q;, and
such that one of the internal vertices of P’ intersects Qz_;.

By Lemma VIL4.5, we can assume from now on that P; intersects
the other paths at least twice, and by Lemma VII.4.6, that at most one
of the vertices in these intersections lies simultaneously on the three
paths Py, P,, P;. In particular, up to exchanging a; and b, and P, and
P;, we may assume that if 1y denotes the vertex on P; which is the
closest to a1, and belongs to one of the two paths P,, P3, then uy €
V(Pl) N V(PQ) \ V(Pg,) We set A; := P, [ai, M()] and B; := P, [uo, bl] for
i=1,2.

Remark VIL.4.7. Observe that our choice of uy implies that V(A1) N
(V(P2) UV(P3)) = {uo}-

By Lemma VII.4.4 and Lemma VII.4.5, we can assume that P; inter-
sects By — 1o, and at least one of the paths between A; — 1y and B, — uy,
say By — ug by symmetry. In particular, at least one of the following
situations occurs (up to symmetrically exchange the roles of A and By)

(1) Ps; bounces between two of the paths A, B, and By,

(2) Ps does not intersect Ay,
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(3) P intersects the three paths Ay, By, By in this order,
(4) P intersects the three paths A, By, B, in this order.

To conclude the proof of Theorem VIIL.1.4, we will prove that pw(G) < 3
in each of these cases in the following separate lemmas. This is the most
technical part of the proof, especially for cases Item (1) and Item (2).
The next four lemmas respectively deal with each of the four cases. We
start with Item (1).

Lemma VIIL.4.8. If P5 bounces between two of the paths in { Ay, B1, B2},
then pw(G) < 3.

Proof. We let ug € V(P;) N V(Py) \ V(P3) be such that P; bounces be-
tween two paths in { Ay, By, B, }. Note that by Lemma VII.4.1, P5 cannot
bounce between A; and B,. We assume that P; bounces between B;
and B,, and claim that the case where P; bounces between B; and A, is
symmetric. Let B3 be the longest subpath of P; with both extremities 14
and u3 in V(By) U V(By). Since P; bounces between B; and B;, B3 has
length at least 2. We moreover assume without loss of generality that
0< d(uo, ul) < d(uo, M3) (recall that ug ¢ V(Pg,))

We claim that B3 is vertical with respect to ug. This is immediate if
B3 has both endvertices on Bj, or symmetrically on By, as both By, B,
are shortest paths in G starting from 1. Assume now without loss of
generality that u; € V(B;), while u3 € V(B;). Then one can easily see
that, as B3 bounces between B; and B,, there exist two distinct vertices
upy € V(By), ub € V(By) such that uq, up, u5, uz are pairwise distinct and
appear in this order on Bs. In particular, in the latter case, B3[u1, u5] and
Bs[up, uz] both bounce between By and B,, and have both endvertices
respectively on By, and on B, so they are both vertical with respect to
ug. As they edge-cover B3, and share the non-trivial proper subpath
Bs[up, uf), it follows that B is also vertical with respect to .

We now prove that Bz does not intersect A;. Assume for sake of con-
tradiction that there exists a vertex w in V(B3) N V(Az). Asug ¢ V(DPs),
w # uy. As B3 bounces between By and B,, note that V(B3) N V(By)
contains a vertex v distinct from u(. By the previous paragraph, ob-
serve that the path Q := Bs[v, w] is vertical with respect to ug, hence
d(v,w) < max(d(uop,v),d(up, w)). In particular, we then obtain a con-
tradiction as P»[v, w] has length d(uo,v) + d(u, w), and should be a
shortest vw-path in G.

We now consider the subpaths A3z, C3 of P5 such that P; := Az - B3 -
Cs. By construction of B3, both A3 — 11 and C3 — u3 are disjoint from
V(Bl) U V(Bz)

We prove that C3 does not intersect A,. Assume for sake of contra-
diction that Cs intersects A;, on a vertex w (see Section VII.4.2). First,
note that Bz should then intersect B, in at most one vertex, as otherwise,
the paths P>, P; would contradict Lemma VII.4.1. We then assume that
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Bz intersects B, in exactly one vertex u;. Since Bz bounces between By
and By, in particular u; is an internal vertex of B3, and we must have
uy,uz € V(B1) \ V(Bz). We now set a := d(uy,up), b := d(up, u3),c :=
d(uz,w),d = d(ug,w),e := d(up,uz) and f := d(uo,u1), so that the
situation is as depicted in Section VII.4.2. Since Bj is vertical with re-
spect to up, we have e = a + f. Moreover, since both paths P [w, 1] and
P3[up, w] are shortest paths, we have d(up, w) = b+ ¢ = e + d. Further-
more, as Ps[uq, w] is a shortest path, its length is shorter than the one of
Dy ug, w] - Py[ug, u1], giving a + b + ¢ < f 4+ d. Combining all previous
inequalities then gives a + e < f, and thus a = 0, contradicting that u»
is an internal vertex of B3z. We then obtain, as desired, that C3 does not
intersect Ay, and thus that C3 only intersects P;, P, in u3.

(%)

We now prove that V(B;) N V(Az) = {up}. Assume for sake of
contradiction that there exists a vertex v € V(By) N V(A;) distinct from
up. As B3 bounces between By and B, and as 1y ¢ V(Ps), there exist two
distinct vertices x,y of Bz such that 0 < d(x,ug) < d(y, up), and such
that x € V(By) and y € V(B,). We distinguish two cases (depicted in
Figure VIL.12), according whether d(ug, x) < d(uo,v) or not. Note that
in both cases, as A, By, B, and B3 are vertical with respect to 1y, and
as x, v # up, we obtain a contradiction, as the path B;[v, x] - B3[x, y] is
always strictly shorter than the path P;[v, y], which is supposed to be a
shortest path in G.

All previous paragraphs together with Remark VIIL.4.7 thus imply
that we can write G = G1 U Gy, where G := A1 U A, U Az and G; =
B1 U By U B3 UCs, and {uo, 11 } separates G from G,. We now show that
G1 (resp. Gy) admits a path decomposition of width at most 3 whose
rightmost (resp. leftmost) bag contains {u, 11 }. This will immediately
imply that pw(G) < 3.

We first construct such a path decomposition P, for G,. Observe that
By, B, are both vertical with respect to ug. Moreover, recall that C3 — u3
is disjoint from V(By) U V(B;), hence, as Bs is vertical with respect
to ug, it implies that B3 - C3 is also vertical with respect to ug. It thus
implies that the partition (V;);>o of V(G,) defined by setting for each
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Figure VIL.11: Configuration from
the proof of Lemma VII.4.8. The
dotted lines represent the layers in
the BFS from uy.

A, A B

Figure VIL.12: The two different
cases considered in the proof of
Lemma VIL.4.8, when we assume
that A, and B, intersect each
other. On the left, the situation
where d(ug,x) < d(ug,v), and
on the right, the situation where
d(ug, x) > d(ug, ).
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i€{0,...,r} (wherer :=eccg,(ug)), Vi := {x € V(Ga) | d(uo, x) =i}
is a 3-layering of G,. Moreover, note that if we set s := d(u, 11 ), then the
two subsequences S1 := (Vp,..., V) and Sy := (V;,..., V;) of (Vi)o<i<r
are respectively 2- and 3-layerings of the subgraphs G}, G} of G, induced
respectively by VoU - --U Vs;and by Vs U - - - UV, (see Section VIL4.2). In
particular, two applications of Lemma VII.2.2 give path decompositions
P35, Py respectively of Gj and G4 such that:

e P} has width at most 2, and its extremities are Vy = {uo} and V;,

e PJ has width at most 3, and its leftmost bag is V; (and thus contains
Uy ) .

To obtain a path decomposition P, of G, with the desired properties,
we can now simply add the vertex u; in every bag of Pj, and glue the
obtained path decomposition with P}

;
I

B

[ |

It remains to construct a path decomposition P; of width 3 of G;
whose rightmost bag contains {ug, u1}. By Remark VII.4.7, {ug} sep-
arates the vertices of A; from the other vertices of G;. Moreover, by
Proposition VII.4.2, Ay U Aj is a skewer. In particular, it admits a path
decomposition P; of width at most 2 whose rightmost bag is {u; }. As
G is obtained from A; U Aj after attaching some pendant path A; on
up, the existence of P easily follows. O

The next lemma deals with Item (2).
Lemma VIL4.9. If P; and A, are disjoint, then pw(G) < 3.

Proof. Suppose that P; and A; are disjoint. Since by Remark VII.4.7,
P5; does not intersect A;, by Lemma VII.4.4 we may assume that P3
intersects both B; and B,. We let v; and w; (resp. v2 and w») be the
vertices of V(B1) NV (P3) (resp. V(Bz) N V(Ps)) such that vy (resp. v2)
is the closest to 1 and w; (resp. wy) the farthest. Note that it is possible
that v; = wy, or v, = wy. By Lemma VIL4.8, we may assume that
P5 does not bounce between B; and B,, hence we may assume (up to
symmetry) that Ps intersects By, and then B,. By Lemma VIL.4.6, we may
moreover assume that there is at most one vertex in V(P;) N V(P;) N
V(P;). We write P; = As - B3 - C3, such that Bs is the subpath of P;
from the last vertex of V(P;) N V(P3) to the first vertex of V(P,) NV (P3)
(note that B3 might contain only one vertex if V(P;) N V(P,) N V(Ps) is
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Figure VIL.13: The 3-layering of G
described at the end of the proof
of Lemma VII.4.8.



not empty). By Lemma VIL4.1, B3 has one endpoint in {v7, w; }, and
the other in {'02, ZUZ}. Then, let C1 = P1 [al,vl], Dl = P1 [Ul,wl], El =
P1 [wl,bl] and let Cz = Pz [Elz, 02], Dz = Pz[Uz, ZUQ], Ez = P2 [wz, bz] (see
Section VII.4.2).

G

In what follows, we let ¢ be the first vertex of P; that belongs to
V(P1) UV(P,), and c; be the last vertex of P; that belongs to V(P;) U
V(P,). As we assumed that P; intersects B; and then B, we have ¢; €
V(P;) and ¢; € V(P,). Moreover, note that if ¢ is in V(P,), then we
have V(P;) N V(P;) C V(P,), and we conclude that pw(G) < 3 by
Lemma VIL.4.4. We thus may assume that c; € V(P;) UV(P;) \ V(P),
and by symmetry that c, € V(P,) UV(P3) \ V(P).

Claim VIIL.4.10. If one of the two inclusions V(D1) NV (By) C {v1, wy }
or V(Dy) N V(By) C {vy, wa} does not hold, then pw(G) < 3.

Proof of the claim. We assume that the first inclusion V(D7) N V(By) C
{v1, w1} does not hold, and claim that the proof if the second inclusion
does not hold is symmetric. Then there exists v € V(D1) N V(B,) such
that d(ug, v1) < d(uo,v) < d(uo, wy).

We now claim that we are in the same configuration as in Case (1),
with ¢, playing the role of 1y, where P; bounces between the paths
P>[ca, a2] and Ps[cy, a3], as it either intersects v1, v, w; in this order, or
w1, 0,01 in this order (see Section VII.4.2, left). We thus conclude that
pw(G) < 3 thanks to Lemma VIL4.8. O

Claim VII.4.11. If V(E1) N V(Cy) # &, 0r V(E2) NV (Cq) # O, then
pw(G) < 3.

Proof of the claim. Assume that there exists a vertex v in V(E;) N V(Cy).
We claim that the case where V(E;) N V(Cy) # @ is symmetric. The
situation is then as depicted in the right of Section VII.4.2.
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Figure VII.14: Configuration in the
proof of Lemma VII.4.9. In this spe-
cial case, the endvertices of B3 are
Up,W1.
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ug  Co

We now set Pj := Aj - Po[ug,v] - Pi[v,b1] and Pj := A - Py[ug,v] -
Py[v,by]. Observe that Pj, P} are also shortest paths in G, and that
P, P}, P cover the edges of G. In particular, note that V/(P;) N V(P]) C
V(P}), thus Lemma VIL4.4 applies and gives pw(G) < 3. O

Now, observe that Claims VII.4.10 and VII.4.11, together with the
definition of vy, v, imply that we may assume that the set {vq,v2}
separates in G the subgraph G; := A; - C; U Ay - C; from the sub-
graph G, := D1 UE; U Dy U E; U P (see Section VIL4.2). By Propo-
sition VIL4.2, Gy is a skewer, and admits a path decomposition P; of
width at most 2 such that v; is in the rightmost bag of P;. By adding v,
to every bag of P;, we obtain a path decomposition P; of G; of width
at most 3 such that vy, v, is the rightmost bag of P;. It thus remains to
show that there exists a path decomposition of width 3 of G, whose
leftmost bag is {v1, 2 }.

We now have four distinct cases, two of them being symmetric, de-
picted on Figure VII.16 according to the order on which the vertices
V1, W1, V2, Wy appear on P3.

Note that by Claims VII1.4.10 and VII.4.11, the only possible common
vertices between P; and P, in G; are in V(D7) N V(D,), and possibly,
the vertices vy, v7 in the special case when v; = v;.

In particular, by definition of w1, wy, the set {wy, w, } separates in G,
the vertices of the graph Gz := D; U D; from the remaining vertices.
By Proposition VIL.4.2, and as ug € V(P;) N V(P,), G3 admits a path
decomposition of width at most 2 whose leftmost bag is {w;, w,}. To
conclude our proof, it thus only remains to show in each case that there
exists a path decomposition of G4 := P; U E; U E; of width at most 3,
whose leftmost bag is {v1,v2}, and whose rightmost bag is {w, w,}.
We claim that it is then not hard to construct separately in each case
such a decomposition. O

The next two lemmas respectively tackle cases (3) and (4).
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Figure VII.15: Left: configuration
of the proof of Claim VIL4.10. In
this figure, we depicted the special
case where ¢; = vy, however note
that there is also a symmetric case
where ¢; = wq, in which case c; is
before v on P,. Right: configura-
tion of the proof of Claim VII.4.11.



Lemma VII.4.12. If P; intersects the subpaths Ay, By, By in this order,
then pw(G) < 3.

Proof. Asug ¢ V(P3), note that Ps intersects the subpaths Ay — ug, By —
ug, By — up. By Lemma VIL.4.1, By cannot intersect both A, — 1 and
By — up. By symmetry, assume that B; does not intersect A, — uy. Let
w be the vertex of V(A;) N V(P5) which is the closest from a3, and let
Asz = Ps[az, w|. As By does not intersect A \ w, and as uy ¢ V(P3), we
have w € V(P;) N V(Az) \ V(B1). Now, observe that if A3 intersects the
path Py, then as Ps is disjoint from A, it implies that P3 bounces between
Aj and By, in which case Lemma VII1.4.8 applies and gives pw(G) < 3.
Assume now that Az and P; are disjoint. Then, we claim that we are in
the configuration of Case (2), with w playing the role of ug, P; playing
the role of P53, and P; playing the role of P;. In particular, Lemma VII.4.9
then applies and gives pw(G) < 3. O

Lemma VII.4.13. If P; intersects the subpaths Az, By, By in this order,
then pw(G) < 3.

Proof. As ug ¢ V(P3), note that P; also intersects the subpaths A, —
uo, By — ug, B — up. We let x,y,z be three distinct vertices of P; such
thatx € V(Ap),y € V(By) and z € V(A;), and such that y is an internal
vertex of Ps[x, z|.

Note that by Lemma VII.4.1, no vertex of Ps[y, bs] belongs to Ay, and
no vertex of Ps[a3, x| belongs to B,. Moreover, by Lemma VI1.4.8, no
vertex on Ps(z, b3] belongs to P, — z. In particular, it implies that we
may assume that x is the vertex from V(A,) N V(P3) that minimizes
the distance d(a,, x), and that y is the vertex from V(B,) N V(Ps) that
minimizes the distance d(by, ).

Assume first that By does not intersect B, — ug. Note that by Re-
mark VIL4.7, it implies that y is in V(P>) N V(P3) \ V(P;). We set
D, := P[y, bp] and D3 := Ps3[a3, y]. By our minimality assumption, y is
must then be the only intersection of D, with P; U P;. By Lemma VIL.4.8,
no vertex on D3 can belong to B;. Hence, we have that P; does not
intersect D, nor D3. By Lemma VII.4.9, with y playing the role of u,
Py playing the role of P; and D; playing the role of A, we obtain that
pw(G) < 3.

We now assume that B; intersects B, — ug. In particular, B; does
not intersect A, — up by Lemma VII.4.1. By our choice of x and Re-
mark VIL4.7, observe that C; := P,[a, x] only intersects P; U P; in x.
We now set Az := Ps[a3, x|. Note that by Lemma VIL.4.1 and our choice
of x, A3 only intersects P, in x. Moreover, note that as A3 is disjoint
from A;, if Az intersects By, then P; bounces between B; and A, so by
Lemma VII.4.8 we have pw(G) < 3. We may thus assume that x is the
vertex in the intersection of Asz and P; U . Note that we are then in
the situation of Lemma VII.4.9, with x playing the role of ug, P; playing
the role of P; and C;, A3 playing the respective roles of A;, A>. We thus
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D, D,

Figure VIL.16: Possible ways for
the path P; (in dark green) to
intersect P; (in blue) and P, (in
red) in G,. Left: the case where
V], W1, Wy, v appear in this or-
der on P;. Middle: the case
where v1, w1, vy, wy appear in this
order on P;. The case where
w1, V1, Wy, Up appear in this order
on P3 is symmetric. Right: the case
where wy, v, vp, Wy appear in this
order on Ps.
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conclude that pw(G) < 3. O

Proof of Theorem VII.1.4. As explained above, observe that, up to replac-
ing P, by P, !, one of the four cases between (1), (2), (3) and (4)
should occur. We thus conclude that pw(G) < 3 after applying ac-
cording accordingly Lemma VIL4.8, Lemma VII.4.9, Lemma VIL.4.12
and Lemma VII.4.13. O

VIL.5 Coverings by Isometric Subtrees

Treewidth. A tree decomposition of a graph G is a pair (T, V) where T is
atree and V = (V}),cy(r) is a family of subsets V; of V(G) such that:

o V(G) = Uy V&

e forall nodes t,t',t" such that t' is on the unique path of T from ¢ to
t, Vi Vi C Vy;

e every edge e € E(G) is contained in an induced subgraph G[V}] for
some t € V(T).

The subsets V; are called the bags of the tree decomposition (T, V),
and the tree T is called the decomposition tree. The width of a tree decom-
position is the maximum size of a bag minus 1. The treewidth of a graph
G, denoted tw(G) is defined as the minimum possible width of a tree
decomposition of G. Note that path decompositions of G correspond
exactly to the tree decompositions of G whose decomposition tree is a
path. In particular, we have in general tw(G) < pw(G).

Recall that a graph G is 2-connected if it is connected of order at least 3,
and has no cutvertex, that is, no vertex v such that G — v is not connected
anymore. The blocks of G are the inclusion-wise maximal sets of vertices
X C V(G) such that G[X] is connected and has no cutvertex’. The
following is a well-known and easy fact.

Proposition VIL.5.1 (folklore). The treewidth of a graph is equal to
the maximum treewidth of its blocks (maximal 2-connected components).
Put differently, for every v € V(G), if Xa,..., Xk denote the connected
components of G — v, then tw(G) = max; ;< tw(G[X; U {v}]).

The following remark is immediate.

Remark VIL5.2. Let G be a graph edge-coverable by k isometric trees, and
X be a block of G. Then G[X] is also edge-coverable by k isometric trees.

We now prove our main result in this section, which we restate.

Theorem VIL1.5. Let G be a graph which is edge-coverable by 2 isometric
trees. Then tw(G) < 2.
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5 Note that here, blocks are not nec-
essarily 2-connected, as we allow
them to have order less than 3.
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Proof. Let Ty, T, denote two isometric subtrees of G that cover all its
edges. By Proposition VIL5.1 and Remark VIL5.2, we may assume
without loss of generality that G is 2-connected. In particular, G has no
vertex of degree 1. Moreover, up to removing some edges incident to
the leaves of T; and T, we may further assume that every edge of T;
which is incident to a leaf of T; is not an edge of T,. Let u be a leaf of Tj.
As G has no vertex of degree 1, u must also be a vertex of T5.

Claim VIIL.5.3. Every edge of G is vertical with respect to u.

Proof of the Claim. Suppose for a contradiction that there exists some
edge vw € E(G) which is not vertical with respect to u. Then it implies
that v and w belong to the same layer of the BFS-layering starting from
u, thatis, dg(u,v) = dg(u, w). Weleti € {1,2} be such that vw € E(T;).
As T; is an isometric subtree of G, we then also have dr, (1, v) = dr,(u, w).
We then obtain a contradiction as such an edge vw would create a cycle
in Ti. ]

We now consider the subtree T] of T; formed by taking the union of
all paths P between u and a vertex of T; such that all internal vertices
of Parein V(T;) \ V(T2). As G is 2-connected, all leaves of T} are in T,.
Let G, be the subgraph of G induced by the descendants of v, i.e., by
vertices x for which there exists some ux-path P which contains v and
which is vertical with respect to 1. Note that in particular, v € V(Gy).

Claim VIL5.4. Each leaf v of T{ which is distinct from u separates G,
from the rest of G.

Proof of the Claim. Let v be a leaf of T} distinct from u, and suppose for a
contradiction, that v does not separate G, from G — G,. Then there exists
some edge e = xy € E(G) withx € V(G,) \ {v} andy € V(G) \ V(Gy).
By Claim VIL5.3, e is vertical with respect to u. As we assumed that
y ¢ V(Gy), we must have dg(u,y) < dg(u,x). Leti € {1,2} be such
that xy € E(T;). We let P denote the path in T; connecting u to x, which,
by Claim VIL5.3, is vertical with respect to u and thus contains y. As y
is not in G,, observe that P cannot contain v. See Figure VII.17 for the
case where i = 2. We let w be the least common ancestor in T; of v and
x (recall that by definition of Tj, v is in V(T;) N V(Ty)). As P avoids
v, we have v # w. As T; is an isometric subgraph of G, we then have
dc(v,x) = dr(v,x) = dr(v,w) +dr,(w,x) > dr,(w,x) = dg(w,x).
Now, recall that x € V(G,), hence there exists some ux-path in G from
v to x going through v, which is vertical with respect to u. In particular,
as w is an ancestor of v in Tj, it then implies that dg(v, x) < dg(w, x),
giving a contradiction (see Figure VIL.17). O

As G is 2-connected, Claim VIL5.4 implies that for each leaf v of T}
distinct from u, we have V(G,) = {v}. In particular, as we initially
chose u to be a leaf of Ty, it then implies that T; = Tj, so the only
vertices of T that also belong to T; are its leaves. Observe that up to
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Figure VIL17: Proof of
Claim VIL.5.4 in the case where
xy € E(Ty).
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reproducing symmetrically the same reasoning, where the roles of T}
and T; are exchanged, we may moreover assume that the only vertices
of T, belonging to T; are its leaves. In other words, we are left with the
case where Ty and T, have no common internal nodes, and intersect
exactly at their leaves.

In the remainder of the proof, we will say that a graph H has a mirror-
decomposition if there exist trees T, T’ such that

e H=TUT;
e the trees T and T' have no common internal nodes;

e there exists a graph isomorphism ¢ from T to T such that for every
v e V(T)NV(T"), we have ((v) = v.

The proof of Theorem VII.1.5 will be an immediate consequence of
the following two Claims.

Claim VIL5.5. G has a mirror-decomposition, with respect to the trees Ty
and T».

Proof of the Claim. First, observe that as Ty, T are both isometric sub-
graphs of G, for every two vertices a,b in V(T;) N V(T,), it holds that
dg(a,b) =dr,(a,b) = dr,(a,b). In particular, the claim is then immedi-
ate if T; and T, have at most 2 leaves. We now assume that T;, T; have
more than 2 leaves.

We recall that a basic property of trees is that for every three nodes
a,b,c in a tree T, there exists a unique median, that is, a unique vertex
m(a,b,c) of T that belongs to shortest paths between each pair of a,b
and c. Note that in particular, if 4, b, c are pairwise distinct leaves of a
tree T, then their median is an internal node of T.

In what follows, for every i € {1,2} and every three leaves of T;
(and thus also of T3_;), we let m;(a,b,c) € V(T;) denote their me-
dian in the tree T;. We first claim that for every x € {a,b,c}, we have
d(my(a,b,c),x) = d(ma(a,b,c),x). To see this, fix a,b,c and for each
x € {a,b,c}, setd;(x) := dr,(m;(a,b,c),x). Note first that as T, T, are
isometric subgraphs in G, we have for every two distinct vertices x,y €
{a,b,c} thatdy(x) +di(y) = dr,(x,y) = dr,(x,y) = da(x) + da(y). In
particular, we then have

2(d1 (Dl) +dy (b) +dq (C)) = dTl (al b) + dTl <b/ C) + dTl (LZ, C)
= dr, (a,b) + dr, (b,c) + dr, (a,c)
= 2(d2(a) + dz(b) + dz(c)).
By a previous observation, di(b) + dqi(c) = da(b) + da(c), hence in
particular it implies that dq(a) = da(a). The equalities d1(b) = d(D)
and dq (c) = da(c) are obtained identically.
To conclude the proof of Claim VIL5.5, we now show that for every
tree T, the knowledge for each triple (a,b,c) of distinct leaves of the

tuples
(d(m(a,b,c),a),d(m(a,b,c),b),d(m(a,b,c),c))
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can be used to reconstruct T uniquely. In other words, for a fixed set L
of size at least 3 and a fixed mapping ¢ : L*> — IN?, there exists at most
one tree T (up to relabelling the internal nodes) such that the leaves of
T are exactly the elements of L, and such that for every triple (a,b,c) of
distinct leaves, we have

¢(a,b,c) = (d(m(a,b,c),a),d(m(a,b,c),b),d(m(a,b,c),c)).

When such an equality holds for all triple of distinct leaves, we say that
T realizes ¢. Note that by previous paragraphs proving such a statement
will immediately conclude our proof of Claim VIL5.5. We show this
statement by induction on the size of L. If |L| = 3, then note that the
only possible tree realizing some given triple ¢(a,b,c) = (d,, dp, d.) is
a subdivided star with three branches of size d,, d;, and d. respectively
connecting 4, b and ¢ to the center. Assume now that |L| > 4 and that
the induction hypothesis holds. Suppose that we are given some tree
T with set of leaves L realizing some fixed mapping ¢ : L> — IN°®. Let
a be a leaf of T, and let P be the shortest possible path in T connecting
a to a vertex x of degree at least 3 (such a vertex always exists as soon
as T has at least 3 leaves). Then T — P is a tree whose set of leaves is
exactly L\ {a}. In particular, applying induction hypothesis on L \ {a}
implies that T — P is the unique possible tree realizing the restriction
of pon (L\ {a})3. Moreover, as x has degree at least 3 in T, there exist
two distinct leaves b,c of T — P such that x = m(a,b,c) in T. Write
¢(a,b,c) = (dg,dp,d.) and observe now that x is necessarily the only
vertex of T — P that lies on the be-path of T — P such that d(x,b) = d,
and d(x,c) = d. In particular, it implies that the only possibility for a
tree to realize ¢ is to be obtained from T — P after attaching some path
P’ of length d, connecting a to x. This concludes the proof. O

Claim VIL5.6. Every graph admitting a mirror-decomposition has
treewidth at most 2.

Proof of the Claim. We let H be a graph with a mirror-decomposition
and T, T', 1 be as in the definition of mirror-decomposition. We prove by
inductionon |V(T)| = |V(T’)| > 1 that there exists a tree decomposition
of H of width at most 2, and such for each v € V(T), there exists a bag
that contains {v, ((v) }. If |[V(T)| < 2, then |V(H)| < 3 (unless V(T) and
V(T’) are disjoint, in which case we also conclude immediately), and one
can conclude by considering the tree decomposition with a single bag
equal to V(H). Assume now that |V(T)| = |V(T’)| > 3. In particular,
there exists some node u € V(T) such that T — u is not connected. Then,
{u,1(u)} forms a separator of size 2 in H (see Section VIL5).

Now, observe that for each component C of T — u, the graph Hc :=
H[CU(C)U{u,i(u)}] admits a mirror-decomposition with respect to
the trees T[C U {u}] and T'[:(C U {u})]. By choice of u, the tree T[C U
{u}] has strictly fewer vertices than T, thus the induction hypothesis
implies that Hc admits a tree decomposition (T¢, V) such that for every
x € CU{u}, there is a bag containing {x, ((x)}. Welettc € V(T¢) bea
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node of Tc whose bag contains {u, (1) }. We now conclude the proof
of the claim by considering the tree decomposition (T, V) of H, where
T is obtained after taking the disjoint union of the trees T¢, and adding
a vertex z connected to all nodes ¢, with associated bag {u, ((u)}. O

VII.6 A linear lower bound

In this section, we prove a general lower bound on the pathwidth of
graphs edge-coverable by k shortest paths.

Proposition VII.1.3. For any integer k > 1, there is a graph Gy that is
(a) edge-coverable by k shortest paths, and
(b) that has pathwidth at least k.

The remainder of the section is dedicated to the proof of Proposi-
tion VIL.1.3. We will construct inductively a sequence (Gy)>1 of graphs
satisfying the outcome of Proposition VII.1.3.

Construction of the sequence (Gi)x>1. We first consider the sequence
(Li)k=1 of integers defined inductively by setting ¢1 := 3,/{, := 7 and
U1 := 2(¢, +3) for each k > 2. We now construct the sequence (Gy)x>1
inductively, maintaining at each step the property that Gy admits a k-
layering with /i layers, in which both the left and right extremities
contain a single vertex, respectively denoted u; and vy.

First, we define separately G; and Gy: G is the path of length 3, with
extremities 11, v1, and G, is the cycle of size 14, seen as the union of two
internally disjoint u,v,-paths of length 7 (see Section VIL6).

We now let k > 2 and construct inductively Gy. First, we let H, H’
denote two disjoint copies of Gy, such that ay, by (resp. 11;(, b;{) denote
the copies of the vertices uy, vx in H (resp. in H'). To obtain Gy, 1, we
moreover add an edge between b, and ai, two vertices uy, 1 and vg 1, two
paths Ay, By of length 2 respectively between 11 and a;, and between
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v41 and by, and finally, two paths Cy, Dy of length I + 3 respectively
between w1 and a}, and between vy and by, whose internal vertices
are distinct from all the ones that were present so far (see Section VIL6).

An easy induction on k shows that Gy admits a k-layering L contain-
ing ¢ layers for each k > 1, whose extremities are {uy} and {v}.

A
v

Ll

Proof of Item (a) in Proposition VII.1.3. We show by induction that G,
is edge-coverable by k shortest paths. We will moreover show that one
can choose all of these paths to be u,vi-paths. In particular, it implies
that they all contain exactly one vertex in each layer of L. The result
is immediate for k < 2, so we now let k > 2 and assume that it holds
for G. Welet Py, ..., P and Pj, ..., P| denote respectively paths that
edge-cover H and H’, such that for each i € [k], P; (resp. Pi/ ) is a shortest
agbe-path in H (resp. a shortest a;b;-path in H'). For each i € [k —1],
we set Q; := A; - P; - byay - P/ - B;. Moreover, we set Qi := Ci - P - B
and Qi1 := Ak - Py - Dy (see Section VIL6). It is easy to check that
Q1,...,Qx edge-cover Gi;1. Moreover, note that each Q; has at most
one vertex in each layer of Ly 1, implying in particular that it is a shortest
Uk+19x+1-path, which concludes the proof.
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Figure VIL.19: The graphs Gy, Gy
and G3. The colored paths form
a covering by k shortest paths for
each k € [3].

Figure VIL.20: Recursive construc-
tion of G 1. The paths Qy, Q11
are respectively represented in red
and blue.
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Proof of Item (b) in Proposition VII.1.3.  We now show that for each k > 1,
we have pw(Gy) > k, which will prove Item (b) in Proposition VIL.1.3
and therefore complete its proof.

" Figure VIL.21: The graphs T, and

r1

T2
()

For each k > 1, we let T denote the graph obtained as follows: take
two disjoint copies B; and B, of a complete binary tree of height k — 1,
with respective roots r1, 12, subdivide all edges once, and add a matching
connecting each leaf of B; to its copy in B, (see Section VIL.6). Note first
that for each k > 1, T is a minor of G;. To see this, observe that an easy
induction on k further gives that there exists for each k > 1 a model of Tj
in which the branch sets of the respective roots of the copies By, B of the
binary tree are exactly {u;} and {v;} (note also that the edge byaj, can
be ignored for this part, i.e. Ty is also a minor of Gy — ayby). In particular,
as Ty is a minor of Gy, we have for each k > 1 that pw(Gy) > pw(Ty). It
thus only remains to show that T; has pathwidth at least k.

Lemma VII.6.1. For any integer k, the graph T has pathwidth at least k.

To prove Lemma VIL6.1, we use the game characterization of path-
width, in terms of the node searching number (see Section V1.2 for defini-
tions). A classic result of Kirousis and Papadimitriou [KP85] states that
for every graph G, we have ns(G) = pw(G) + 1. In particular, in order
to conclude our proof of Proposition VII.1.3, it will be enough to show
that for each k > 1, ns(T) > k+ 1.

In order to show this, we need to slightly extend the definition of
the game by allowing some winning positions for the robber. For a set
W C V(G) of vertices, which we call a winning state, a search Cy, ..., C;
on G is W-winning if there exists some i € [t] for which FNW # &.
The W-node searching number of G, denoted nsy (G) is the minimum
possible integer k > 0 for which G admits a search which is neither
W-winning, nor non-evasive. More informally, nsy(G) > k means
that when playing with k cops, whatever strategy the cops choose, the
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robber will be able to find accordingly a strategy allowing him either
to enter W at some step, or to escape them forever. Combined with
all previous observations, next lemma will immediately conclude our
proof of Proposition VII.1.3. In what follows, for each k > 1, we let T,i
denote the graph obtained from T after adding two new vertices s, s»
of degree 1 respectively attached to the roots r1, 7, of the binary trees
used in the definition of Tj.

Lemma VIIL.6.2. We have:
1. ns(Ty) > k+ 1 for every k > 1, and

2. nsgg o0 (T{) = k + 2 for every k > 2.

Proof. The proof goes by induction on k > 1. The base case k = 1 is
immediate, as T is then an edge with extremities 1, 17, in which case it
is easy to see that one cop can never catch the robber ¢, implying Item 1.
T; is a cycle of size 10 on which r; and r, are two antipodal vertices.
In this case, it is not hard to check that a robber will always be able to
escape to two cops in the node searching game showing Item 1 when
k = 2. We now show that Item 2 also holds when k = 2. For this, we
describe a winning strategy for the robber in the {s1, 2 }-node searching
game with 3 cops. Let P, Q denote the two paths of length 3 obtained
when removing r1, 7, from T, and consider a search Cy, ..., C; of T;. We
also set S1 := {ry,s1} and S, := {r,s»}. First, note that if each set C;
intersects both S; and S;, then the robber has a winning strategy to
evade the cops by choosing any of the two paths P, Q and staying in
it the whole time (such a path will be occupied by at most one cop at
each step, allowing the robber to win). Assume now that this is not the
case, and let i € [t] be the first step of time for which one of the two sets
51,52, say S1 does not intersect C;. If i = 1, then the robber immediately
wins by choosing s as its initial position, so we assume that i > 2. Then
for each 1 < j < i, both paths P and Q are occupied by at most one cop,
and moreover one of them, say P is occupied by no cop at step i — 1 (if
i > 2). In particular, as |C;_1AC;| < 1 and as S; contains a vertex from
Ci_1\ Cj, P is also not occupied by a cop at step i. A winning strategy
for the robber then consists in staying in P during the first i — 1 steps
and escaping so far the only cop that enters P, and then reaching s; at
step i. We assume from now on that k > 3, and that Items 1 and 2 holds
in kal-

In what follows, we let Hy, Hy denote the two disjoint copies of Ty
in T}, and ug (i,j € [2]) denote the copies of r1, 72 in Hy, Hy, as depicted
in Section VIL.6. We moreover let H; and Hj denote the two disjoint
copies of T]_, in Ty, such that for each i € [2], H] contains H;, and for
eachi,j € [2], we let vg denote the copies of the vertices s1,s, in Hy, Hj,
as depicted in Section VIL.6. We moreover set W; := {v{, 0]2} for each
je{1,2}.

We start proving Item 1 and consider a search Cy, ..., C; on G with k
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6 Recall that in order to move, the
cop must first disappear from the
graph. This follows from the con-
dition |C;_1AC;| < 1 in the defini-
tion of a search.
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H, H;

Uy u3

N =

05

T2

cops. We will show that this search is evasive. Intuitively, the strategy
simply consists for the robber in playing the Wj-node search game in
some subgraph H; (j € [2]). Applying Item 2 from induction hypothesis
on H ]f, the robber will be able either to escape the cops until the end of
the search, or to jump into Hj j by travelling through some vertex of
the set W;, and then start playing iteratively the W;_;node search game
in H} j- This is slightly more technical to prove formally, as one must
ensure that when jumping from H ]’ to H} j» the robber can moreover
reach some initial configuration of the winning strategy he will use later
in H} i

More formally, for each i € [t], we construct the projection 111 (C;) €
(V(<Hk{)) of C; on Hj as follows. First, for each u € C; N V(H]), we add
U to 71(C;). Then, if C; contains any of the vertices rl,v%, u% (these
correspond to the vertices on the shortest viu3-path), we add v} to
71(C;). Symmetrically, if C; contains any of the vertices 7, v%, u%, we
add v} to 711 (C;). If necessary, for each vertex u in C; N Hy \ {u?, u3}, we
add at least one of the two vertices v}, v}, by respecting the following
rule that if H, contains at least two vertices from C;, then both v{ and v}
are added to 711 (C;). We claim that a simple induction on i € [¢] implies
that we can construct such sets 711 (C;) with the additional property that
m1(C1), ..., m(C) is a search on H (with at most k cops). We define
symmetrically a projected search 715(Cy), ..., 72(Ct) on Hj.

We now describe a winning strategy for the robber to show that
Cy,...,Crisevasive. We will ensure that at each step, the robber occupies
a vertex of Hy; U Hy. A safe state is a configuration of the game where at
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Figure VII.22: Schematic descrip-
tion of the decomposition of T in
the proof of Lemma VIL6.2. The
triangles represent copies of the
complete binary trees of height
k — 2 involved in the definition of
Tk_ 1-



some step i € [t], the robber occupies some vertex in some subgraph
H; (j € [2]) such that |C; N V(H;)| < 1. We will first show that we may
assume that the robber can reach some safe state. We assume without
loss of generality that |V(H;) N Cq| < k — 1. By induction hypothesis,
Item 2 holds in H}, implying that the robber has a strategy to win the
Wi-node searching game in H| with respect to the projected search
11(C1), ..., m1(Cy). It then implies that one of the following holds:

e either the robber can escape the cops with respect to 771 (Cy), ..., m1(Ct),
in which case he also has a strategy to escape the cops in Ty with re-
spect to the initial search Cy, ..., C;, and staying in H] at every step,

e or there exists some step i € [t] such that the robber can stay in Hj
and escape to the cops until step i, and then reach one of the two
vertices of Wy. Without loss of generality, assume that this vertex is 1.
The definition of 71y then implies in particular that |C; NV (Hz)| < 1,
and moreover that none of the vertices v%, 1, v%, u% belongs to C;. This
then implies that the robber can safely travel to the vertex u$ at step i,

and reach a safe state.

We now prove that if at some step i € [t], the robber could reach some
safe state in which he occupies a vertex x of Hj, then it can either es-
cape the cops until the end of the search by staying in H;, or reach
another safe state at some step i’ > i. Observe that applying iteratively
this claim immediately concludes the proof of Item 1. To prove the
claim, the arguments are almost the same as above: assume that at
step i, the robber occupies a vertex of Hy and that |V(H;) NG| < 1. If
i = t, then we immediately conclude. Otherwise, consider the search
711 (Ciy1) U {0}, 03}, m1(Cit1), ..., m(Cr) of H] (note that this indeed
defines a search as 711 (C;;1) contains at least one of the vertices v}, v}).
By induction hypothesis, the robber has a winning strategy for this
search when playing the Wi-node searching game in Hj, for which its
initial position is some vertex y € V(H;). We now observe that as H;
is 2-connected, and as |V(H;) N C;| < 1, the robber can, at the end of
step i, move from x to y without being caught by the cops. He can then
reproduce the winning strategy in Hj for the Wi-node searching game,
and according to the outcome, the same arguments used in the previous
case distinction imply that he can either escape the cops until the last
step, or reach another safe state for some i’ > i.

We now show Item 2, using Item 1 from the induction hypothesis. The
proof is basically the same as for the case k = 2. Let Cy, . .., C; be a search
with k + 1 cops on T]. We let W := {s1,s5}, S1 := {v],71,51,0}} and
Sy 1= {v%, 2,52, v%}, so that Hy, H; are the two connected component
of G— (S1USy). If foreach i € [t], |C;NV(H;y)| < k — 1, the robber
can escape to the cops by reproducing some winning strategy given
by Item 1 in H;, implying that Cy, ..., C; is evasive. The same applies
symmetrically if |C; N V(H)| < k—1foreachi € [t]. Otherwise, we can
consider the minimum i € [t] such that |C; N V(H;)| = k, and we may
moreover assume that |Cy N V(Hy)| < k — 1 foreach i’ < i. In particular,
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C; must be disjoint to at least one of the sets Sq,S,. If i = 1, then the
robber immediately wins the W-node search game by choosing s; as its
initial position. Otherwise, by induction hypothesis, Item 1 holds in Hj
and implies that the robber has a winning strategy to escape the cops
until step i, while staying in Hp. In particular, as |C; NV (H;y)| = k, we
then have |C; N V(H)| < 1. As Hj is 2-connected, it then implies that
at the start of step i, the robber can safely reach one of the sets Sy, S»
which is disjoint from C;, and thus also W. This concludes the proof of
Item 2.

O

VII.7 Conclusion

As mentioned in the introduction, the best lower bound we know on
the possible pathwidth of graphs edge-coverable by k shortest paths is k.
Together with Theorem VII.1.4, it suggests that the upper bound from
Theorem VII.1.2 could be potentially improved to a linear bound.

Question VIL7.1. Let G be a graph edge-coverable by k shortest paths. Is
it true that pw(G) = O(k)? And that pw(G) < k?

Another observation going in the direction of Question VIL.7.1 is that
graphs edge/vertex-coverable by k shortest paths have cop number at
most k [AF84]. In particular, it is well-known (and not hard to prove)
that the cop number of a graph is upper bounded by its treewidth, and
thus also by its pathwidth.

The second question which is left open by our work (and asked in
[DFPT24]) concerns the existence of a polynomial upper-bound on the
pathwidth of graphs which are vertex-coverable by k shortest paths. At
the moment, it does not seem for us that the ideas from Section VIL.3
generalize to this case.

Another natural question consists in asking if Theorem VIL.1.5 gener-
alizes in some way to larger values of k:

Question VII.7.2. Does there exist a function f : IN — IN such that for
every k = 3 and every graph G edge-coverable by k isometric subtrees, we
have tw(G) < f(k)? If yes, can f be polynomial?

However, Bastide, Duron, Hodor, Liu and Nie [BDH*25] found con-
structions of graphs edge-coverable by 4 isometric subtrees that contain
arbitrarily large subdivided walls as a subgraph, implying a negative
answer to Question VIL.7.2. A question left open by their work concerns
the existence of graphs edge-coverable by 3 isometric subtrees and with
arbitrarily large treewidth. It might also be interesting to find some
restricted hypothesis under which Question VII.7.2 could hold.
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Chapter VIII'
MDS when forbidding a minor of pathwidth 2

ABSTRACT

We show that graphs excluding a minor H of pathwidth 2 admit a
deterministic f(H)-round 50-approximation distributed algorithm for
Minmmum DominaTING SET (MDS). We build upon the results of Chap-
ter IV that handles the subcase of H = K. Until then, though fast and
approximate distributed algorithms for such problems were already
known for H-minor-free graphs, all of them had an approximation ratio
depending on the size of H. This points toward a deeper truth behind
the behavior of MDS in H-minor-free graphs. Indeed, we conjecture
that by allowing the number of rounds to be an arbitrary function of
H, we can obtain an approximation ratio within constant factor of the
pathwidth of H. A matching lower bound guarantees that it would be
optimal if true. Our algorithm is rather elementary, and the analysis,
while intricate, is self-contained except for a theorem on the asymptotic
dimension of minor-closed classes.
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VIII.1 Introduction

The aim of chapter section is to extend the results of Chapter IV, to larger
families, and to show that all H-minor-free graphs have a constant-factor
approximation in the LOCAL model when pw(H) = 2.

Noting that Ky ; has pathwidth 2, for t > 2, we propose the following
strong generalization of Theorem IV.3.1.

Theorem VIIIL.1.1. For every graph H of pathwidth at most 2, there is a
1 (1)-round 50-approximation deterministic LOCAL algorithm for MiNI-
MuMm DOMINATING SET on H-minor-free graphs.

This is a first step in the direction of Conjecture V.1.2.

Conjecture V.1.2. For every graph H, there is an O(pw(H))-
approximation Oy (1)-round LOCAL algorithm for MINIMuM DOMINAT-
ING SET on H-minor-free graphs.

For this, we use the same Algorithm 5 as on K; ;-minor-free graphs,
but with further analysis to show that the same algorithm still works for
any H with pathwidth 2. Notice that we can still bound the number of
vertices in local 1-cuts and of interesting vertices in local 2-cuts by Lem-
mas IV.2.1 and IV.2.2, as those lemmas apply for any class of graphs of
bounded asymptotic dimension (and minor-free graphs have asymptotic
dimension bounded by 2 [BBE*24, Proposition 1.17]). Thus, we just
need to prove an equivalent of Lemma IV.3.2 for H-minor-free graphs
when pw(H) = 2. We cannot rely on Ding’s characterization [Din17]
anymore, and we are left with studying the structure of such graphs
ourselves.

The first difficulty in proving this is that there are many graphs of
pathwidth 2, and we would rather not tailor the proof to each of them.
To circumvent this, we use the notion of universal major.

Universal major for graphs of pathwidth 2. We first construct a graph
which is universal under minor containment for graphs of pathwidth at
most 2 and of bounded size.

The graph Ly, the ladder with k railings, is defined as in Section VIIIL1.

The corners of the subdivided grids are the ends of the ladder. Any
set of two vertices of Ly where the vertices are at distance 2, of degree 2,
and adjacent to a common vertex of degree 2 is an end of Ly. A railing is
a vertex of degree 2 that is not an end of L. The paths of the ladder are
the two paths that are obtained by removing every railing.
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Figure VIIL1: The graph Ly, here
for k = 10. It is constructed from
a k x 2-grid, a ladder, where the
k vertical edges have been subdi-
vided into two edges.
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We first use the following property.

Proposition VIII.1.2. Every graph H of pathwidth 2 and with k vertices
is a minor of Ly.

Proof. Let G be a graph of pathwidth 2, let (P, B) be a path decomposi-
tion of G of width 2 and let k = |V(G)|. We prove by induction on |P|
that for any subset S of size 2 in the last bag of P, G is contained in Ly as
a minor with the additional condition that S is rooted in one end of Ly,
i.e. for the two vertices of S, their corresponding branch set each contain
one vertex of the end. The base case where |P| = 1 is easy to check. Let
P = P'yxand B = B(x) = {u, v, w} be the last bag of P. Without loss of
generality, we can assume that f(x) # B(y), and therefore we can also
assume that B(x) N B(y) C {u,v} and that G[B(x)] is a clique. There
are two cases: either S = {u,v} or S = {u, w} (the case S = {v, w} is
similar). Let us handle the two cases.

e In the first case where S = {u, v}, as S is a cut of G and separates w
from the rest of the graph, we can apply the induction hypothesis
to G = G—wand S. We get a ladder L;_; that contains G’ as a
minor with end S. Now, it is simple to show that Ly contains G as a
minor. Let {#/, 7'} be an end of Li_; such that u’ (respectively v') is
contained in the vertex branch set of L;_1 of u (respectively v). Add a
path u'u"w'v"v’ of length 5 at the end of the Ly_;, and map u” (resp.
v"") to the same branch set as u’ (resp. v’), and map w’ to w. As the
branch set corresponding to u contains #’ (and similarly for v), we
are done.

e In the other case where S = {u, w}, we can use a similar reasoning.
Indeed, we can get an L;_; as before by induction, such that {u, v}
is rooted at one of its ends. Then extend as before this L;_; to an L
by adding a path u'u"w'v"v" of length 5 at its ends. Map u” to the
branch set of 1, and w’, v’ to the branch set of w. This creates a ladder
Ly which contains G as a minor and such that S rooted in {u”, 0" }.

This finishes the proof. O

The goal of the rest of the chapter is to prove the following lemma.

Theorem VIIL.1.3. Let k be an integer, and let G be an Li-minor-free and
true-twin-free graph. Let X be the set of minimal r-local 1-cuts, I the set of
interesting vertices inside minimal r-local 2-cuts. Finally, let Y = X U I
and let G/ be the graph obtained from G by deleting any edge internal to
N[Y|] and by deleting any isolated vertex in the resulting graph. Then every
connected component of G, has weak diameter bounded by dv ;15 (k).

In the rest of this chapter, we assume that the diameter of some
connected component of G’ is more than dy ;1 3(k), and we will derive
a contradiction. We can restrict our attention to the case where the
interesting condition on the vertices of 2-cuts is dropped. This reduction
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is integrated in the proof of Theorem VIII.1.3. The main intuition is that
non-interesting vertices are adjacent to components of small diameter,
as they are dominated by a single vertex, so we can mostly ignore them.

Our main contribution is to point towards an interesting behavior for
MiniMuM DoMINATING SET in H-minor-free graphs, and to give some
partial evidence for it. The obvious question is now: what stops us from
proving Theorem VIIL.1.1 for H with pathwidth 3 (or larger)? This is
discussed in Chapter IX.

Definitions. A set X is an r-local cut if G[U,cx N"[u]] is a connected
graph and X is a cutin it. We are specifically interested in minimal r-local
cuts, which are r-local cuts where every vertex has neighbors in at least
two connected components of G[U,cx N"[u]] \ X. Equivalently, they are
the r-local cuts whose proper subsets are either not r-local cuts or create
fewer connected components.

An r-local cut is an r-local k-cut if it has size k. Note that testing
whether a set of size k is an r-local k-cut can be done in O(kr) rounds in
the local model.

Organization of this chapter. We begin by developing the tools needed to
prove Theorem VIIL.1.3. In Section VIIL.2, we establish a local analogue
of Menger’s theorem. We then apply this result in Section VIIL3 to
construct very large subgraphs, called almost-ladders, in a less general
special case. In Section VIII.4, we show how very large almost-ladders
can be transformed into large ladders. Finally, Section VIIL5 explains
how to reduce the general setting to the simpler case considered in
Section VIII.3, and combines all the ingredients to complete the proof
of Theorem VIIL.1.3.

VIII.2  Local Menger

The goal of this section is to prove the following local version of Menger’s
theorem. It states that if some vertices u and v are connected by some
path P, either u and v are connected by k internally disjoint paths that
live inside the local neighborhood of P, there exists an r-local cut of size
strictly less than k intersecting P.

Theorem VIIIL.2.1. Given some k, some r > 1, some graph G, and any
two vertices u,v € V(G) along with any uv-path P, one of the following
holds.

e Either there are k disjoint uv-paths in G[N*1[P]], or

o there is a minimal r-local (< k)-cut involving a vertex of P.

Proof. We proceed by induction on k then by induction on |P| (note that
we may consider P to be induced). The base case for k = 1 is trivial, as P
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is itself a uv-path. The base case for |P| = 2 follows from the induction
hypothesis on k. Indeed, consider the graph G’ := G — uv obtained
from G by removing the single edge of P. Then G’ does not contain any
r-local (< k — 1)-cut, as if there would be such a cut C, there would be
an r-local (< k)-cut CU{u} in G (note that distances can only decrease
in G'). Therefore, one can obtain k — 1 disjoint uv-paths in G’ and add
the edge uv to create the kth path between 1 and v. This proves the base
case.

Now, suppose that |P| > 3. Let w be the neighbor of u in P, and
note that for P’ such that P = uP’, we still have |P’| > 2. Assume
that there is no r-local (< k)-cut involving a vertex of P (hence none
involving a vertex of P’). By induction on |P|, there are k disjoint wv-
paths Q1 ..., Qg in G[NZT1[P']].

We are interested in the property (H;)1<i<k as follows:

(H;) There is a collection of k pairwise internally vertex-disjoint paths in
G[N?*1[P]] such that i of them are uv-paths (not containing w) and
k — i of which are wov-paths (not containing u).

We first observe that (H;) holds. Since w does not r-separate u from
the other neighbor of w (different from u) in P/, there is a path Ry from
utoQq,...,Qrin G[N""2[u]]. In particular, let j be the first index j such
that Ry intersects Q;. By considering the path obtaining by following
R; until it intersects Q; then following Q; to v, and keeping the other
(Qe) ¢ as before, we obtain the desired collection.

We now argue that (H;) implies (H;1) if 1 < i < k. Note that (Hy_1)
implies the desired property: one can take the path Q; U {u} (extending
Q1 with the edge uw) along with the paths Ry, R, ..., Rx_1.

Let Ry,...R;and Qy, ..., Qk—; be a collection of (respectively uv- and
wv-) paths as given by (H;). Let A be the set of vertices that are internal
to some R, adding u itself. Finally, let B be the set of vertices that are
internal to some Q;, adding v itself. Note that w ¢ A U B. Consider the
edges involved in some R; as blue and orient the blue edges toward v in
the natural way. We say a directed walk W in G[N?*1[P]] is a good walk
if it starts in A N N"[u] and ends in B, visits vertices notin A \ {u} at
most once (and does not visit w at all), does not visit B except for its final
vertex, does not repeat edges, any blue edge in W appears backward,
any vertex in A \ {u} is preceded or followed (or both) by a blue edge.

Claim VIIL.2.2. If there is a good walk W starting in u, then (H; 1) holds.

Proof of claim. We proceed by induction on the number of blue edges
in W. If W does not contain any blue edge, then it does not intersect
A\ {u} and is in fact a path. Let j be such that W ends in Q; (see
Section VIIL.2), and let Q;- be the suffix that goes from the endpoint of W
to v. We note that R; | can be defined as W U Q;., and the collection of
(Qq)’s re-arranged to delete Q;. This yields a family of paths in N**1[P],
as W is a good walk and so W C N> +1[P].
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Figure VIII.2: A good walk W in
red, starting at u. Vertices of edges
in blue are in A and the ones in
green are in B.

Figure VIIL3: The base case of the
induction for j = 2.
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If W contains a blue edge, we build an additional path starting from
u. Let j be the first Q; visited by W. We restrict ourselves to the graph
G' = G[RyU...UR;UQj]. We claim that there exists i + 1 disjoint
uv-paths. If it is not the case, by Menger’s theorem, there must exist
some cut S of size at most i separating u from v in G’. Because the
paths Ry, ..., R; exist in G/, each path Rj contains a unique vertex s; of
S. Let A™ be the set of vertices of A that appear in some R before the
vertex s;, excluding this vertex. Let AT be the set of vertices of A that
appear in some Rj after the vertex s, including this vertex. The walk
W contains a path P’ from Ry U...UR; to Qj, with its internal vertices
outside of Q;. Therefore, this path must have one of its endpoints in

Qj and the other in A* (it could not be in A~, as S would not be a cut).

Letx € Py be this endpoint vertex. As W is a good walk, it intersects

A~ (inu) and then intersects A™ \ S (at a vertex after sy on path Rj).

Therefore, there must exist a path from A~ to A™ internally disjoint
from A, contradicting the fact that S is a cut. This gives i 4 1 paths
disjoint from all the Q; for j* # j, and proves (H;). For an illustration
of the result, see Section VIII.2. O

Claim VIIL.2.3. There is a good walk starting in u.

Proof of claim. Let X C {1,...,i} be the set of every j € X such that
there is a good walk starting from R;. As a reminder, a good walk
has to start from N'[u], therefore j € X if some good walk starts from
R;jN N'[u]. For each j € X, we let r; be the vertex of R; closest to u in R;
(possibly r; = u). If r; = u for some j then the conclusion holds. We
aim to argue that if r; # u for every j € X then some good walk starts
from some Ry with j/ ¢ X, a contradiction.

We let A; be the set of vertices in A which strictly predate r; on their
Rj, adding u itself, and A, the set of vertices in A which come strictly
after 7; on their R;. Note that A; U A3 is in N"[u] and does not intersect
any Ry for ¢ ¢ X. By assumption, there is no good walk starting in A;.

Since i < k—2, thesetY = {w} U{r; | j € X} has size at most
k — 1. Note that Y C N’"[u] as every r; is in A;. Moreover, notice that
Aj N N'[Y] is non-empty because it contains u. (A, U B) N N"[Y] is also
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non-empty because it contains the vertex of Q; closest to w. We claim
that Y is not an r-local cut. Indeed, if it was, let Y/ be a minimal 7-local
cut contained entirely in Y. We would have w € Y’ because w is adjacent
to two vertices in different components: u € A; and b € B where b is
the vertex adjacent to w in Q; (so removing w from Y’ would decrease
the number of components). Therefore, there is a path R’ between A;
and A, UBin G[N'[Y]\ Y]. It follows that R’ C N"[Y] C N?"*1[u].

Shorten R’ (by removing from it some prefix path) such that it starts
inx € A\ Ay and does not contain any other vertex in A \ A. Let j be
such that x € R;. Either j ¢ X orj € X (and in this case, x € Aj). Either
way, if R’ does not contain any vertex in A, the path R’ is a good walk
starting from x, a contradiction with either the definition of A; or the
definition of X. Thus, let y be the first vertex of R’ that belongs to A,, and
let £ be such that y € R,. Let W, be a good walk starting from r,, and let
W' (see Section VIIIL.2) be the walk obtained by concatenating the prefix
of R’ ending in y with the subpath of ﬁg from y to ry then with W,. As
W, is a good walk, ﬁg is a subpath of Ry, and R’ C N?*+1[u], it follows
that W' C N?*1[P]. Note that the walk obtained from W’ by removing
any closed subwalk is a good walk starting from x, a contradiction with
the fact that either x € Ajorj € X.

Claims VIII.2.2 and VIIL.2.3 together imply the wanted statement. [J

VIII.3 Building almost-ladders

In this section, we build large subgraphs that almost look like ladders

We convert those large subgraphs into ladders later on in Section VIIL4.

We also work on a simpler case, where all 2-cut vertices are taken by the
algorithm, and not only interesting 2-cut vertices.

Let u, v be vertices in a graph G. Let P be a path with start-vertex u
and end-vertex v. We call a P minimal in G if every uv-path P’ such that
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Figure VIIL5: Anillustration of the
proof withj=1¢€ Xand / = 2.
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V(P") C V(P) satisfies P’ = P. This is equivalent to saying that when-
ever two vertices x,y € P are adjacent in G then they are consecutive
on P. Note that any subpath of a minimal path is minimal.

The end-distance dg(P) of P in G is the distance of u and v in G, i.e.
dg(P) := dg(u,v). Moreover, we say that a vertex x € V(G) (p,r)-
separates P if N¥.[x] separates u from v in G[N%[P]]. We say that Pis a
(p, r)-loop if it has end-distance < r and there is a vertex x € P with
distance > p to both 1 and v. Moreover, we say that P contains a (p, r)-loop
if it contains a subpath that is a (p, r)-loop.

Lemma VIIL3.1. Let p,r € N with p > r. Let G be a graph and let P
be a path in G. Assume that P does not contain a (p,2r + 1)-loop. Then
every vertex x € P (p + r,r)-separates P.

Proof. Fix some x € V(P) and assume for sake of contradiction that
x does not (p + r,r)-separate P. Then there exists a uv-path Q C
G[NE[P]] — Né“[x]. For each y € V(Q), since y € N{[P], there must
exist a vertex p(y) € V(P) with dg(y, p(y)) < r. Because y ¢ Né“ [x],
we have p(y) ¢ Ni[x]. Let P, be the subpath of P from u to x, and P,
be the subpath of P from x to v.

We now cover Q by twosets A = {y € V(Q) | dc(y, P, \ Na[x]) < r}
and B = {y € V(Q) | dc(y, P, \ N&[x]) < r}. Since V(Q) € AUB,
there must be either a vertex of Q in A N B or an edge of Q with endpoints
in A and B respectively. Either way, there exist vertices a € P, — N£.[x]
and b € P, — N%[x] such that dg(a, b) < 2r + 1.

Let us consider the subpath L of P composed of the vertices in-
between a and b. Asa € P, and b € P,, the vertex x lies in L. Moreover,
a,b ¢ NP[x], so x is at distance more than p from both 2 and b. Therefore,
Lisa (p,2r + 1)-loop, a contradiction. O

Lemma VIIL.3.2. Let p,¢ € Nandletd > d(p,0) :== 20+ 2r+1){ +
1. Let G be a graph and let P be a path of end-distance d in G. Then at least
one of the following holds:

(1) thereare x1,x2,...,xy € P such that every x; (p + r,r)-separates P,
and such that the balls Ngrr[xi] are pairwise disjoint and contain
neither u nor v;

(2) P contains a (p,2r + 1)-loop.

Proof. Assume that (2) does not hold, and let us show (1). By applying
Lemma VIIL.3.1, we get that every vertex of P (p + r,r)-separates P. It
remains to find ¢ vertices that are pairwise at distance at least 2p + 2r +
1 (so that their distance-(p + r) neighborhoods are disjoint), and at
distance at least p 4+ r + 1 from u and v. Consider the function f : x €
V(P) + dg(u, x). For any two adjacent vertices x and y, the values f(x)
and f(y) differ by at most 1. As f(u) = 0 and f(v) = d, every integer
between 0 and d is in f(P).
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Therefore, for every i = 1,...,¢, one can take the value t; = p +r +
1+ (i—1)(2p+2r+1) and consider at vertex x; of P such that f(x;) = t;.
Let us check that the x;’s meet the required conditions.

e Foreveryi =1,...,¢,wehavet; > t; = p+r+1,ie dg(ux;) >
p+r+1

e Foreveryi=1,...,{,wehavet; <t =p+r+1+ (¢ —1)20+2r+
1):‘1(9/6)—.0—1’—1,16 dG(xi/U)>p+1’+1,

e Foreveryl <i <j</{ wehavet;—t; = (20 +2r+1)(j—1i) >
20+1,ie. dg(x;,xj) =20+ 2r + 1.

This finishes the proof. ]

Let G be a graph. An almost-ladder with k rungs is a subgraph of G
composed of two disjoint paths P; and P,, and pairwise disjoint paths
Ri, Ry, ..., Rg such that every R; is a Py P>-path in G. The paths Pj are
called rails, and the paths R; are called rungs. Note that the interior of
rung R; is allowed to intersect the rail P;. If the interiors of the rungs
are disjoint from the rails and all non-empty, then the almost-ladder is
strong.

Lemma VIIL3.3. Letr, ¢, k,d € Nwithd > dyj135(r,¢,k). Let Gbea
graph and let P be a path in G of end-distance > d. Then at least one of the
following holds:

(a) Thereis p € N, a subpath P' C P and vertices x1,xz, ..., xy that
(p + r,7)-separate P" and are such that the balls N’C];H [x;] are pairwise
disjoint and contain neither u nor v;

(b) G contains an almost-ladder with k rungs such that each rung has
length at most 2r + 1 and such that the rails are contained in P.

Moreover, the sequence (dv135(r, ¢, k) )k is defined recursively so that
dvizs(r,4,0) = 0and dyiss(r, b, k+1) = (2dvirss(r, 4, k) +
10r 4+ 7)¢ + 1 for any integer k > 1.

By doing standard computations, one obtains

dyias(r, b,k) = ((10r+7)04+1) - (22?1(__11 =0 (r . (26)") )

Proof. We prove this statement by induction on k. Note that for k = 0,
(b) is true by vacuity. Now, suppose that the property holds for k; let us
show that the lemma holds for k + 1.

The path P has end-distance at least

dv111.3.3(1’, 0,k + 1) = (Z(d\/[[[,g,g(i’, ?, k) +4r + 3) +2r+ 1)£ +1.

Choose p := dy1133(r, £, k) +4r + 3 and assume that (a) is not satisfied

for this value of p. By Lemma VIIL3.2, P contains a (p,2r + 1)-loop L.

Let a and b be the ends of L. By definition of L, there exists a vertex x
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that is at distance at least p from both 2 and b. Consider the connected
components of L — N¥*2[g]. One must contain x and a vertex y at dis-
tance 4r + 3 from a. Let Q be the subpath of this connected component,
consisting of vertices in-between x and y. The path Q has length at least
p —4r —3 =d(r,4,k), and is disjoint from N**2[a]. (a) cannot hold for
Q, as otherwise it would hold for P.

Therefore, there exists an almost ladder with k rungs Ry, ..., Ry each
of length at most 2r + 1 and with rails P;, P> that are subpaths of Q. We
order the vertices of L from a to b. Without loss of generality, all vertices
of P; appear before the vertices of P, on Q. Said differently, the vertices
of P; are closer to a on the path P than any vertex of P, is. We construct
a subpath Pj of L by starting with P; and adding all vertices of L that are
between P; and a. Similarly, construct the subpath P} of L consisting of
all vertices of L between P, and b. It follows that P; and P, are subpaths
of P which are disjoint. There is no P{—P; edge in G, as P is minimal.
Moreover, all R;’s are P{P;-paths in G.

As Lisa (p,2r + 1)-loop, the vertices a and b are at distance at most
2r +1, i.e. there is a path Ry from a to b of length at most 2r + 1.
Notice that this path is entirely contained in N**1[a] by definition, and
that all rungs are contained in N[V (P;) U V(P,)] by definition. The
path Q does not intersect N*2[a]. In particular, Ry, is a P{P,-path
in G disjoint from all other R;’s.

This proves that P, P} along with Ry, ..., R, Rg1 form an almost-
ladder with k + 1 rungs, each of length at most 2r + 1. This proves (b),
and finishes the proof. O

Let 7 and k be integers. Let G be a graph, and let B, be the set of
vertices involved in a minimal r-local (< 2)-cut in G. We let G be the
graph obtained from G by deleting any edge internal to N[B,] and by
deleting any isolated vertex in the resulting graph.

Next, we show that outcome (a) of Lemma VIIL.3.3 leads to the exis-
tence of an almost-ladder, in the case where P is entirely contained in a
connected component G;. For this, we also need to use Theorem VIIL.2.1.

Lemma VIIL.3.4. Let r, ¢ € IN. Fix some shortest path P of a connected
component of G,, with ends u and v. Suppose that thereisa p € IN, a
subpath P' C P and vertices x1,X2, ..., X, that (p + 2r,2r)-separate P’
and are such that the balls Ng”r [x;] are pairwise disjoint and do contain
neither u nor v. Then G contains a strong almost-ladder with [£/3] rungs.

Proof. Define the vertex sets B; = NP [x;] for any 1 < i < £, which
are all pairwise disjoint. We apply Theorem VIIL.2.1 to u,v and P. Let
Q1,Q2 and Qs be the resulting paths. Note that those paths are en-
tirely contained in G[N?'[P]], and therefore are separated by the B;’s. In
particular, all B;’s intersect all Q;’s.

Now, fix some 1 < i < £. We claim that there exist distinct a;,b; €
{1,2,3} and a path R; € G[B;] such that the ends of R; are in Q,, and Qj,
respectively, and such that the interior of R; is non-empty and disjoint
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from Qg U Qy,. As G[B;] is connected and B; intersects all the paths Qj,
Q> and Q3, one of the following holds.

e There is a path in G[B;] intersecting all three paths Q;, Q> and Qs.
Choose such a path R; that has minimum length while still maintain-
ing the intersection property. Let a;, b; such that R; intersects Q,, and
Qp, atits ends x and y, respectively. First, a; # b;, as x and y cannot be
in the same Qj; this would contradict minimality. Suppose for sake
of contradiction that some interior vertex of R; is in Qy,, let z be the
last one of R; (the closest i in R;). Consider R/, the subpath of R;
composed of the vertices between z and y. If this subpath intersects
Q1, Q2 and Q3, we are done. Otherwise, it contains only vertices
from Q,, and Q. Additionally, the interior vertices of R} are only in
Qp,, otherwise this would contradict the minimality of R;. Let c¢; be
the only element of {1,2,3} \ {a;,b;}. Q., intersects R; — R}, i.e. the
subpath of R; composed of the vertices from x to z contains an interior
vertex z’ in Q. One can take z’ € Q. N R; closest to y on R;. The
subpath of R; composed of vertices from z’ to y intersects all three
paths, contradicting the minimality of R;. Therefore, we get that the
interior of R; cannot intersect Q,,. The same reasoning applies for Q).
too, so the interior of R; is disjoint from Q,, U Qy,.. The interior of R;
is non-empty, as R; intersects all of Q1, Q> and Q3.

e Assume now that no path in G[B;] intersects all three of Q1, Q2 and
Q3. Since B; is connected and intersects Q1, Q> and Qj3, there exists a
subgraph T intersecting those three paths. Choose T' minimal with
respect to inclusion. Then T is a tree and not a path, and because it is
minimal, every leaf is either in Qj, Q2 or Q3. They also cannot be in
the same Q;. Therefore, there are three leaves /1, {5, {3 € V(T) thatare
respectively in Q1, Q2, Q3. As T is a tree with three leaves, there exists
a unique vertex x of degree 3. For j € {1,2,3}, let x; be the vertex
closest to x on T that intersects Q1 U Q2 U Q3. We claim that x; € Q; for
every j (and therefore x; # x, and more specifically x; = /;). Suppose
for sake of contradiction that it is not the case, that is, x; € Q, for
¢ # j. Let d be the third index, so that {c,d, j} = {1,2,3}. Then the
pathin T from ¢; to {4 contains a vertex from every path Q1, Q2, Qs,
a contradiction. Now, take R; as the unique path of T joining x; to xp
(that is, we choose a; = 1 and b; = 2). The interior of R; is non-empty,
as it contains the degree 3 vertex, and is disjoint from Q; U Q», by
definition of x; and x.

In both cases, the claim is proven.

Each i thus determines a pair 77(i) € {{1,2},{1,3},{2,3}} such that
R;isa Q,Qp-path with 71(i) = {a, b}. By the pigeonhole principle, there
exists a pair {a, b} and a set I of size at least £/3 such that 77(i) = {a,b}
for every i € I. Define P; as the path Q, — {u, v} and the path P, as
the path Q, — {u,v}. P; and P, are internally vertex disjoint, and for
each i € I, the path R; is a P; P,-path, with interior disjoint from P; U P».
The R;’s are pairwise disjoint, because they are contained in pairwise
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disjoint balls. This proves that P;, P, along with (R;);c; form an almost-
ladder with [¢/3] rungs. Moreover, it is strong because the rungs all
have interior non-empty and disjoint from Q, U Q;, C P; U P5, and are
disjoint from the rails. ]

VIII.4 Building ladders from
almost-ladders

We are now ready to construct our ladder from our slightly larger almost-
ladder obtained by Lemma VIIL3.3.

We first transform the almost-ladders obtained by outcome (b) of
Lemma VIII.3.3 into strong almost-ladders.

Lemma VIIL.4.1. Let H be an almost-ladder with k rungs in a graph G,
where the rails are subpaths of some minimal path. Then G contains a
strong almost-ladder with k rungs.

Proof. Let H be an almost-ladder with rails P; and P,, and with rungs
Ri,Ry,...,Ry. We first show that there is an almost-ladder H' C H
with k rungs such that the interior of each rung is disjoint from P; U P;.
Since every rung R; is a P; P>-path, there is a subpath R} C R; whose
interior is disjoint from P; U P, (e.g. take the subpath of R; starting at the
last vertex that lies on P; and ends on the first vertex thereafter on P,).
Then P; and P, together with the rungs R}, R}, .. ., R} builds the desired
strong almost-ladder H'. Indeed, every R; has non-empty interior, as P
is a minimal path. O

Then, we show that strong almost-ladders can be turned into slightly
smaller ladders.

Lemma VIIL.4.2. Suppose G contains a strong almost-ladder with (k —
1)2 + 1 rungs. Then G contains a ladder with k rungs. In particular, Ly is
a minor of G.

Proof. Let H be an almost-ladder with rails P; and P,, and with rungs
Ri,Ry, ..., Ri such that the interior of each R; is disjoint from P; U P,
and non-empty. Denote the start-vertex of rung R; by s;, and the end-
vertex by t;. Note that the t;'s and s;’s are pairwise distinct since the
rungs R; are pairwise disjoint. Without loss of generality, assume that
the order of the s;s on P is 51, Sy, . . ., 5. By the Erd§s-Szekeres Theorem,
we find t; , t; , ..., t; such that they either appear in this order or in the
reverse order on the path P». Then, Py, P; together with R; , R;,, ..., R;,
is a ladder with k rungs. O

Lemmas VIIL.4.1 to VIIL.3.4 together imply the following theorem.
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Theorem VIIL.4.3. Let r,k € IN. Then, forall d > dyjj;45(r, k) such
that for any graph G, if some connected component C of G, has weak
diameter at least d, then G contains Ly as a minor.

MOTEOZ)ET, dv111.4~3(1", k) = dv111.3.3(21’,3((k — 1)2 = 1), (k — 1)2 = 1)

Proof. Let u and v be two vertices of C at distance d, and let P be a
shortest uv-path in G[C]. In particular, P is minimal with end-distance
d > dyirss(2r,3((k—1)2+1),(k—1)2+1). Apply Lemma VIIL3.3
to P, with parameters ryj33 := 2r,lyi133 := 3((k—1)? +1) and
kyiirss := (k—1)? + 1. If outcome (a) holds, then by Lemma VIIL.3.4,
G contains a strong almost-ladder with (k — 1)? + 1 rungs. If outcome
(b) holds, then by Lemma VIIL.4.1, G contains a strong almost-ladder
with (k — 1)? + 1 rungs. In either case, Lemma VIIL4.2 finishes the
proof. O

VIIL.5 Finishing the proof

In G, let X be the set of minimal r-local 1-cuts, I the set of interesting
vertices inside minimal r-local 2-cuts. Let C; be the set of r-local 1-cuts
and C, the set of r-local 2-cuts. Finally, let Y = X U I and let G}’ be the
graph obtained from G by deleting any edge internal to N[Y] and by
deleting any isolated vertex in the resulting graph.

Theorem VIIL5.1. Letr > 2, and let D € IN. Let G be a true-twin-free
graph. Suppose that every connected component of G has weak diameter
at most D. Then every connected component of G, has weak diameter at
most D + 4.

Proof. Iis the set of interesting vertices with the original definition. Let T
be the set obtained by dropping the condition N[0] ¢ N[u]. Thus, v € T
if there is a minimal r-local 2-cut {u, v} such that at least two connected
components of G[N{;[{u,v}]] — {u, v} contain a vertex non-adjacent to
u.

Claim VIIL5.2. As G has no true twins, we have Ng[I] = Ng|[1).

Proof of claim. Clearly I C T, so Ng[I] € Ng[I). Conversely, letv € T\ I.
Then there exists a minimal r-local 2-cut {u, v} such that at least two
connected components of G[N{[{u,v}]|] — {u, v} contain a vertex non-
adjacent to u. Since v ¢ I, we have Ng[v] C Ng[u]. As G has no true
twins, this containment is proper, i.e. Ng[v] € Ng[u].

Every vertex non-adjacent to u is also non-adjacent to v. Therefore,
the same two local components also contain vertices non-adjacent to v.
Thus, the same cut {u, v}, with the roles of u and v reversed, witnesses
thatu € I.

But Ng[v] € Ng[u],and u € I. Hence, every vertex of N [v] already is
in Ng|[I]. Therefore, we get Ng[I] € Ng|[I], and even Ng[I] = Ng[I). <
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Therefore, for the rest of the proof, we can drop the condition of
neighborhood containment (i.e. Ng[v] € Ng[u]) when working on
interesting vertices.

We also need this claim, which is the only place where we use r > 2.

Claim VIIL5.3. Let ¢ = {u, v} be a minimal r-local 2-cut, and suppose
thatv ¢ Y. Then, in G — c, at most one connected component contains a
vertex non-adjacent to u.

Proof of claim. Suppose not. Then there are two distinct connected com-
ponents Kj, K, of G — ¢ and vertices z; € V(K;), i = 1,2, such that z; is
non-adjacent to u.

For each i, since K; is a component separated by the cut ¢, it contains
a vertex adjacent to u or to v. Choose a path in K; from such a vertex to
zi, and let z/ be the first vertex on this path which is non-adjacent to u.
If z/ is the first vertex of the path, it is adjacent to v, and d¢(z},c) < 1.
Otherwise, the predecessor of z; on the path is adjacent to #, and so
dc(z},u) < 2. Inboth cases, since r > 2, we have z; € N([c].

Moreover, z} and zj are in distinct connected components of G[N{; [c]] —
c, because they already are in distinct connected components of G — c.
Each of these two local components contains a vertex non-adjacent to u.
As we dropped the N[v] Z NJu| condition, then v is in I, a contradiction.
This proves the claim. &

Now let C be a connected component of G,. First, we compare C
with the components of G;. Recall that B, is set of vertices involved in
minimal r-local 1-cuts or minimal r-local 2-cuts, so that G, is obtained by
deleting the edges internal to N [B,] and then deleting isolated vertices.

Since Y C B,, the graph G/ is obtained from G, by deleting additional
edges, namely those coming from minimal r-local 2-cuts whose vertices
arenotinY.

Fix such a remaining minimal r-local 2-cut ¢ = {u, v}, with v ¢ I. By
the claim, all but at most one component of G — c consist entirely of
vertices adjacent to u. Call those components u-dominated.

If K is a u-dominated component of G — ¢, then every vertex of K
lies in Ng[u]. Also, every edge incident with a vertex of K has its other
endpoint in K U ¢, because K is a connected component of G — c. Hence,
every such edge is internal to Ng[B,|. Therefore, all edges incident
with K are deleted when constructing G;, and the vertices of K become
isolated and are deleted. Thus, no u-dominated component contributes
a vertex to G,.

We get that for every remaining minimal r-local 2-cut, at most one
of its associated connected components can contain vertices of G,. It
follows that the component C of G, intersects at most one connected
component of G,. Indeed, if two distinct components of G, intersected
C, then a path in C between them would have to pass through some
remaining minimal r-local 2-cut and use two different sides of that cut
which both survive in G/, a contradiction.
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Let C* be the unique component of G, met by C, if such a component
exists. If no such component exists, then C is made only of vertices lying
in dominated components of remaining non-interesting 2-cuts, together
with the corresponding cut vertices. In that case C has weak radius at
most 2, and hence weak diameter at most 4 < D + 4. So assume from
now on that C* exists.

We claim that every vertex of C has distance at most 2 from C* in
G. Letx € V(C). If x € V(C*), we are done. Otherwise, x is deleted
when constructing G, from G,. Hence, x is in one of the u-dominated
components described above, for some remaining minimal r-local 2-cut
{u,v}. Thus, x is adjacent to u. Since C is connected and C* is the only
surviving component of G, inside C, the cut vertex u has a neighbor in
C*, on the unique surviving side which contains C*. We dg (1, C*) < 1
and hence dg(x,C*) < 2.

Since C* is a connected component of G}, its weak diameter is at most
D. It follows that C has weak diameter at most D + 4. This proves the
theorem. O

Theorems VIIL4.3 and VIIL5.1 together imply Theorem VIII.1.3.

As said before, we use the same Algorithm 5 as on Kj;-minor-free
graphs, but with further analysis to show that the same algorithm still
works for any H with pathwidth 2. We can still bound the number
of vertices in local 1-cuts and of interesting vertices in local 2-cuts by
Lemmas IV.2.1 and IV.2.2, as those lemmas apply for any class of graphs
of bounded asymptotic dimension (and minor-free graphs have asymp-
totic dimension bounded by 2 [BBE*24, Proposition 1.17]). As we have
proven Theorem VIIL1.3, an equivalent of Lemma IV.3.2 for Li-minor-
free graphs. By Proposition VIII.1.2, this lemma applies to all H-minor-
free graphs with pw(H) = 2. Thus, this proves Theorem VIIL1.1.
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Chapter IX

MDS when forbidding a minor of arbitrary path-
width

ABSTRACT

In Chapter V, we conjectured that for every graph H, thereis an O(pw(H))-
approximation Oy (1)-round LOCAL algorithm for Minmmum DomiINAT-
ING SET on H-minor-free graphs. We proved the case pw(H) = 2 in
Chapter VIII. We survey the challenges that are to be overcome to
generalize our algorithms to arbitrary pathwidth.
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[X.1 Introduction

Everything Embeddable All at Once. Let us give a quick introduction
about the graph minors structure theorem [RS03], to build intuition on
what challenges we need to overcome to prove our general conjecture.

The graph minors structure theorem [RS03], proved by Robertson
and Seymour, is one of the central results of modern structural graph
theory. Roughly speaking, it states that if a graph excludes a fixed graph
H as a minor, then it cannot be arbitrarily complicated, and can be
described in a combinatorial and topological way. Its global structure
must be assembled from pieces that are, in some sense, close to graphs
embeddable on a surface that is simple, in the sense that H cannot be
embedded on it.

More precisely, the theorem states that every H-minor-free graph
is formed of pieces that are almost embeddable in some surface of
bounded genus, and then is obtained from those pieces by clique-sums,
i.e. an operation that glues two graphs together along a common clique,
possibly after deleting some edges inside that clique. Each piece (before
taking the clique sums), is embeddable on a surface of bounded Euler
genus up to a bounded number of “errors”. One must allow a bounded
number of exceptional vertices, called apices, whose adjacencies can be
arbitrary, as well as a bounded number of vortices, which are regions
of bounded pathwidth attached along the boundary of the surface.
Although this description is technically involved, the intuition is clear:
excluding a fixed minor forces all complex parts of the graph to be
obtained through a bounded number of well-understood obstructions.
In the above, all bounding functions are dependent on the size |V (H)|
of the minors. Said differently, the Euler genus, the number of apices,
the number of vortices, and their respective pathwidth are all bounded
by a function of the size of H. Recently, those functions have been
shown [GSW25] to be polynomial in |V (H)|.

This theorem plays a foundational role because it explains in a struc-
tural way how minor-closed graph classes are sparse. It is especially
useful to design centralized graph algorithms. Roughly, once a graph is
known to be built from nearly embeddable pieces with only a bounded
number of irregularities, one can often transfer methods that works
on planar graphs and graphs embedded on low-genus surfaces to the
much wider world of minor-free graphs. The theorem itself, and the
techniques developed to prove this theorem are used countless times in
the literature. Although it is rarer, it has also been used for designing
distributed algorithms [HLZ18].

The standard method to use this result in algorithms goes as follows.
One can analyze each nearly embeddable piece separately, and handle
in some way the (bounded number of) apex vertices and vortices. The
latter are most often the complex part to handle. Then, one can combine
the local solutions through the clique-sum decomposition.
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A tentative algorithm. The algorithms we developed for K; ;-minor-free
graphs and bounded-genus graphs are not isolated results. They both
encompass the difficulties encountered when attempting to prove our
conjecture for graphs excluding a minor H of arbitrary pathwidth k. For
K3 -minor-free graphs, our approach roughly relies on identifying and
taking all local separators of size at most 2 in our dominating set. In the
context of Robertson and Seymour’s structure theorem, this technique
effectively takes care of the vertices involved in clique-sums. Indeed,
clique-sums naturally form connectivity bottlenecks that are exposed by
small cuts. Meanwhile, for the almost embeddable parts of the graph,
we can naturally use our bounded-genus algorithm to dominate the
planar-like parts.

These two particular techniques suggest the following algorithmic
pipeline. First, we select all vertices in r-local cuts of size less than k, and
put them into our dominating set. Now, consider the set of remaining
undominated vertices, which represent the unresolved portion of our
minimum dominating set. Because we have already addressed the
clique-sum vertices, these remaining components are structurally much
simpler, and well-connected. By the Graph Minors structure theorem,
those remaining components should behave like almost embeddable
graphs. We should therefore be able to safely run our bounded-genus
algorithm on any local neighborhood that has bounded genus.

Another Cross in the Flat Wall. After applying the bounded-genus al-
gorithm, the vertices that remain undominated must belong to small-
diameter neighborhoods that are highly non-planar. If these neighbor-
hoods happen to form components of strictly bounded diameter, we can
simply gather the entire component’s topology into the local views of the
nodes and brute-force an optimal solution. Otherwise, these neighbor-
hoods form high diameter regions that are both highly connected (since
all small cuts were removed) and topologically complex. Therefore, it
is possible to assume our graph contains a large wall (hexagonal grid),
which is one of the standard obstructions to low connectivity. According
to the Flat Wall Theorem [RS95, Theorem 9.8], a very large minor-free
graph containing a very large wall contains a large grid-like structure
known as a flat wall (up to removing a bounded number of vertices).
Essentially, a flat wall is a wall that is planar around its center, up to
removing components separated from the wall by (< 3)-cuts. However,
we already handled the planar-looking neighborhood in a previous step
of our algorithm. Thus, the wall we started with cannot be flat, and it
must contain macroscopic “crosses” (see Figure IX.1) that break the
planarity.

These crosses are families of disjoint paths that route across the wall
in a topologically intersecting manner. The presence of these crosses
provides a massive amount of options to build large minor-universal
graphs. The idea is to build those in within the leftover components, if
they are large enough. Specifically, we want to show that these cross-
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IX.2 Avoiding death by a thousand (< k)-cuts

ing structures can be manipulated to contain as a minor all graphs of
pathwidth k up to a certain size T.

Crucially, this size threshold T depends only on the radius r of the
leftover components, and is entirely independent of k. This allows us to
decouple the different parameters. The running time of our distributed
algorithm is a function of T, as we must explore far enough to guarantee
the existence of this universal minor. On the other hand, the overall
approximation ratio is completely independent of T. The brute-force
step on bounded-diameter components gives an exact solution (an ap-
proximation ratio of 1), and the bounded-genus algorithm provides a
constant-factor approximation. Thus, the only part where our approxi-
mation ratio can depend on k is the part where we select all vertices in
the r-local (< k)-cuts. This separates the parameters: the approximation
ratio depends only on the pathwidth bound k of the excluded minor,
while the runtime only depends on T.

There is, however, a subtle technicality in formalizing this through
the classical graph minors literature. To achieve the desired bounds, we
define k = f(pw(H)). Yet, there is currently no version of the Graph
Minors structure theorem whose quantitative dependencies rely strictly
on the pathwidth of the excluded minor H rather than its total number
of vertices |V (H)|. Establishing a pathwidth-parameterized structure
theorem remains an interesting, open question — if it’s even possible
to achieve such a feat. Given the monumental complexity of proving
even the standard structure theorem, we believe it is significantly easier
to prove an ad-hoc version of our distributed approximation theorem
that bypasses the heavy machinery of the general structure theorem
entirely. To this end, the next section will explore some ideas on how
to circumvent the structure theorem by directly creating these large
minor-universal structures for graphs of pathwidth k “by hand”.

Organization of this chapter. As seen before, our approach boils down to
two main challenges: first, bounding the number of vertices contained
within the r-local (< k)-cuts. This will be discussed in Section IX.2.
Second, bounding the diameter of the highly non-planar components
that are left over when executing our algorithms. We elaborate on this
in Section IX.3. Each of these challenges require a complicated analysis,
and we will discuss them in the next two sections.

IX.2 Avoiding death by a thousand
(< k)-cuts

In this section, we discuss how we hope to bound the number of vertices
in r-local (< k)-cuts with respect to the size of the minimum dominating
set of the graph. As stated, this claim is overly broad and easily shown
to be false. Therefore, we must restrict which vertices we bound. We
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want to bound the number of vertices that are interesting. In a graph G, a
vertex v is r-interesting if there exists some r-local (< k)-cut ¢ containing
v such that:

e N[v] £ N[u] forany u € ¢\ {v} and

e at least two connected components of G[N"[c|] — ¢ contain each a
vertex non-adjacent to any vertex in ¢ \ {v}.

A (< k)-cut C is interesting if it contains an interesting vertex.

To see why the notion of interesting vertices is necessary, consider
a large clique with some vertex v. Now, for every vertex u # v, add
a uv-path of 2 edges internally disjoint from the clique. This creates
triangles containing the edges incident to v. Consider all sets {v, u}
where u is a vertex of the original clique (i.e. not of degree 2). Then this
set is a 2-cut, and all vertices of the original clique are parts of 2-cuts
(but are not interesting). However, the graph we have constructed has a
dominating set of size 1 consisting of only v. Therefore, we cannot hope
to bound the number of vertices in 2-cuts by a function of MDS(G).

By using our asymptotic dimension framework developed in Sec-
tion IV.2.1 for vertices in small cuts (see Section IV.4.1 and Section IV.4.2
for the proofs), we can reduce the problem to bounding the number of
interesting vertices in (non-local) (< k)-cuts. For the case k = 2, our
proof uses the well known SPQR tree decomposition, which essentially
decomposes any graph into cycles and 3-connected components. Along
with this decomposition tree, there exists a simple characterization of
where all possible 2-cuts can lie.

Recently, for k € {3,4}, more involved yet still usable tree-like de-
compositions have been shown to exist [CK23, KP26]. However, to
our knowledge, no such exact decomposition exists for general k. This
means that to prove our conjecture, we cannot afford to rely on such
decomposition theorems. Instead, we think the right answer is to prove
a stronger result through induction.

Conjecture IX.2.1. For every integer k, there exists some constant cy such
that the following holds. Let D be a dominating set of G, and let U C V(G)
(representing unprocessed vertices). Consider the set I of all vertices in
minimal interesting k-cuts that are disjoint from U. Then |I| < cx|D \ U]|.

For U = @, this conjecture directly implies our desired bound. The
high-level idea to prove this is by induction on the size of V(G) \ U,
initializing with U = V(G). We consider the set I of all minimal inter-
esting cuts entirely contained within U. We then select a cut C € T that
is closest to U, meaning the connected components of G — C containing
U are minimal among all possible choices of C (note that multiple such
minimal cuts may exist).

Let A be the union of the connected components of G — C containing
vertices of U, and let B be the union of the remaining components, which
gives the partition V(G) = A LI C U B. By definition, C separates A from
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B. We then classify the remaining cuts in I. A cut is crossing with respect
to C if it intersects multiple components of G — C, and otherwise it is
parallel to C, i.e. it is entirely contained within the neighborhood of a
single component of G — C.

We want to apply induction with U’ := U \ A. Thus, our goal reduces
to bounding the number of vertices in cuts of T that intersect A. By the
minimality of C, no such cuts can be parallel to C. Therefore, it suffices
to bound only the cuts that cross C. While bounding the number of
vertices in these crossing cuts seems to be technically challenging, we
believe it is achievable.

IX.3 Bounding the weak diameter:
Around the Component in
Bounded Steps

Universal graphs for bounded pathwidth graphs. Let D’ be the set of vertices
that are taken by the first steps algorithm, i.e. the union of the interesting
vertices in r-local (< k)-cuts and the set taken by the bounded-genus
algorithm running in small-distance neighborhoods that are of bounded-
genus. In this section, we discuss how we hope to bound the weak
diameter of each connected component of G — D.

To construct large minor-universal graphs within our non-planar
components, it may be useful to look at a particular family of graphs ap-
pearing in works of Gorsky, Seweryn, and Wiederrecht [GSW25], which
build upon the work of Kawarabayashi, Thomas, and Wollan [KTW18].
In their work, Kawarabayashi et al. [KTW18] defined H,, a graph ob-
tained from a (w x h)-grid (where h is even) by augmenting the two mid-
dle rows with a series of pairs of crossing edges (i,h/2)(i+1,h/2+1)
and (i,h/2+1)(i+1,h/2) for every 1 < i < w — 1. For an illustra-
tion, see Section IX.3. They proved that taking w, h = t(t — 1) for Hy,,
guarantees the existence of a Ky-model within this graph. In Section 4.1
of [GSW25], this is optimized to obtain a smaller bound on the num-
ber of required crosses. They leverage the idea that not all crosses are
required: one only needs a cross on the two middle rows every third
column. Both those proofs can be slightly modified for our purposes,
to obtain as a minor from H,,, the graph P!, instead of only K;, and by
taking w = f(w') and h = O(#?).

The significance of constructing a large P! minor (for long paths P)
lies in its universality for bounded pathwidth graphs. Because bounded
pathwidth graphs have a path decomposition into sets of size k, they are
also clique-sums of sets of bounded size, with the additional property
that the underlying clique-sum tree is a path. Therefore, any pathwidth-t
graph is contained in a graph formed by gluing K;,’s along a clique-
sum path. Therefore, it is a subgraph of Pt*1 for a long path P, which
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proves our claim.
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Constructing the grid with crosses. Let us return to our original goal:
bounding the diameter of some undominated component C. Given that
C is highly connected and inherently non-planar, it is highly likely that
they contain large grid-like structures. We believe one could extract a
large wall where every edge corresponds to a path of strictly bounded
length in the original graph. Formally, an (r x c)-wall is a graph obtained
from an (7 x c)-grid by deleting all vertical edges of the form (x,y)(x,y +
1) where x + y is even (or odd, depending on the parity convention).
This operation gives a graph of maximum degree 3 that resembles a
brick wall.

When reasoning about minor-closed classes, grids and walls are struc-
turally equivalent, as each contains the other as a minor. Specifically,
an (r x c¢)-wall contains an (|7/2] x c)-grid as a minor (by contracting
some horizontal edges), and conversely, an (7 x c)-grid clearly contains
an (r x c)-wall as a subgraph. For our purposes, walls are more practical
to work with, because of their maximum degree of 3. Using the property
that any graph containing a subcubic graph H as a minor must also
contain H as a topological minor (i.e. subdivision), we get that wall
minor immediately guarantees the existence of a wall subdivision.

Once the wall with short paths is obtained, we can now create crosses
within it. Let us give a formal definition of crosses.

Let Cbeacycleinagraph G. A C-crossin G (see Figure IX.3) is defined
as a pair of internally vertex-disjoint paths P; and P, with endpoints
s1,t1 and sy, tp, respectively, such that these four endpoints appear on C
in the alternating order s, s, t1, t, and the paths are internally disjoint
from C.

This concept naturally appears when studying the classic Two Dis-
joINT PaTHS PROBLEM, Which asks whether there exist two vertex-disjoint
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Figure IX.2: Anillustration of H, ,
(shown here with w = 8 and
h = 6). In addition to the grid,
there is a family of mutually in-
tersecting edges (highlighted in
red) along the two middle rows
h/2 and h/2 4+ 1. These crosses
prevent the graph from being em-
beddable on a surface of bounded
genus, even enabling us to con-
struct large minor models such as
K; or P! for a large path P.
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Figure IX.3: An illustration of a
C-cross. The cycle C (in green)
contains four vertices occurring in
the alternating order sy, sy, t1, t>.
The internally disjoint paths P; (in
blue) and P, (in red) connect sq to
t; and s; to t, respectively.
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paths P; and P> connecting s; to t; and s; to ¢, respectively. We can
assume without loss of generality that G contains a cycle C traversing
the terminals in the order sy, s, t1, t. Indeed, adding the edges of C to
the graph does not alter the feasibility of the disjoint paths. Under this
assumption, the Two DisjoiNT PaTHs ProBLEM is feasible if and only if
G contains a C-cross. Consequently, understanding the broader struc-
tural problem of when a graph admits a C-cross provides a complete
answer to the disjoint paths problem.

The most immediate obstruction to the existence of a C-cross is topo-
logical: if G can be drawn on the plane such that C bounds a face, no
C-cross can exist. To see this, add a new vertex inside the face bounded
by C and connect it to every vertex of C. The resulting graph is still
planar. However, if a C-cross existed, contracting the paths P; and P,
would create a K5 minor, contradicting planarity.

The other obstruction is because of connectivity bottlenecks. A separa-
tion ina graph Gis a pair (A, B) of vertex subsets such that AUB = V(G)
and no edge has one endpoint in A \ B and the other in B \ A. The order
of the separation is exactly |A N B|. If G admits a separation (A, B) of
order at most three such that V(C) C A, the vertices in B \ A are useless
for forming a C-cross, as one needs to build 4 paths and not 3. We can
simplify the graph by deleting B \ A and making A N B a clique. This
forms a new graph H, which is an elementary C-reduction of G. If the
original graph had a C-cross, this new, smaller graph must also have one.
Furthermore, if we choose (A, B) such that some connected component
of G[B\ A] is adjacent to every vertex in A N B, the converse is also
true. This means applying C-reductions preserves the existence of a
C-cross (or lack thereof). We say a graph is a C-reduction of G if it can
be obtained from G via a sequence of elementary C-reductions.

\/ \/
O O
% \\ C-reduction
O/\

(@) O @)

Interestingly, once a graph is fully reduced and cannot be C-reducted
any further, the only remaining obstruction to finding a C-cross is topo-
logical. This theorem, which has appeared multiple times in the litera-
ture [Jun70, Sey90, Sey80, Shi80, Tho80], captures this duality.

Theorem IX.3.1 (Two Paths Theorem). Let G be a graph with some
cycle C. Then G does not contain a C-cross if and only if some C-reduction
of G can be drawn in the plane such that C bounds a face.

We now want to construct our crosses. As a reminder, our remaining
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Figure IX.4: An elementary C-
reduction. On the left, the blue
subgraph B \ A is separated from
C (in green) by three vertices. Dur-
ing the reduction, the entire in-
ternal region is deleted, and the
separator vertices are made into a
clique (highlighted in blue on the
right) to maintain the connectivity
of original graph.
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undominated components contain a large wall where every edge repre-
sents a path of bounded length. Within this wall, consider a small cycle
C (for instance, the boundary of a single cell or a small cluster of cells).
Because the edges of C are short paths in the original graph G, the cycle
C itself has a bounded perimeter. Furthermore, we know that the local
neighborhood surrounding this wall is fundamentally non-planar.

By Theorem IX.3.1, if the graph cannot be drawn in the plane with C
bounding a face, there are only two situations possibles. Either the graph
contains a C-cross, or it can be simplified via elementary C-reductions.

Recall that an elementary C-reduction requires a separation (A, B)
of order at most 3, i.e. a cut of size at most 3. Because we have already
extracted all r-local (< k)-cuts into our dominating set (and assuming
k > 3), there are no local cuts of size 3 or less remaining entirely in
these components. Therefore, the topological obstruction to planarity
manifests purely as a C-cross. With some extra work, we can assume
that this C-cross does not intersect too many horizontal, and vertical
paths of the wall, thus keeping it somewhat disjoint from the newly
created cross.

Because we have assumed, for the sake of contradiction, that the weak
diameter of these remaining components is arbitrarily large, the wall
itself must have a large weak diameter. This allows us to iteratively
apply the same process to distant regions of the wall. Doing so yields a
grid with a large number of mutually far-away crosses. From this graph,
one can extract a minor similar to H, ;. While the dimensions w and
h of this extracted grid-with-crosses will be smaller than those of the
original wall, they are sufficiently large to generate all possible graphs
of pathwidth at most k of a certain size as minors.

Unfortunately, translating all the intuitions into formal proofs is still
work in progress.
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Chapter X
MVC and other conjectures

ABSTRACT

We show that in the MiniMmum VERTEX COVER problem, graphs of
bounded degeneracy have a constant-factor (independent of the de-
generacy) approximation in constant rounds (that depends on the de-
generacy) in anonymous networks, a weaker model than the LOCAL
model. We also state some conjectures for other problems, such as
MinimuMm DisTaNce-k DoMINATING SET, for which we give a constant-
factor approximation in constant rounds for bounded-genus graphs. No
constant-factor algorithm solving this problem was previously known

on planar graphs of arbitrary girth.
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X.1 MiNniMmuM VERTEX COVER in degenerate graphs

X.1 Minimum VERTEX COVER in
degenerate graphs

X.1.1 What is the parameter for the approximation factor
of MVC?

We have seen in Conjecture V.1.2 that the right parameter for the approx-
imation ratio of MDS in minor-closed classes might be the pathwidth of
the excluded minor. What about other problems? The simplest exam-
ple of other problems is MiNiMuM VERTEX CoVER. In this section, we
show that the right answer for this problem is simpler: there always is
a (2 + ¢)-approximation algorithm for minor-closed classes, and even
for a more general type of class, degenerate graph classes. Thus, unlike
in the case of MDS, where the lower bound depends on the pathwidth
of the excluded minor, for MVC, the approximation factor remains con-
stant and does not depend on the size of the minor. In addition, our
algorithm works in an anonymous network with a port numbering. In this
model, the input graph is represented by a communication network G
whose nodes have no identifiers [Ang80]. Each node v € V(G) knows
only its own degree and has a local numbering of its incident edges by
ports 1,2,...,deg(v) (the port numbers). The port numbers at the two
endpoints of an edge are not necessarily equal. Communication is done
in synchronous rounds. In each round, every node first performs local
computation, then sends one message through each of its ports. Then,
every node receives one message through each of its ports; one for each
neighbor. After T rounds, each node performs local computation and
outputs its decision; in our case, whether it joins the returned vertex
cover. The number T is the running time of the algorithm. This is a
weak model of distributed computing, weaker that the LOCAL model,
since the nodes are anonymous.

X.1.2 Degenerate graphs

A graph is k-degenerate if and only if all of its induced subgraph contains
a vertex of degree at most k. Degeneracy is one of the broadest defini-
tions for a sparse class of graphs. In includes bounded expansion classes
and minor-free graphs. In hereditary classes, i.e. graph classes closed
under taking induced subgraphs, bounded degeneracy is equivalent to
bounded average degree.! We first show that in a graph of bounded de-
generacy, there are not many vertices high degree vertices, with respect
to the size of the vertex cover.

Lemma X.1.1. Let G be a d-degenerate graph, and let X be a minimum
vertex cover of G. Then for D > d, there are at most Difd - | X| vertices of
degree at least D in G that are not in X.
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ITo see this, first suppose ¥
has bounded degeneracy d. Ev-
ery graph G € % can be re-
duced to the empty graph by
removing a vertex of degree at
most d, which implies |[E(G)| <
d|V(G)|. Thus, the average de-
gree of G is 2|E(G)|/|V(G)| <
2d, meaning the average degree is
bounded. Conversely, suppose ev-
ery graph in % has an average de-
gree bounded by some constant c.
Let G € ¥, and let H be any in-
duced subgraph of G. Because ¢
is hereditary, H € ¢ has average
degree at most c. By the handshak-
ing lemma, H must contain at least
one vertex whose degree in H is at
most c. This proves G is exactly
|c|-degenerate.
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Proof. Let Z denote the set of vertices of degree at least D in G, and set
Y = Z \ X. Since X is a vertex cover, the set V(G) \ X is independent,
and so in Y. Hence, every edge incident with a vertex of Y has its other
endpoint in X.

Now, consider the induced subgraph G’ = G[X UY]. Each vertex
in Y has degree at least D, so there are at least D|Y| edges between Y
and X. Since G is d-degenerate, G’ has at most d(|X| + |Y|) edges, and
D|Y| < d(|X|+|Y]). Thus, (D —d)|Y| < d|X|, and since D > d, this
implies |Y| < 5% - [X].

Finally, since Z C X UY, we get

d D

Zl < [ X+ =—— - |X|==—— " |X]|.
2] < X|+ 51X = 5 IX]

This finishes the proof. O

X.1.3 An algorithm for MVC

With this, we can design a (2 + €)-approximation in k-degenerate graphs
in f(k) rounds. We just need to use any constant-round constant-factor
approximation algorithm on bounded degree graphs. Here, we use the
2-approximation algorithm of Astrand et al. [AFP*09].

Theorem X.1.2 ([AFP*09]). There exists a 2-approximation algorithm
for MiNnimum VERTEX COVER on graphs of maximum degree A that runs
in (A + 1) rounds in an anonymous network with a port numbering.

Note that this algorithm actually uses only 2-bit messages.
Now, we have all the tools necessary to prove our theorem.

Theorem X.1.3. Let ¢ > 0. Algorithm 7 is a (2 + €)-approximation
for Minimum VERTEX COVER on d-degenerate graphs that runs in
O ((d/€)?) rounds. This algorithm runs in anonymous networks with
a port numbering, and uses only 2-bit messages.

The algorithm goes as follows.

Require: A d-degenerate graph G and a parameter ¢ > 0.
Ensure: A vertex cover C of G such that |C| < (2+¢) - MVC(G).
1: Z+{veV(G)|deg;(v) > (1+1/¢) -d}
222G+~ G-Z
3: Compute a vertex cover C’ of G’ using the algorithm of Theo-
rem X.1.2 [AFP*+09].
4 C+zZucC
5: return C

Proof. Let X be a minimum vertex cover for G, so that |X| = MVC(G).
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Algorithm 7: A (2 + ¢-
approximation for MiNIMUM
VERrRTEX COVER on d-degenerate
graphs.



X.2 MiNiMUM Di1sTANCE-k DOMINATING SET on planar graphs

First, consider the set of vertices Z added to our cover in Step 1. By
Lemma X.1.1, we have

d

Z\XIS a7 a =4

:MVC(G) = ¢- MVC(G).

Next, consider the residual graph G’ = G — Z. Because X is a
valid vertex cover for the entire graph G, it follows that X \ Z must
be a valid vertex cover for G’. Therefore, MVC(G') < |X \ Z|. The
2-approximation algorithm run at Step 3 on G’ guarantees that the re-
turned cover C’ satisfies |C'| < 2| X\ Z|.

Let us now compute the size of C = ZUC'. Since Z = (ZNX) U
(Z\ X), we have

ICl=[ZNX|+[Z\ X|+|C|

XN Z| +¢-MVC(G) +2- X\ Z|

2. (|ZNX|+ X\ Z|) + - MVC(G)
2-|X| +¢&-MVC(G) < (2+¢) - MVC(G).

N

NN

Moreover, the algorithm works in anonymous networks with port
numbering, and uses only 2-bit messages. Indeed, the first step only
requires each vertex to inspect its own degree and check whether it’s
atleast D := (1+1/¢€) - d. Each vertex whose degree is at least D then
sends a 1-bit message to all of its neighbors, informing them that it has
been selected and should be ignored for the remainder of the algorithm.
After receiving these messages, the remaining vertices can simulate
the residual graph obtained by deleting the high-degree vertices. This
preprocessing takes 1 communication round. The residual graph G’ has
bounded maximum degree less than (1 +1/¢) - d, and the second step
applies the deterministic local the algorithm of Theorem X.1.2 [AFP*09]
to G/, which works in the anonymous port-numbering model. As this
algorithm takes (A + 1)2 rounds on graphs of maximum degree A, this
step takes ((1+1/¢) - d + 1)? rounds. Therefore, the whole algorithm
runs in at most ((1+1/¢) -d + 1) + 1 rounds. O

X.2 MiNnimMum DisTANCE-k
DoMINATING SET on planar
graphs

X.2.1 A conjecture on the right parameter

By G?, we denote the graph obtained from G by adding every edge
between vertices at distance at most p in G.

Observation X.2.1. A solution on G to MINIMuM DisTANCE-k Domi-
NATING SET is a solution on G¥ to MiNnimum DOMINATING SET.
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Let us recall our lower bound from Chapter V.

For every integer t > 1, let €; be the family of graphs composed of the
t-th power of a path in which extra vertices of degree one are attached
to one extremity of the path.

Lemma V.2.1. For every t and every function f, every f(t)-round deter-
ministic LOCAL algorithm that approximates MiNIMum DOMINATING
SET on 6; has approximation ratio at least 2t + 1 — ¢, for every € > 0.

Using Observation X.2.1, we immediately get the following corollary.

Corollary X.2.2. For all integers t, k and every function f, every f(t)-
round deterministic LOCAL algorithm that approximates MiNniMmum Dom-
INATING SET on 6; has approximation ratio at least 2tk + 1 — ¢, for every
e > 0.

It is not difficult to see that all the graphs of 4; have pathwidth at
most t. In particular, each graph of ¢; excludes any graph of pathwidth
t + 1 as a minor. Therefore, by choosing t = pw(H) — 1, we get the
following analogue of Theorem V.1.1.

Corollary X.2.3. For every graph H and every € > 0, there is no Og(1)-
round (2k - pw(H) — 2k + 1 — ¢)-approximation deterministic LOCAL
algorithm for Minimum DOMINATING SET on H-minor-free graphs.

Therefore, an immediate question is: is this lower bound optimal?
Extending Conjecture V.1.2, we propose the following conjecture.

Conjecture X.2.4. There exists a function f such that for every graph
H, there is an O(f(k) - pw(H))-approximation Oy (1)-round LOCAL
algorithm for MiNIMum DI1STANCE-k DOMINATING SET on H-minor-free
graphs.

We now present an approximation algorithm for MiNnimum DisTaNCE-
k DoMINATING SET on planar graphs. To do so, we first need to define
the “best” distance-r minimum dominating sets of a labelled graph
G. Among all dominating sets, we first discard those which contain
some v for which there exists w with N'[v] C N'[w], and among the
remaining ones, we declare “best” the one lexicographically smallest
considering the labels of the vertices. Let MDS,(G) be the size of a
minimum distance-r dominating set.

In the rest of this section, we prove the following theorem.

Theorem X.2.5. Algorithm 8 is an O(k)-round k°®)-approximation LO-
CAL algorithm for MiINIMuM DISTANCE-k DOMINATING SET on planar
graphs.

Note that by using Meta-Theorem I along with Proposition II1.7.6,
one gets constant-factor approximations on bounded-genus graphs,

237



X.2 MiNiMUM Di1sTANCE-k DOMINATING SET on planar graphs

Require: A planar graph G with identifiers on the vertices.
Ensure: A distance-r dominating set D of G such that |D| = rO() .
MDS, (G).
1. D+ g
2: Each vertex u computes G[N**1[u]] and all minimum dominating
sets of N¥*1[u] in G. Among those sets, u selects the “best” one as
D,.
3: Each vertex u picks the vertex v, of smallest label in D,, N N"[u], and
adds it to D.

and more generally on locally-nice classes (see Chapter III for more
information).

This partially answers questions of Lenzen and Wenning [LW24] and
Akhoondian Amiri and Wiederhake [ AW21], who provided constant-
factor constant-round approximations for Minimum DistaNce-k Domi-
NATING SET in bounded expansion classes of high girth, and asked if
the high girth assumption can be dropped. By answering this question
affirmatively on bounded-genus graphs, we provide a stepping stone
for the more general bounded expansion case. Moreover, this proves
Conjecture X.2.4 for the particular case of locally-nice graph classes.

X.2.2  Voronoi partitions: introductory definitions

In the next subsections, we describe a way to decompose planar graphs
into parts of bounded radius with boundaries of small size. This is nec-
essary in the analysis to prove the approximation factor of the algorithm
of Theorem X.2.5.

Voronoi cells and tie-breaking. Let G be a connected planar graph, and
let S C V(G) be a set of vertices called sites.

To partition the vertices of G into distinct Voronoi cells without as-
suming unique distances, we give an arbitrary strict total order < on S.
We define the Voronoi cell of a site s € S, denoted Vor(s), as the set of
vertices v € V such that for all other sites s’ # s:

e d(v,s) <d(v,s'),and

e ifd(v,s) =d(v,s'), thens < s'.

Because every vertex is assigned to exactly one site, the collection { Vor(s) }ses

forms a partition of V(G).

The dual graph and Voronoi vertices. We now examine the boundaries
between these cells. An edge e = uv € E(G) is defined as a primal
boundary edge if its endpoints belong to different Voronoi cells, i.e. u €
Vor(sq) and v € Vor(s,) with s; # s».

Let G* = (F, E*) be the planar dual of G, where F is the set of faces
of G, and E* is the set of dual edges. There is a bijection between E and
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E*, such that every edge e € E(G) is crossed by exactly one dual edge
e* € E* connecting the two faces of G incident to e. Let E; C E* be the
set of dual edges that cross primal boundary edges. We call the graph
G}, = (F, E}) the dual boundary subgraph of G.

In the continuous plane, a Voronoi vertex is a point where three or
more Voronoi cells meet. In our graph-theoretic setting, the equivalent
of this is a face of G.

A Voronoi vertex face is any face f € F whose boundary contains
vertices from three or more distinct Voronoi cells. Equivalently, in the
dual boundary subgraph Gy, the vertex f is a vertex of degree at least 3.

We define the abstract dual Voronoi multigraph M (also called dual
Voronoi diagram in the literature [GKM*21]) as the multigraph ob-
tained from Gj by contracting every vertex of degree 2. Therefore, the
vertices of M are the Voronoi vertex faces, and every edge in M cor-
responds to a simple path of dual edges in G; where all intermediate
faces have degree exactly 2 (meaning they border exactly two cells), and
where the endpoints are Voronoi vertices. Said differently, an edge of M
defines a contiguous boundary segment between two faces. Note that
the boundary of two Voronoi cells Vor(s; ) and Vor(s,) is not necessarily
connected; it can be broken into disjoint parts by a third cell Vor(s3)
lying in the middle of Vor(s;) and Vor(s,).

(W]

The attachment vertices. We define one attachment vertex for each Voronoi
cell-Voronoi vertex adjacency. Let f be a Voronoi vertex of G. By defi-
nition, the boundary of f contains vertices belonging to at least three
distinct Voronoi cells.

For each Voronoi cell Vor(s) that intersects the boundary of f, we
arbitrarily select exactly one vertex x € Vor(s) that lies on the boundary
of f. We define x to be the attachment vertex of cell s at the Voronoi face
f.

The set of attachment vertices X, for a site s is the collection of all
such chosen vertices in Vor(s) across all Voronoi vertex faces incident
to Vor(s). Because an attachment vertex is chosen exactly once for each
incidence between the cell Vor(s) and a Voronoi vertex, the number of
attachment vertices in X; is exactly the number of incidences between
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Figure X.1: A triangulated grid
with 3 sites (sq,s3,53). The ab-
stract dual Voronoi multigraph M
(blue lines) partitions the graph
into 3 regions, meeting at a cen-
tral Voronoi vertex face (light blue
square). For each site, the edges of
its Voronoi cell are colored. The
dark blue squares represent the
same unique vertex corresponding
to the outer face.
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the face corresponding to s in M and the vertices of M. Equivalently,
| X;| is the degree of the face corresponding to s in M.

The web and the subtrees. Let T be any BFS tree rooted at s in G[Vor(s)].
We define T; to be the minimal subtree of Ts that contains the root s and
all attachment vertices in X;. Said differently, we remove any vertex in
Vor(s) that does not lie on the unique path in T; between s and some
attachment vertex x € X;.

The union of these minimal subtrees, W = (J,cg Ts, forms the web of
the Voronoi partition. The vertices of G — W are contained within the
interior of the regions bounded by W.

We now prove that every web built from a distance-r dominating set
S has small size with respect to r and |S].

Lemma X.2.6. Let G = (V, E) bea connected planar graph, and let S C 'V
be a distance-r dominating set. Fix some Voronoi partition with respect to
S (assuming some arbitrary strict total order on the sites), and let W be its

web. Then |V(W)| < (6r+1)|S| — 12r = O(r|S|).

Proof. We first bound the total number of attachment vertices across all
Ts fors € S.

Recall that the vertices of M are the Voronoi vertex faces, its faces cor-
respond to the sites S, and its edges represent the contiguous boundary
segments separating adjacent Voronoi cells.

By construction, for each Voronoi vertex face f, and for each Voronoi
cell Vor(s) intersecting f, exactly one attachment vertex x € Vor(s) is
chosen on the boundary of f. In the multigraph M, this corresponds to
a vertex-face incidence. The number of times the face s meets a vertex of
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Figure X.2: Illustration of the web
W = UT; in a planar graph.
The dual multigraph M (thick
blue) splits the graph, meeting at
a central Voronoi vertex face (blue
square) that borders cells Vor(sy ),
Vor(s;), and Vor(s3). For each cell
intersecting this face, exactly one
attachment vertex is chosen on its
boundary. The black edges repre-
sent the primal boundary edges.
The thick colored edges represent
the minimal subtrees Ts. Vertices
not in W are shown in dashed gray.
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M is exactly the length of its facial boundary walk, which is its degree
d (). Thus, for every site s, the total number of attachment vertices in
Ts is exactly d q(s).

Because S is a distance-r dominating set, each attachment vertex is
connected to its site s by a path of length at most r in the primal graph.
As the minimal subtree T is contained in the union of these paths,
|V(Ts)| < r-dap(s) + 1. Summing over all sites s € S, the total number
of vertices in W is at most:

VW) < Y (r-du(s)) +1SI =[S +7}_ dum(s) =2r- [E(M)| +]S]

seS seS

by the handshaking lemma for faces.

Now, we apply Euler’s formula to the planar multigraph M to bound
|E(M)|. Because every Voronoi vertex is defined by the meeting of
at least 3 Voronoi cells, every vertex in M has degree at least 3, i.e.
2|E(M)| > 3|V(M)|. We claim that |[E(M)| < 3|S| — 6. Indeed,
if F(M) denotes the faces of M, Euler’s formula for connected pla-
nar multigraphs gives |V(M)| — |[E(M)| + |[F(M)| = 2. Substitut-
ing the bound |V (M)| < %|E(M)| into this formula and recalling
that [F(M)| = |S] gives: 3|E(M)| — |[E(M)| + |S| > which implies
|[E(M)| < 3|S| —6.

Substituting this into our bound for the web gives:

V(W) < 2r[E(M)| +|S| < 2r(3]S| —6) + |S| = (67 +1)|S| — 12r.

This proves that |V(W)| = O(r|S|). O

X.2.3 Taming planar graphs using Voronoi cells

In this section, we present the structure theorem we use to successfully
analyze the algorithm.

Theorem X.2.7. Let G = (V,E) be a connected planar graph, and let
S C V be a distance-r dominating set. Fix some Voronoi partition with
respect to S (assuming some arbitrary strict total order on the sites), and
let W be its web. Then there exists a partition (Cy, . .., Cy) of the connected
components C of G — W such that:

(a) The number of parts satisfies t < 3|S| — 6.

(b) For every i < t, the union of the connected components of C; is
separated from the rest of the graph by O(r) vertices. More precisely,
|NG [U Cl] N W| < 4r+2.

(c) Any connected component of G — W has weak diameter in G bounded
by 4r 4 1.

Proof. We begin by constructing the supergraph G* by augmenting G
with dummy vertices and edges.
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o

.
........................
o,

For every Voronoi vertex face f of G, we place a dummy center vertex
cs in the interior of the face. For each Voronoi cell Vor(s) that intersects
f, we arbitrarily select exactly one attachment vertex x € Vor(s) on the
boundary of f. We add a spoke edge from c to every such attachment
vertex. Because ¢ connects only to the boundary of its own face, G*
remains a planar graph. Let C be the set of all ¢f’s for every f € V(M).

Define the extended web W™ as the plane subgraph of G* whose
vertex setis V(W) U C and whose edge set consists exactly of all edges of
the minimal subtrees T; together with all spoke edges. For an illustration,
see Section X.2.3.

To understand the faces of W, we first look at its cycles. In W, the
only edges connecting a tree T; to vertices outside of T are the spokes
connecting to the dummy vertices cy. Because each T; is a tree, any
cycle in W must strictly alternate between paths within the trees T;
and paths through the dummy vertices c. Specifically, a cycle must
take the form of an alternating sequence: a path in Ts,, a dummy vertex
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Figure X.3: A Voronoi partition
and its extended web WT. All
vertices are colored according to
their Voronoi cell. The thick col-
ored edges represent the trees Ts,
whose union forms the web W.
Thin colored edges represent intra-
cell edges not in W, while thin
gray edges are inter-cell bound-
aries. The sites S appear as squares.
Black diamonds represent the c f’s,
placed inside faces where at least
three Voronoi cells intersect. The
dotted edges are the spokes, con-
necting all ¢f to their respective
attachment vertices. For visibil-
ity, spoke edges inside the outer
face are broken into two dotted
lines. The extended web W™ con-
sists precisely of the trees Ts and
all spoke edges.
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c1, a path in Ts,, a dummy vertex ¢, etc...

Let k be the number of distinct trees T visited by such a cycle in W+.
Because each ¢y connects to exactly one attachment vertex in any given
tree Ts, a cycle cannot enter and leave a tree through the same dummy
vertex. Thus, k > 2.

We claim that for any face f of W*, the bounding cycle has exactly
k = 2 (meaning it visits exactly two trees and two dummy vertices).
Assume for sake of contradiction that a face of W' is bounded by a
cycle with k > 3, which means it involves at least 3 distinct Voronoi
cells Vor(s1), Vor(sz), Vor(s3). The bounding cycle in W+ forms a simple
closed curve in the plane. Because W™ is drawn as a subgraph of G*, the
interior of f corresponds to a region in the original plane graph G. By
assigning to each vertex of G inside this region the “color” of its Voronoi
cell, we can apply Sperner’s Lemma (on a maximally triangulated su-
pergraph of G). The boundary of the region alternates between at least
3 distinct Voronoi colors. By Sperner’s Lemma, there must exist a face
f* of G within this region (which is bounded by f) whose boundary
contains vertices of at least three distinct colors (Voronoi cells).

However, any face of G meeting three or more Voronoi cells is, by
definition, a Voronoi vertex. By our construction of W+, the interior
of f* contains a dummy vertex ¢y« connected by three distinct spoke
edges to the attachment vertices x; € T;,, x2 € Ts,, and x3 € T, such
that x; € Vor(s;) fori = 1,2,3. In G, for each i = 1,2,3, the vertex x;
belongs to the shortest-path tree Ts, rooted at s;. Thus, there exists a
path P; in T;, from V(f) to x;. By planarity of G, these paths are entirely
contained inside the face f, and separate it into three regions in W™,
which is impossible as f is a face in WT.

Thus, every face of W+ is bounded by a cycle with k = 2.

This means the boundary of any face in W consists of:

e the spokes x5c, and c,x{,
e apath P; in T;, between attachment vertices x{ and x3,
e the spokes xi’cb and cbxg,
e apath P, in T;, between attachment vertices x5 and x4.

Because S is a distance-r dominating set, the heights of T, and T,
are at most r. The path P; connects two vertices in T, via their lowest
common ancestor, so its length is at most 2r. The same holds for P,.

Note that any set of vertices of G separated from the rest of the graph
in G* by vertices in W is also separated from the rest of the rest of the
graph in G by vertices in W. This is because G™ is a supergraph of G.

Now we bound the total number of faces of W. To do this, we first
bound the number of spoke edges in W*. To this end, notice that the
total number of spoke edges in W is exactly equal to the number of
vertex-face adjacencies in M.

In any planar graph, the number of vertex-face adjacencies is equal
to the sum of the sizes (degrees) of all its faces. By the handshaking
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lemma for faces, this sum is exactly 2|E(M)].

Now, we apply Euler’s formula to the planar multigraph M to bound
|E(M)|. Because every Voronoi vertex face intersects at least 3 Voronoi
cells, every vertex in M has degree at least 3, i.e. 2|E(M)]| > 3|V (M)].
We claim that |E(M)| < 3|S| — 6. Indeed, if F(M) denotes the faces of
M, Euler’s formula for connected planar multigraphs gives |V(M)| —
|[E(M)| + [F(M)| = 2. Substituting the bound |V(M)| < 3|E(M)|
into this formula and recalling that |F(M)| = |S| gives: 3|E(M)| —
|E(M)| 4+ |S| = 2, which implies |[E(M)| < 3|S| — 6.

Thus, W contains at most 2|E(M)| < 6|S| — 12 spoke edges.

As established earlier, every face of W+ is bounded by a cycle with
k = 2. This means the boundary walk of every face of W strictly
alternates between two tree paths and two dummy vertices cs, and
therefore contains exactly 4 spoke edges. Because W is a plane graph
and spokes are not bridge edges, every spoke edge lies on the boundary
of exactly two faces of W. If N is the number of spoke edges, summing
over all faces of W gives 4|F(W™)| = 2 - N;. Thus, it follows that W™
has at most |[F(W™)| < 3|S| — 6 faces.

Let t = |F(W™)| and construct the partition (Cy, ..., C;) where each
C; corresponds to a face of W as follows. Let C be any connected com-
ponent of G — W. Itis contained in one of the faces of W+ corresponding
to C;; put C in C;. The fact thatt = |[F(W™)| < 3|S| — 6 proves Item (a).

For any part C;, all edges connecting C; to W must have an end on a
face of W'. As showed previously, the size of a face in W™ is at most
4r + 2. Thus, the size of the separator Ng [UC;] N W is bounded by
4r + 2, proving Item (b).

Finally, we bound the weak diameter of components in G — W. Con-
sider some connected component C € C;. C; corresponds to a face of W,
and thus intersects only two Voronoi cells, Vor(s; ) and Vor(s;), which
are at distance at most 2r (otherwise another site would be contained in
this face, which is impossible). Let x, y € C. Both vertices are assigned
respectively to the sites s,,s, € {s1,s2}, with dg(x,sy),dc(y,sy) < 7.
As said previously, we have d¢(sy,s,) < 2r + 1, and by the triangle
inequality, dg(x,y) < 4r + 1. Thus, the weak diameter of C is O(r),
proving Item (c). O

X.2.4  Proof of Theorem X.2.5

Proof. Let G be a labeled planar graph, and let 7 be the domination
distance. Let Y be a global distance-r minimum dominating set of G
that is “best” according to the lexicographical ordering defined before
the algorithm. Let D be the distance-r dominating set of G returned by
Algorithm 8.

For every vertex u € V(G), let D, be the dominating set computed
by u. By definition of the algorithm:

e D, contains no redundant vertices (it is “nice” in the sense that no
vertex’s r-neighborhood is strictly contained in another’s).
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e D, is the lexicographically smallest optimal distance-r dominating
set of N4 1[u].

e vy is the vertex of smallest label in D, N N"[u], and D = U,cy () {vu}-

Since every vertex u adds a vertex v, € N”[u] to D, the set D is trivially
a valid distance-r dominating set for G. It remains to bound the size of
D as a function of |Y|.

By Theorem X.2.7 (applied to the global optimum Y'), the connected
components of G — W (where W is the web of Y) can be partitioned
into t < 3|Y| — 6 distinct parts Cy, . . ., C;. For each part C;, its boundary
B; = Ng[UC;] N W has size at most 47 + 2, and the weak diameter of
C;UB; in G is bounded by 4r 4 1.

The key observation relies on the local consistency of the lexicograph-
ically smallest sets. Let C; be one of these part and C € C; be a connected
component of G — W. As the weak diameter of C is at most 4r + 1, the
set Ng[C] N W which separates C from the rest of the graph is fully
contained within every closed neighborhood NérH [u] for any u € C.
Specifically, the boundary B; completely isolates C; from the rest of the
graph.

When any u € C; computes its local optimal set D, for N*1[u], the
choice of v, depends exclusively on the amount of domination coverage
provided by vertices on the boundary. More precisely, the value of D, N
(UGC;i U B)) is completely determined by the distances of each boundary
vertex w € B; to the closest chosen dominating vertex in D,. Said
differently, there is a unique best way to extend a distance-r dominating
set of G — |J C; to U C; U B, once those distances are specified. Because
we are considering distance-r domination, this can be summarized by
an integer in {1,...,7 + 1} (where r 4 1 indicates that the boundary
vertex is not dominated). Therefore, there are at most (r + 1) relevant
states for each vertex in B;. Fixing this state vector for B; completely
determines the unique, lexicographically smallest way to extend this
partial solution to optimally dominate C;.

Since B; contains at most 47 + 2 vertices, there are at most (r + 1) +2
possible state vectors for the boundary that any local solution could in-
duce. Consequently, across all vertices u € |JC;, the set D, N (UC; U B;)
can take at most (r + 1)#*?2 distinct values. For each specific boundary
state vector, the size of D, N C; is always at most 2.

Now, let us bound the number of distinct vertices contributed to D
by the algorithm. A vertex u adds v, to D. The vertex v, can either
belong to the web W or to some part C;. By Lemma X.2.6, there are
O(r|Y]) vertices in W. Now, for a fixed part C;, the number of distinct
vertices added to D N |J C; by vertices u € |J C; depends on the number
of distinct local solutions D, N (I C; U B;). As established, there are at
most (r +1)¥+2 = rO) such distinct configurations. Therefore, the
total number of distinct vertices contributed to D N (|J C; U B;) across
all u € C;is bounded by r°") . |D, N (UC; U B;)| = r°") as we always
have |D, N (UC;UB;)| < 2.
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Summing over all + < 3|Y| — 6 parts, the total number of vertices
contributed to D by vertices inside the parts C; is bounded by:

" 100 < (3[Y] — 6) -0 = O]y
i=1

Moreover, the total number of vertices contributed to D by vertices
inside W is bounded |W| = (r|Y]).

Putting everything together, we get that |D| = O (ro(r) : |Y\>, prov-
ing the approximation ratio. Because the algorithm only requires each
vertex to explore its (57 4 1)-neighborhood, this shows that Algorithm 8
is a kO -approximation algorithm that runs in O(r) rounds. O

X.3 MDS on planar graphs

Let us give a brief overview of the literature for the Mintmum Dowmi-
NATING SET problem for planar graphs in the LOCAL model. Lenzen,
Pignolet, and Wattenhofer [LPW13] proposed the first constant-factor
approximation algorithm. The analysis of their algorithm was later im-
proved by Wawrzyniak [ Waw14] to achieve an approximation ratio of
52. More recently, Heydt et al. [HKO"25] introduced a new algorithm
that further improves this ratio to 11 + ¢, for any & > 0. 2

On the hardness side, the current best lower bound is 7 — e [HLS14].
It is unlikely that this specific technique can give a lower bound greater
than 7 for planar graphs. To establish their bound, Hilke, Lenzen, and
Suomela use an algorithm-dependent construction: for any given al-
gorithm that outputs a dominating set, the authors construct a spe-
cific graph on which the algorithm is forced to select almost all ver-
tices. In these constructions, some minimum dominating set D inter-
sects the closed neighborhood of almost every vertex exactly once, i.e.
IN[v] " D| = 1 for every v € V(G). However, the set D’ returned
by the algorithm contains the entire closed neighborhood, such that
IN[v] N D'| = |N[v]| = deg(v) + 1 for all but an e-fraction of the ver-
tices. Therefore, the resulting lower bound on the approximation ratio
is roughly equal to the average degree of the graph plus one. Because
the average degree of planar graphs is at most 6, one cannot hope for a
lower bound higher than 7.

For these reasons, we conjecture that the right answer is 7. Note that
this is a particular case of the bolder Conjecture V.1.3.

Conjecture X.3.1. There is a constant-round 7-approximate LOCAL algo-
rithm for MINIMumM DOMINATING SET on planar graphs.
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2Witha running time that is a func-
tion of € only.
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Chapter XI
Conclusion

Part A: decision problems on graphs of high degree. In Part A, we took a
tirst step toward understanding the distributed complexity of graph
problems as a function of both the number of nodes and the degrees
of the graph. We introduced the class of structurally simple binary
labeling problems, proved a complete classification of this class in the
logarithmic regime, showed that all families defined by context-free
languages are structurally simple, and developed a more aggressive
version of the rake-and-compress technique that yields upper bounds
benefiting from high-degree nodes.

Several questions remain open. In particular, while our classification
is constructive, it is still unclear how difficult it is to decide, from context-
free grammars defining a problem family, whether the complexity is
O(log, n) for all but finitely many values of d and 4.

Question I1.1.6. Given context-free grammars for thin languages W and
B that define a problem family T1(d,d), how hard is it to decide if the
complexity of I1(d, 8) is ©(log, n) for all but finitely many values of d and
5?

More broadly, our results suggest that structurally simple families
capture a large class of natural problems. We conjecture that the ag-
gressive rake-and-compress framework developed here extends beyond
binary labeling problems and will prove useful for the study of more
general local problems in high-degree graphs.

Finally, we leave open the hard question of classifying the complexities
of LCL problems for unbounded degree graphs. Note that recently,
a paper of Schmid [Sch26] answers this question for the polynomial
regime, i.e. complexities of the form @(n!/).

Part C: a structural interlude. In Chapter VII, we proved that every
graph whose edges can be covered by k shortest paths has pathwidth
O(k*), improving the previous exponential upper bound and answering
a question of Dumas, Foucaud, Perez and Todinca. We also showed a
tight bound of k for k < 3. Finally, we established that although vertex-
coverability by two isometric trees does not force bounded treewidth, ev-



ery graph whose edges are covered by two isometric trees has treewidth
at most 2. Several questions remain open. The main one is whether the
polynomial upper bound obtained here can be improved to a linear one,
and more specifically whether every graph edge-coverable by k shortest
paths has pathwidth O(k), or even pathwidth at most k. Another natural
open problem is whether graphs vertex-coverable by k shortest paths
also admit a polynomial bound on their pathwidth, since the techniques
developed here do not seem to extend to that setting. On the side of
isometric trees, it is known that no analogue can hold in full generality
for k > 4, but the case of graphs edge-coverable by 3 isometric subtrees
and having large treewidth remains open.

Parts B and C: approximating in the LOCAL model. In Chapter III, we
developed a broader perspective on constant-round distributed approx-
imation beyond planar graphs. On the conceptual side, we introduced
a general framework based on asymptotic dimension, local niceness,
and uniformity, and established meta-theorems (Meta-Theorem I, Meta-
Theorem II and Meta-Theorem III) that transfer local approximation al-
gorithms from a well-understood graph class to larger sparse classes. On
the algorithmic side, this led to new constant-ratio approximation algo-
rithms for minimum dominating set and related problems on bounded-
Euler-genus and more general locally nice graph classes (see Corol-
laries I11.4.3 and II1.4.5), while isolating cutability as a key structural
property behind these transfers (see Proposition II1.7.7).

This work can lead to multiple research directions. There is a related
question I would like to highlight. We have developed meta-theorems
for algorithms that use polynomial identifiers to approximate optimiza-
tion problems. However, as of this moment, we are unaware of such
constant-time algorithms truly needing polynomial identifiers. There-
fore, an interesting question is: can some problems force this? Can any
such algorithm be transformed into an algorithm that is agnostic to
polynomial identifiers?

We then investigated how asymptotic dimension can be used in the
context of minor-closed classes. Our lower bound of Chapter V (see
Theorem V.1.1) shows that for minimum dominating set on H-minor-
free graphs, one cannot hope for a constant-round approximation ratio
smaller than 2pw(H) — 1. In particular, this indicates that the path-
width of the excluded minor is the relevant parameter governing the
constant-round approximability of the problem, rather than simply the
number of vertices of H.

This viewpoint is further supported by positive results. In Chap-
ter VIII, building on the techniques of the K3 ;-minor-free case of Chap-
ter IV (see Theorem IV.3.1), we proved in Theorem VIII.1.1 that the
conjectured behavior holds when pw(H) = 2: every graph class ex-
cluding a minor of pathwidth at most two admits a constant-round
constant-ratio approximation algorithm for minimum dominating set.
Taken together, these results suggest that pathwidth is the true com-
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plexity parameter for domination in minor-closed graph classes.

Conjecture V.1.2. For every graph H, there is an O(pw(H))-
approximation Oy (1)-round LOCAL algorithm for MINIMuM DOMINAT-
ING SET on H-minor-free graphs.

The main open problem is now to close the gap between the general
lower bound and the known upper bounds for arbitrary excluded mi-
nors. If Conjecture V.1.2 is true, then for the particular case H = K
with s < t, there exists an f(t)-round O(s)-approximation LOCAL algo-
rithm for minimum dominating set on K; ;-minor-free graphs, which
would be optimal up to constant factors.

Beyond this conjecture, an important direction is to determine whether
the machinery developed here can be extended to wider classes of op-
timization problems. In particular, for every additive cuttable mini-
mization problem II, does there exist a local notion of locally critical
vertex with the following property? For every graph class ¢ of bounded
asymptotic dimension, there is a constant crj ¢ such that every graph
G € G contains at most ¢y g - OPTyp(G) locally critical vertices. More-
over, these vertices capture all the global difficulty of the instance, in the
sense that once they are selected, removed, or otherwise handled, the
remaining graph decomposes into connected components of bounded
weak diameter. In particular, one may then hope to solve in a local
way the leftover instance independently inside each component. For
Minmmum DoMINATING SET, this notion of local criticality is realized by
(interesting) vertices contained in local cuts.

Part D: perspectives, and other problems. Returning to Conjecture V.1.2,
we explored in Chapter IX several ideas that may lead to a proof of the
conjecture. We lay out a proof plan for both technical challenges: first,
bounding the number of interesting vertices in I-cuts (for k > 3), and
secondly, proving that the leftover vertices, i.e. the vertices undominated
by those interesting vertices, form connected components of bounded
weak diameter.

In Chapter X, we tackle problems beyond MinimuM DoMINATING SET,
such as MiNnimuM VERTEX COVER in degenerate graphs and MiNniMum
Distance-k DoMINATING SET in bounded genus graphs. We showed
that degenerate graphs admit a constant time (2 + ¢)-approximation
algorithm (see Theorem X.1.3).

We also showed in Theorem X.2.5 that MiniMum Distance-k Domi-
NATING SET admits an O(k)-round k°*)-approximation for planar graphs
of arbitrary girth. This approximation ratio is probably not tight, and
we leave open the question of reducing it. We further conjecture an
analogous statement of the MDS conjecture for Minimum DisTANCE-k
DOMINATING SET.
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Conjecture X.2.4. There exists a function f such that for every graph
H, there is an O(f(k) - pw(H))-approximation Oy (1)-round LOCAL
algorithm for Minimum D1STANCE-k DOMINATING SET on H-minor-free

graphs.

Finally, the optimal approximation ratio for MiniMum DOMINATING
SET on planar graphs is still unknown. We conjecture that the right
answer is 7.

Conjecture X.3.1. There is a constant-round 7-approximate LOCAL algo-
rithm for MINIMumM DOMINATING SET on planar graphs.
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